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Abstract

We discuss lattice methods for the simulation of fluid dynamics in the early Universe. This review represents a
third entry in the monographic series on lattice cosmology techniques, Refs. [1,2], which previously covered canonical
and non-canonical field theory dynamics. Here, we first review the continuum theory of fluid dynamics in flat
spacetime, and then in an FLRW background. We consider conservation and non-conservation forms of the equations
of motion for fluids in isolation or coupled to scalar and/or gauge fields, and either fully relativistic or subrelativistic
regimes of fluid bulk motion. After reviewing basic lattice concepts, we introduce detailed discretization schemes
for fluid dynamics in expanding backgrounds for: i) isolated perfect fluids, ii) isolated imperfect (viscous) fluids, iii)
fluids coupled to gauge fields, and iv) fluids coupled to scalar fields. Our evolution algorithms accommodate self-
consistent expansion sourced by all scalar, gauge, and fluid sectors, preserving gauge invariance to machine precision
in some cases. We also review lattice methods to set up the initial conditions for fluids, and the implementation of
gravitational wave dynamics sourced by all scalar, gauge, and fluid degrees of freedom. This document represents
the theoretical basis for the scalar-gauge-fluid module that will be publicly released as part of CosmoLattice v3.0

after publication of this monograph, check http://www.cosmolattice.com for updates.
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Conventions and notation

Unless otherwise specified, we use the following conventions throughout the document:

• We use natural units c = ℏ = 1 and metric signature (−1,+1,+1,+1).

• We use interchangeably the Newton constant G, the full Planck mass Mp ≃ 1.22 · 1019 GeV, and the reduced
Planck mass mp ≃ 2.44 · 1018 GeV, all related through M2

p = 8πm2
p = 1/G.

• Latin indices i, j, k, ... = 1, 2, 3 are reserved for spatial dimensions, and Greek indices α, β, µ, ν, ... = 0, 1, 2, 3 for
spacetime dimensions. We use the Einstein convention of summing over repeated indices only in the continuum.
Einstein summation is also assumed for both lower indices when dealing with 3D spatial vectors, which are
always identified with lower indices. In the lattice, unless stated otherwise, repeated indices do not
represent summation.

• We consider a flat FLRW metric with squared line element ds2 = −a2α(η)dη2 + a2(η) δij dx
idxj with α ∈ R a

constant chosen conveniently in each scenario. For α = 0, η denotes the cosmic time t, whereas for α = 1, η
denotes the conformal time τ =

∫
dt′

a(t′) . For arbitrary α, we will refer to the time variable as the α-time.

• We reserve the notation ()· for derivatives with respect to cosmic time with α = 0, and ()′ for derivatives with
respect to α-time with arbitrary α.

• The α-time Hubble rate is given by H = a′/a, whereas the physical Hubble rate is denoted by H = H|α=0.

• Our Fourier transform convention in the continuum is given by

f(x) =
1

(2π)3

∫
d3k f(k) e+ikx ⇐⇒ f(k) =

∫
d3x f(x) e−ikx .

• Given N lattice points per spatial direction, with n and ñ respectively indicating the configuration and reciprocal
space lattice sites, our discrete Fourier transform (DFT) is defined by

f(n) ≡ 1

N3

∑
ñ

e+i 2π
N ñ·nf(ñ) ⇔ f(ñ) ≡

∑
n

e−i 2π
N n·ñf(n) .

• A scalar field living in a generic lattice site n = (no,n) = (no, n1, n2, n3), i.e., ϕn = ϕ(n), will be simply denoted
as ϕ. If the point is displaced in the µ−direction by one unit lattice spacing/time step, n+ µ̂, we will then use
the notation n + µ or simply by +µ to indicate it, so that the field amplitude in the new point is expressed as
ϕ+µ ≡ ϕ(n+ µ̂).

• When representing gauge fields on the lattice, it is usually understood that they live in between lattice points,
half step away from each lattice site, i.e., Aµ ≡ Aµ(n+ 1

2 µ̂). It follows then that, e.g., Aµ,+ν ≡ Aµ

(
n+ 1

2 µ̂+ ν̂
)
.

In the case of gauge fields coupled to a fluid, however, it is possible to consider an alternative formulation where
the gauge fields are collocated, which means that they live at integer lattice sites Aµ ≡ Aµ(n).

• Even though the lattice spacing δx and the time step δt do not need to be equal, sometimes we may speak loosely
of corrections of order O(δx), independently of whether we are referring to the lattice spacing or to the time
step.
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1 Introduction and purpose of this monograph

An early phase of accelerated expansion in the early Universe, inflation, represents the leading paradigm for resolving
the shortcomings of the hot Big Bang framework [3–9], while simultaneously providing a compelling mechanism for the
generation of the cosmological perturbations [10–14] observed in the cosmic microwave background (CMB) [15–17].
In standard realizations, inflation is driven by a scalar singlet field, the inflaton, endowed with a suitable potential
capable of sustaining a sufficiently prolonged period of accelerated expansion. Subsequent to inflation, the Universe
must undergo a phase of reheating, during which the energy stored in the inflaton field is transferred into other particle
species, which are expected to rapidly approach thermal equilibrium. These daughter particles (or their decay products)
ultimately come to dominate the energy density of the Universe, forming a relativistic plasma. From this stage onward,
the standard hot Big Bang description—characterized by a thermal bath of relativistic particles governing the cosmic
expansion—becomes applicable.

The phenomenology of the early Universe is vast, often involving non-linear field dynamics. These include preheating
effects and other mechanisms of particle production [18–31], the amplification of scalar metric perturbations [32–42],
which might collapse to form primordial black holes [43–47], magnetohydrodynamic turbulent motion in the primordial
plasma [48–60], and other phenomena like the formation of soliton-like objects like oscillons [61–82], the nucleation of
bubbles in first-order phase transitions [83–92], or the creation of cosmic defects [93–103]. These non-linear phenomena
can actually yield relevant cosmological consequences, like the generation of dark matter relics [104–108], the realization
of cosmological magnetogenesis [109–136], or the baryon asymmetry of the Universe [137–149]. They can also affect
the post-inflationary equation of state, with implications for the CMB [150–162], and generate potentially detectable
gravitational wave backgrounds [163–219].

The non-linear dynamics of this high-energy physics landscape is often too complex to be captured accurately by
analytical methods. Developing numerical techniques to simulate nonlinear field dynamics becomes therefore essential
to gain a comprehensive understanding of the non-linearities arising in these scenarios. As validating numerical results
against analytical methods is often impossible (in the interesting non-linear regime), sanity checks of simulation
results must come from adherence to physical principles, such as, e.g., energy conservation or gauge invariance, and
from cross-checking the numerical outcome from different methods applied to the same given problem.

The use of numerical techniques to study the non-linear field dynamics has increased considerably, as reflected by
the number of specialized packages created over the last years [201,220–237]. Only by developing increasingly efficient
and reliable codes and techniques, we will achieve a solid foundation for the predictions of the early Universe. A new
field—Lattice Cosmology—has emerged on its own merits, thanks to its unique ability to capture the precise details
of non-linear field dynamics in the early Universe, and its potential to provide accurate predictions for the observables
of such dynamics. This latter point is of paramount importance in the current era of precision observational cosmol-
ogy. Lattice Cosmology Techniques (LCT) have established themselves as a clear pathway towards understanding
the early Universe, and we expect them to become increasingly influential in determining observational strategies to
probe the early Universe. It is precisely in this spirit that the package CosmoLattice [231] was originally created,
see http://www.cosmolattice.com. Contrary to standard codes focused on a given set of equations and observables,
CosmoLattice is rather a platform for the implementation of any field theory system characterized by partial differen-
tial equations suitable for discretization on a lattice [233]. Written in C++, CosmoLattice uses a modular structure
to separate technical details from the physics, establishing a unique symbolic language, wherein field variables and
their associated operations are defined in close resemblance to the continuum.

The release of CosmoLattice v1.0 in 2021 [231] was preceded by the publication of a monographic review on LCT:
The Art of Simulating the early Universe, Part I. Integration techniques and canonical cases [1]. This monograph,
which we will refer to, colloquially, as The Art - I, constituted the theoretical basis for the physics capabilities initially
released in v1.0 of the code: namely, canonical scalar-singlet and SU(2)×U(1) scalar-gauge theories in a spatially-
flat expanding background. In particular, The Art - I presented symplectic explicit-in-time evolution algorithms for
theories with canonically normalized kinetic terms, with accuracies ranging from O(dt2) to O(dt10), and with self-
consistent expansion of the Universe sourced by all the dynamical fields involved. The algorithms were designed to
simulate singlet scalar and/or Abelian U(1) and non-Abelian SU(2) scalar-gauge interactions, preserving the Gauss
constraint to machine precision, for either U(1) or SU(2).

The recent release of CosmoLattice v2.0 [236] was also preceded by another monographic review on LCT: The
Art of Simulating the early Universe, Part II. Non-canonical cases & gravitational waves [2] or, for short, The Art -

II. This second monograph served for a twofold purpose, on the one hand, constituting the theoretical basis for
the new modules added in CosmoLattice v2.0, and on the other hand, extending the discussion on LCT to new
physics cases beyond those considered in The Art - I. In particular, The Art - II introduced lattice implementations
of non-canonical interactions, including scalars with a non-minimal coupling to gravity, ϕ2R, non-minimal scalar ki-
netic theories, Gab({ϕc})∂µϕa∂µϕb, and axion-like particle (ALP) interactions with Abelian gauge fields, ϕFµν F̃

µν .
It also discussed methods to set up special field configurations, like the creation of cosmic defect networks towards
scaling (e.g., cosmic strings and domain walls), field configurations based on arbitrary power spectra or spatial pro-
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files, and probabilistic methods as required, e.g., for thermal configurations. Furthermore, it extended the notion of
non-canonical theories to the dimensionality of space, discussing the discretization of scalar field dynamics in d + 1
dimensions, with d ̸= 3. Finally, unrelated to non-canonical aspects, The Art - II also discussed previous and novel
implementation(s) of gravitational wave (GW) dynamics on the lattice.

The Art - I and The Art - II are the first and second monographic reviews in a series of dissertations on LTC that
were originally planned at the conception of CosmoLattice. The present document, The Art of Simulating the early
Universe - Part III. Scalar-Gauge-Fluid Dynamics, or for short, The Art - III, constitutes therefore a third entry in
the monographic series. It serves again for a twofold purpose: on the one hand, it extends previous discussions on
LCT, in this occasion to fluid dynamics; on the other hand, it constitutes the theoretical basis for new modules—
related to fluid dynamics— added in CosmoLattice v3.0, which will be publicly released after the publication of this
monograph. Eventually, we expect to complete the dissertation series with at least one more entry, The Art-IV, where
we will discuss lattice formulations of general relativity as sourced by all degrees of freedom, scalars, gauge fields, and
fluids.

Here, in The Art - III, we present a discussion on lattice techniques for the simulation of fluid dynamics in a
(spatially-flat) expanding Universe. In section 2 we review in full detail the theory of fluid dynamics in the continuum.
We first discuss the dynamics on flat spacetime, and then on a Friedmann-Lemâıtre-Robertson-Walker (FLRW) back-
ground. We consider both conservation and non-conservation forms of the equations of motion (EOM) governing the
dynamics of the fluid in either the fully relativistic or subrelativistic regimes of the fluid bulk velocity. We describe
the dynamics of an isolated fluid, considering perfect fluids in local thermal equilibrium (LTE), and then imperfect
(viscous) fluids, which present small deviations with respect to LTE. We extend our discussions to fluids coupled
to bosonic sectors, via Lorentz forces with gauge fields, or through derivative couplings to scalar field sectors. In
section 3 we review briefly some lattice concepts, including basic and higher-order lattice derivatives, lattice momenta,
program variables, and evolution algorithms to solve partial differential equations in a computer. Next, we dwell into
detailed discretization procedures for fluid dynamics on a FLRW background. In section 4, we present discretization
and evolution schemes for perfect and imperfect fluids, both for conservation and non-conservation forms of the EOM,
while not yet considering interactions with any external field. In Section 5, we couple the fluids to infrared (IR)—
i.e., long wavelength—bosonic sectors. We present both conservation and non-conservation forms of the lattice EOM.
Remarkably, all our evolution algorithms can be run for self-consistent expansion of the Universe, as sourced by all
scalar, gauge, and fluid degrees of freedom involved in the dynamics. In the case of gauge theories, we consider three
different discretization schemes: collocated, semi-collocated, or staggered, depending on whether gauge fields and (some)
fluid variables live at the integer (n), or semi-integer (n+ ı̂/2) lattice sites. Some of these formulations preserve gauge
invariance on the lattice (to machine precision) throughout evolution, whereas others allow for the implementation
of arbitrary higher-order derivatives. In section 6 we discuss methods to set up the initial conditions of fluids and of
bosonic fields on a lattice, and in section 7 we discuss the lattice implementation of gravitational wave (GW) dynamics
sourced by fluids (together with scalar and/or gauge fields).

The applications of the techniques presented in this review are very relevant for a broad range of early Universe
situations, especially when a thermal distribution of particles is present. This is highlighted by the number of numerical
studies in recent years that focus on non-linear fluid dynamics of the early Universe primordial plasma. An important
example is the development of acoustic and vortical turbulence that can lead to the production of GWs, e.g., due to
the interaction of first-order phase transition bubbles with the primordial plasma [180, 200–203, 238–248], or due to
the nonlinear coupling of the plasma with a primordial magnetic field, described by magnetohydrodynamic (MHD)
turbulence [201, 202, 206, 207, 242, 249, 250]. Some of these numerical studies consider the dynamics of the fluid-
scalar system in flat spacetime, e.g., [180, 188, 200, 239, 248], or evolve only the fluid system in the so-called Higgsless
approach [243–246], where the value of the scalar field is prescribed at every location in the simulation. On the other
hand, some numerical studies have focused on the production of GWs only by the fluid perturbations, assumed to be
either purely compressional [202, 240, 241, 247] or purely vortical [202, 207, 242, 251]. The formulation of scalar-gauge-
fluid dynamics in the present work gives the possibility to extend these numerical studies to fully relativistic bulk fluid
motion in an expanding FLRW background, taking into account the dynamics of the fluid and its interactions with
both scalar and gauge sectors.

Note -. All the physics and technical aspects that we present here in The Art - III are implemented in
CosmoLattice v3.0, which will be publicly released after this monograph is published, check the CosmoLattice
website (http://www.cosmolattice.com) for updates. In any case, the presentation of the numerical techniques in
this monograph constitutes by itself a theoretical review on LCT for fluid dynamics on expanding backgrounds,
complementing our previous reviews on LCT on canonical and non-canonical field theories, The Art - I and The

Art - II. The techniques presented here are therefore general LCT for fluid dynamics, which can be implemented
in any code.
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2 Continuum formulation

As a starting point, we consider a system with a large density of particles, corresponding to quanta of interacting
scalar, gauge, and fermion fields. We assume that the particle de Broglie wavelengths are much smaller than the
typical mean free path length scales of the problem, λdB ≪ lmfp, so that the wavefunctions of the different particles
are widely separated, and hence quantum interference of their wave packages can be neglected. The particles can then
be considered as moving like classical particles, even if the collisions they sustain are set by interactions of quantum
nature. Due to their interactions, the particle ensemble is expected to reach thermal equilibrium, so that within a
certain volume element ∆V ∼ l3cont, the system can be described in terms of averaged quantities, like the bulk velocity
u⃗ = (u1, u2, u3), pressure p, energy density ρ, temperature T , or other macroscopic quantities that characterize the
particle ensemble. The consistency of this continuum description requires the element ∆V to be large enough to contain
a high number of particles (which is always the case if one requires lcont ≫ lmfp), but small enough to guarantee that
the macroscopic quantities {qj} ≡ {u1, u2, u3, p, ρ, T, ...} do not depend on ∆V . This ensemble, from now on, will be
referred to as the fluid. If the ensemble contains scalars and/or gauge fields, a macroscopic length scale L ≫ lcont,
might also be present in the problem (more on this below). The fluid quantities {qj} ≡ {u1, u2, u3, p, ρ, T, ...} are
then allowed to vary over scales comparable to L. The hierarchy of scales in the above description is summarized by
λdB ≪ lmfp ≪ lcont ≪ L. Our intention is then to describe the system at scales λ much larger than lcont, but which
could be either smaller, of the same order, and/or larger than L. In other words, as the scales of interest must fall
within a finite range, say λ ∈ (λmin, λmax), we will assume λmin ≫ lcont, and λmin < L < λmax.

We will naturally distinguish infrared (IR) and ultraviolet (UV) degrees of freedom (dof), as those corresponding to
modes k ≪ 1/lcont and k ≫ 1/lcont, respectively. The macroscopic scale L is typically introduced in the system due to
some mechanism in the bosonic sector, like for example the nucleation of scalar field bubbles of radius L ≡ R ≫ lcont
in a first-order phase transition, or the cosmological correlation length L ≡ lcorr ≫ lcont of a magnetic field created
during inflation. Our aim is to describe a theory for the IR dof , where the UV dof are integrated out. The IR dof
include the macroscopic quantities {qj} that characterize the fluid, as well as bosonic fields with long wavelengths
λBos ≫ lcont. We therefore consider a system with a fluid sector (LFl) coupled to a bosonic sector (LBos,IR). In
the latter, we allow in full generality for the presence of interactive singlet, Abelian U(1)−charged, and non-Abelian
[SU(N)×U(1)]−charged scalar fields, denoted respectively as ϕ, φ, and Φ, and correspondingly for the U(1) Abelian
gauge fields Aµ, and SU(N) non-Abelian gauge fields Cµ. Such a system is described by a Lagrangian like

L = LFl −
1

4
FµνF

µν − 1

4
Ga

µνG
µν
a − 1

2
∂µϕ∂µϕ − (DA

µφ)
∗(Dµ

Aφ) − (DµΦ)
†(DµΦ) − V0(ϕ, |φ|, |Φ|)︸ ︷︷ ︸

LBos,IR

, (1)

where V0(ϕ, |φ|, |Φ|) is the tree-level potential, Fµν ≡ ∂µAν − ∂νAµ the Abelian field strength, and Ga
µν = ∂µC

a
ν −

∂νC
a
µ + fabcC

b
µC

c
ν the non-Abelian field strength, with fabc the totally antisymmetric structure constants of SU(N),

and a = 1, ..., N2 − 1 the SU(N) “color” index. In Eq. (1), DA
µ = ∂µ − i g QAµ is the Abelian gauge covariant

derivative, with g the U(1) coupling constant, and Q the U(1) charge of the scalar fields, Qφ or QΦ, respectively;
DµΦ = IDA

µΦ − i g′ Q′
Φ Ca

µ TaΦ is the non-Abelian gauge covariant derivative, with g′ the SU(N) coupling constant
and Q′

Φ the SU(N) charge of Φ. Here I is the N × N identity matrix, and Ta are the N2 − 1 group generators of
SU(N), which follow the Lie algebra [Ta, Tb] = ifabcTc.

In the following, we assume the presence of a fluid at finite temperature characterized by LFl, which is typically
divided in three terms: a perfect fluid contribution Lpf that accounts for the equilibrium part of the particle distribution,
an imperfect fluid contribution Lipf that accounts for small departures from thermal equilibrium, and a fluid interaction
term Lint that accounts for the coupling of the fluid to the long wavelength bosonic dof , characterizing the interactions
of the fluid with the IR scalar and/or gauge fields. Proper definitions of the perfect and imperfect fluid descriptions
will be presented in section 2.3, whereas the fluid-gauge and scalar-fluid interactions will be covered in section 2.4. At
this point, we simply anticipate that we will not provide a Lagrangian formulation for the aforementioned fluid terms,
as it turns out to be more practical to describe instead the fluid dynamics in terms of its stress-energy tensor.

2.1 Dynamics in flat spacetime

Assuming the fluid to be characterized by a finite number of macroscopic quantities {qj | j = 1, . . . , Ndof
Fl }, which

we do not need to specify yet, its interaction with the gauge and scalar IR sectors is expected to be expressed
throughout gauge-invariant terms depending on such fluid variables {qj}, as well as on the bosonic field amplitudes
{f IR

i } ≡ {Aν , C
a
ν , ϕ, φ,Φ} and their derivatives {∂f IR

i } ≡ {∂µAν , ∂µC
a
ν , ∂µϕ, ∂µφ, ∂µΦ}. The classical equations of

motion (EOM) can then be obtained from the total variation of the action S ≡
∫
d4xL, with the Lagrangian of the

system given by Eq. (1), and LFl = LFl({qj}, {f IR
i }, {∂f IR

i }). Under these circumstances, the variation of the action
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yields

δS =

∫
d4x

{Ndof
Fl∑

i=1

∂LFl

∂qi
δqi +

(
∂LFl

∂ϕ
− ∂V0

∂ϕ

)
δϕ+

(
∂LFl

∂(∂µϕ)
− ∂µϕ

)
δ(∂µϕ)

+

[(
∂LFl

∂φ∗ − ∂V0

∂φ∗ − igQφAµD
µ
Aφ

)
δφ∗ +

(
∂LFl

∂(∂µφ∗)
−Dµ

Aφ

)
δ(∂µφ

∗) + c.c.

]
+

[(
∂LFl

∂Φ† − ∂V0

∂Φ† − (igQΦAµI − ig′Q′
ΦC

a
µTa)D

µΦ

)
δΦ† +

(
∂LFl

∂(∂µΦ†)
−DµΦ

)
δ(∂µΦ

†) + c.c.

]
+

(
∂LFl

∂Aν
+ Jν

φ + Jν
Φ

)
δAν +

(
∂LFl

∂(∂µAν)
− Fµν

)
δ(∂µAν)

+

(
∂LFl

∂Ca
ν

+ J ν
Φ,a − fabcC

c
µG

µν
b

)
δCa

ν +

(
∂LFl

∂(∂µCa
ν )

−Gµν
a

)
δ(∂µC

a
ν )

}

=

∫
d4x

{Ndof
Fl∑

i=1

∂LFl

∂qi
δqi +

(
∂µ∂

µϕ− ∂V0

∂ϕ
+Ωϕ

)
δϕ+

[(
DA

µD
µ
Aφ− ∂V0

∂φ∗
+Ωφ

)
δφ∗ + c.c.

]

+

[(
DµD

µΦ− ∂V0

∂Φ† +ΩΦ

)
δΦ† + c.c.

]
+
(
∂µF

µν + Jν
φ + Jν

Φ + Jν
Fl

)
δAν +

[
(Dν)abG

µν
b + J ν

Φ,a + J ν
Fl,a

]
δCa

ν

}
, (2)

where, in the last step, we performed an integration by parts, set to zero the boundary terms, and collected all the terms
proportional to δqi, δAν , δC

a
ν , δϕ, δφ

∗, and δΦ†, respectively. In the process, we introduced (Dν)ab = δab∂ν − fabcC
c
ν ,

an Abelian current (Jµ
φ) associated to φ, and Abelian (Jµ

Φ) and non-Abelian (J µ
Φ,a) currents associated to Φ, as

Jµ
φ ≡ 2 g Qφ Im[φ∗(Dµ

Aφ)] , Jµ
Φ ≡ 2 g QΦ Im[Φ†(DµΦ)] , and J µ

Φ,a ≡ 2 g′ Q′
Φ Im[Φ†Ta(D

µΦ)] . (3)

The variational process, led us naturally to define fluid current densities associated to the Abelian (Jµ
Fl) and non-

Abelian (J µ
Fl,a) gauge fields, as

Jµ
Fl ≡

∂LFl

∂Aµ
− ∂ν

∂LFl

∂(∂νAµ)
, J µ

Fl,a ≡ ∂LFl

∂Ca
µ

− ∂ν
∂LFl

∂(∂νCa
µ)

, (4)

as well as source terms, associated to the scalar field sectors, as

Ωϕ ≡ ∂LFl

∂ϕ
− ∂µ

∂LFl

∂(∂µϕ)
, Ωφ ≡ ∂LFl

∂φ∗ − ∂µ
∂LFl

∂(∂µφ∗)
, ΩΦ ≡ ∂LFl

∂Φ† − ∂µ
∂LFl

∂(∂µΦ†)
. (5)

From Eq. (2), the EOM for the IR bosonic sectors are obtained from setting δS = 0,

−∂µF
µν = Jν , with Jν = Jν

φ + Jν
Φ + Jν

Fl , (6a)

−(Dµ)abG
µν
b = J ν

a , with J ν
a = J ν

Φ,a + J ν
Fl,a , (Dν)ab = δab∂ν − fabcC

c
ν , (6b)

−∂µ∂
µϕ+

∂V0

∂ϕ
= Ωϕ , (6c)

−DA
µD

µ
Aφ+

1

2

∂V0

∂|φ|
φ

|φ|
= Ωφ , with DA

µφ = (∂µ − i g QφAµ)φ , (6d)

−DµD
µΦ+

1

2

∂V0

∂|Φ|
Φ

|Φ|
= ΩΦ , with DµΦ =

[
I(∂µ − i g QΦAµ)− i g′ Q′

Φ Ca
µ Ta

]
Φ , (6e)

where we have defined a total Abelian current as Jµ = Jµ
φ +Jµ

Φ+Jµ
Fl, a total non-Abelian current as J µ

a = J µ
Φ,a+J µ

Fl,a,

and made use of the relations ∂V0

∂φ∗ = ∂V0

∂|φ|
∂|φ|
∂φ∗ = 1

2
∂V0

∂|φ|
φ
|φ| , and

∂V0

∂Φ† = ∂V0

∂|Φ|
∂|Φ|
∂Φ† = 1

2
∂V0

∂|Φ|
Φ
|Φ| .

We note that we have assumed that LFl only depends on the fields {f IR
i } and their derivatives {∂f IR

i }. In general,
Eqs. (4) and (5) could be generalized to include dependence with higher-order derivatives, though these terms are
likely to be suppressed. Furthermore, since the variation of the action has to be gauge invariant, in light of Eqs. (6d)
and (6e) the source terms Ωφ and ΩΦ must transform, under a gauge transformation, as φ and Φ, respectively.
Equivalently Jν must be gauge invariant and J ν

a must transform as Gµν
a (i.e., in the adjoint representation) under a

gauge transformation.
In order to solve the system, we still need EOM to solve for the fluid variables. While such equations are formally

represented by ∂LFl

∂qi
= 0, in practice, these conditions do not fix them, unless we provide an exact form for LFl. As a

7



fluid is an emergent macroscopic description of the dynamics of a many-body system, instead of using a Lagrangian
description, we will rather describe the fluid dynamics in terms of some general properties of the system. As invariance
under spacetime translations is expected to hold on general grounds, conservation of the total stress-energy tensor Tµν

of the system should be satisfied as ∂µT
µν = 0. Denoting the flat spacetime metric as ηµν = ηµν = diag(−1, 1, 1, 1),

the total stress-energy tensor of the system can be obtained as

Tµν ≡ ηµν L − 2
∂L
∂ηµν

= Tµν
Fl + ηµν LBos,IR + FµλF ν

λ +Gµλ
a Gν

a λ + ∂µϕ∂νϕ+
[(
Dµ

Aφ
)∗(

Dν
Aφ
)
+
(
DµΦ

)†(
DνΦ

)
+ c.c.

]
, (7)

where we have defined the fluid contribution, formally, as

Tµν
Fl ≡ ηµν LFl − 2

∂LFl

∂ηµν
. (8)

Interestingly, we do not need to specify the explicit form of the stress-energy tensor of the fluid, Tµν
Fl , in order to obtain

an equation describing its evolution.
Plugging Eq. (7) into the conservation of the total stress-energy tensor, ∂µT

µν = 0, leads to the following EOM
for the fluid (see appendix A for details),

∂µT
µν
Fl = Jµ

FlF
ν
µ + J µ

Fl,aG
ν
a µ +Ωϕ ∂

νϕ+
(
Ω∗

φ Dν
Aφ+Ω†

Φ DνΦ+ c.c.
)
, (9)

where {Jµ
Fl,J

µ
Fl,a,Ωϕ,Ωφ,ΩΦ} are the same fluid currents and source terms that we already introduced previously in

Eqs. (4) and (5). Identifying the terms in the rhs of Eq. (9) as forces upon the fluid, we distinguish the Abelian and
non-Abelian Lorentz forces,

Fν
U(1) ≡ Jµ

FlF
ν
µ , Fν

SU(N) ≡ J µ
Fl,aG

ν
a µ , (10)

and define new forces due to the interaction with the scalar fields as

Fν
ϕ ≡ Ωϕ ∂

νϕ , Fν
φ ≡ Ω∗

φ Dν
Aφ+ c.c. , Fν

Φ ≡ Ω†
Φ DνΦ+ c.c. . (11)

The EOM for the fluid can then be expressed in the following way,

∂µT
µν
Fl = Fν

int ≡ Fν
U(1) + Fν

SU(N) + Fν
ϕ + Fν

φ + Fν
Φ , (12)

where Fν
int represents all the forces acting upon the fluid, due to its interactions with the gauge and scalar fields of

the IR bosonic sector.

2.2 Dynamics in an expanding Universe

The background evolution is described by a homogeneous and isotropic Friedmann-Lemâıtre-Robertson-Walker (FLRW)
metric, with line element

ds2 ≡ gµνdx
µdxν = −a2α(η) dη2 + a2(η) δijdx

idxj , (13)

where the spacetime coordinates are xµ = (η, xi), being η the α-time and xi the comoving space coordinates. The
α-time is defined such that dt = aαdη, with t the cosmic time and α a real constant parameter that can be conveniently
chosen for a given problem. By fixing α = 0, we recover cosmic time t, whereas α = 1 gives conformal time τ . The
EOM in a curved background are obtained by the following replacements of the metric and derivatives,

ηµν −→ gµν ; ∂µf
αβ...
σρ... −→ DG

µ f
αβ...
σρ... = ∂µf

αβ...
σρ... + Γα

µλf
λβ...
σρ... − Γλ

µσf
αβ...
λρ... + ... , (14)

where DG
µ represents the gravitational covariant derivative, and Γλ

αβ ≡ 1
2g

λν(∂αgβν + ∂βgνα − ∂νgαβ) the Christoffel
symbols of the Levi-Civita connection. For an FLRW metric, the only non-vanishing Christoffel symbols are

Γ0
00 = αH , Γ0

ij = a2(1−α)Hδij , Γi
0j = Hδij , (15)

where prime denotes time derivatives with respect to α-time, ′ ≡ d/dη, and H ≡ a′/a is the (α-time) Hubble rate.
The gravitationally covariant divergence of a vector (fµ), and of rank-2 symmetric (Tµν) and antisymmetric (Fµν)
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tensors, are given by

DG
µ f

µ =
1√
−g

∂µ(
√
−gfµ) = ∂µ(g

µνfν) + (3 + α)Hf0

= a−2α
[
−∂0f0 + a−2(1−α)∂jfj − (3− α)Hf0

]
, (16a)

DG
µ T

µν =
1√
−g

∂µ(
√
−g Tµν) + Γν

µσT
µσ = ∂µT

µν + (3 + α)HT 0ν + Γν
µσT

µσ

= ∂0T
0ν + ∂jT

jν + (3 + α)HT 0ν +
(
αHT 00 + a2(1−α)HδjlT

jl
)
δν0 + 2HT 0iδνi , (16b)

−DG
µ F

µν =
−1√
−g

∂µ(
√
−g Fµν) = −∂µ(g

µαgνβFαβ)− (3 + α)HF 0iδνi

= a−2(α+1)
[(

∂0F0i − a−2(1−α)∂jFji + (1− α)HF0i

)
δνi − (∂jF0j)δ

ν
0

]
, (16c)

where g ≡ det(gµν) = −a2(3+α). Applying these prescriptions to the EOM in flat spacetime [cf. Eqs. (6)], leads to the
following set of equations for an isotropic and homogeneous FLRW background,

∂0F0i − a−2(1−α)∂jFji + (1− α)HF0i = a2αJi , (17a)

(D0)abG
b
0i − a−2(1−α)(Dj)abG

b
ji + (1− α)HGa

0i = a2αJ a
i , (17b)

∂iF0i = a2J0 , (17c)

(Di)abG
b
0i = a2J a

0 , (17d)

ϕ′′ − a−2(1−α) #»∇
2
ϕ+ (3− α)Hϕ′ = − a2α

∂V0

∂ϕ
+ a2α Ωϕ , (17e)

φ′′ − a−2(1−α) #»

D
2

Aφ+ (3− α)Hφ′ = − 1
2 a

2α ∂V0

∂|φ|
φ

|φ|
+ a2αΩφ , (17f)

Φ′′ − a−2(1−α) #»

D
2
Φ+ (3− α)HΦ′ = − 1

2 a
2α ∂V0

∂|Φ|
Φ

|Φ|
+ a2αΩΦ , (17g)

∂0T
00
Fl + ∂iT

i0
Fl + (3 + 2α)HT 00

Fl + a−2αH T
(3)
Fl =F0

int , (17h)

∂0T
0i
Fl + ∂jT

ji
Fl + (5 + α)H T 0i

Fl =F i
int , (17i)

where T
(3)
Fl ≡ gijT

ij
Fl = a2δijT

ij
Fl is the 3D trace, and the external forces on the fluid from the bosonic fields are

F0
int = − a−2(α+1)

(
JFl
i F0i + J Fl,a

i Ga
0i

)
− a−2α

[
Ωϕ ϕ

′ +
(
Ω∗

φ DA
0 φ+Ω†

Φ D0Φ+ c.c.
)]

, (18a)

F i
int = a−2(α+1)

(
JFl
0 F0i + J Fl,a

0 Ga
0i

)
− a−4

(
JFl
j Fji + J Fl,a

j Ga
ji

)
+ a−2

[
Ωϕ ∂iϕ+

(
Ω∗

φ DA
i φ+Ω†

Φ DiΦ+ c.c.
)]

. (18b)

The evolution of the scale factor a(η) is determined by the matter content of the system through the Friedmann
equations, which in α-time read [1]

H2 ≡
(
a′

a

)2

=
a2α

3m2
p

⟨ρ⟩ , a′′

a
=

a2α

6m2
p

[
(2α− 1)⟨ρ⟩ − 3⟨p⟩

]
, with

⟨ρ⟩ ≡ −⟨g00T00⟩ = a−2α ⟨T00⟩

⟨p⟩ ≡ 1
3 ⟨T

(3)⟩ = 1
3a

−2δij⟨Tij⟩
, (19)

where mp ≡ (8πG)−1/2 ≃ 2.44 × 1018 GeV is the reduced Planck mass, ⟨ρ⟩ and ⟨p⟩ are the background energy
density and pressure of the different components of the Universe, and T (3) ≡ gijT

ij = a2δijT
ij . Here ⟨...⟩ denotes

volume averaging over sufficiently large regions that encompass well all relevant scales of the excited fields, so that a
well-defined notion of a ‘homogeneous and isotropic’ expanding background is recovered.

For the case where the matter content is completely determined by the field constituents, whose dynamics is
described by Eqs. (17), the stress-energy tensor is given by Eq. (7) with the replacement ηµν → gµν ,

Tµν =TFl
µν + gµνLBos,IR + F λ

µ Fνλ +Ga λ
µ Ga

νλ + ∂µϕ∂νϕ+
[(
DA

µφ
)∗(

DA
ν φ
)
+
(
DµΦ

)†(
DνΦ

)
+ c.c.

]
. (20)

The resulting Friedmann equations become
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(
a′

a

)2

=
a2α

3m2
p

〈
a−2αTFl

00 +Kϕ +Kφ +KΦ +Gϕ +Gφ +GΦ +KU(1) +GU(1)

+KSU(N) +GSU(N) + V0

〉
, (21a)

a′′

a
=

a2α

3m2
p

〈2α− 1

2a2α
TFl
00 − 1

2
T

(3)
Fl + (α− 2)(Kϕ +Kφ +KΦ) + α (Gϕ +Gφ +GΦ)

+ (α+ 1)V0 + (α− 1)(KU(1) +GU(1) +KSU(N) +GSU(N))
〉
. (21b)

The different energy components of the scalar and gauge field constituents are given by

Kϕ = 1
2a2αϕ

′2

Kφ = 1
a2α |DA

0 φ|2
KΦ = 1

a2α |D0Φ|2
;

Gϕ = 1
2a2 |

#»∇ϕ|2

Gφ = 1
a2 |

#»

DAϕ|2

GΦ = 1
a2 |

#»

DΦ|2
;

KU(1) =
1

2a2(1+α)

∑
i F

2
0i

GU(1) =
1

2a4

∑
i,j<i F

2
ij

KSU(N) =
1

2a2(1+α)

∑
a,i(G

a
0i)

2

GSU(N) =
1

2a4

∑
a,i,j<i(G

a
ij)

2

. (22)

(Kinetic− Scalar) (Gradient− Scalar) (Electric & Magnetic)

For completeness, we may also consider the case where the expansion is sourced by an external background
component with equation of state (EOS) ωext ≡ ⟨p⟩/⟨ρ⟩. For constant EOS, one obtains the following solutions to
Eqs. (19) for the scale factor and Hubble parameter, in arbitrary α-time [1],

a(η) = a(ηi)

(
1 +

1

ι
Hi(η − ηi)

)ι

, H(η) =
Hi

1 + 1
ιHi(η − ηi)

, ι =
2

3(1 + ωext)− 2α
, (23)

where ηi is some initial time and Hi ≡ H(ηi).

2.3 Fluid dynamics

In this section, we present the EOM describing the dynamics of an isolated fluid (i.e., not coupled to other dof) in an
expanding Universe. We first discuss perfect fluids in section 2.3.1, which we consider in full generality for relativistic
velocities. We then consider viscous fluids in section 2.3.2, where viscosity is presented only in its subrelativistic
formulation. This section closely follows the description presented in ref. [60], where more in-depth discussions can be
found. The interactions of a fluid with gauge and scalar fields will be covered in section 2.4.

The perfect fluid description applies to an ensemble of particles in local thermal equilibrium (LTE) [252], i.e., when
considering scales that are much larger than the mean free path scale(s) of the particle ensemble, λ ≫ lmfp (recall the
discussion at the beginning of section 2). A perfect fluid is completely characterized in its rest frame by its energy
density ρf and isotropic pressure pf , which also determine its enthalpy wf = pf + ρf . In order to describe it in a
generic frame we need to introduce the fluid four-velocity Uµ ≡ dxµ/ds̃, with s̃ being the proper time defined from
ds̃2 ≡ −ds2, which implies ds̃ = aαdη/γ. We then have

Uµ = γa−α(1, ui) , where UµUµ = −1 , γ =
1√

1− a2(1−α)|u⃗|2
, and ui ≡

dxi

dη
. (24)

We note that γ in Eq. (24) is the physical relativistic gamma factor, despite the appearance of a2(1−α) in the denom-
inator. This is because one needs to distinguish carefully the three-velocity ui defined above with respect to a generic
α-time η, from the physical or peculiar velocity up

i , defined with respect to conformal time τ ,

ui ≡
dxi

dη
, up

i ≡ dxi

dτ
⇒ up

i = a1−αui . (25)

The four-velocity in terms of the peculiar velocity is then given by Uµ = γ(a−α, up
i /a), and the gamma factor becomes

the more familiar expression γ = 1/
√

1− |u⃗p|2. The normalization condition of the four-velocity, UµUµ = −1, is
satisfied either way. In the following we are going to consider the four-velocity as defined in Eq. (24).

The total stress-energy tensor of a perfect fluid (pf) can then be written in a generic frame as

Tµν
pf = wfU

µUν + pfg
µν =⇒


T 00
pf = a−2α(wfγ

2 − pf ) ≡ a−2α(ρkin + ρf ) ,

T 0i
pf = a−2α(wfγ

2ui) ,

T ij
pf = a−2α(wfγ

2uiuj + a2(α−1)pfδij) ,

(26)
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where ρkin ≡ wfγ
2|u⃗p|2 is the bulk kinetic energy density of the fluid. To take into account deviations with respect to

LTE (see section 2.3.2), we need to go beyond the idealization of a perfect fluid, considering instead the dynamics of
imperfect (ipf) fluids. Indeed, due to interactions among the fluid constituents, or due to interactions with external
fields as for example the IR bosonic sectors of scalar and gauge fields introduced at the beginning of section 2, the
distribution of the particles that form the fluid may exhibit deviations with respect to LTE. The total stress-energy
tensor of an imperfect fluid can be written as Tµν

Fl = Tµν
pf −δTµν , where we refer to δTµν ≡ Tµν

pf −Tµν
Fl as the deviatoric∗

stress tensor [60,253].
The fluid EOM on an expanding FLRW background [cf. Eqs. (17h) and (17i)] in general contain Hubble friction

terms proportional to H. However, as we describe in full detail in section B, it is possible, for any α-time choice,
to partially get rid of these terms by performing an appropriate rescaling of the fluid stress-energy tensor. In the
following, we rescale the total stress-energy tensor as

T̃µν = a4+2α Tµν . (27)

The fluid equations for the rescaled stress-energy tensor then become

∂µT̃
µν
Fl + a−2αHT̃Fl δ

ν
0 + (1− α)HT̃ 0i

Fl δ
ν
i = F̃ν

int , (28)

where we have rescaled the external forces as F̃ν
int = a4+2αFν

int, and introduced the trace

T̃Fl ≡ gµν T̃
µν
Fl = g00T̃

00
Fl + gij T̃

ij
pf = −a2αT̃ 00

Fl + T̃
(3)
Fl . (29)

The rescaled components of the stress-energy tensor are

T̃ 00
Fl = ρ̃kin + ρ̃f − δT̃ 00 , T̃ 0i

Fl = w̃fγ
2ui − δT̃ 0i , T̃ ij

Fl = w̃fγ
2uiuj + a2(α−1)p̃fδij − δT̃ ij , (30)

with ρ̃f = a4ρf , p̃f = a4pf , and w̃f = a4wf the comoving fluid energy density, pressure, and enthalpy, respectively,
whereas ρ̃kin = w̃fγ

2a2(1−α)|u⃗|2 = w̃fγ
2|u⃗p|2 is the comoving bulk kinetic energy density. The factor a4 in Eq. (27)

compensates the decay of the energy density in an expanding Universe when the fluid is dominated by massless
particles, and the factor a2α compensates for the a−2α term from the product of four-velocities in Eq. (26), such that
T̃µν
pf = w̃f Ũ

µŨν + a2αp̃fg
µν , with Ũµ = aαUµ = γ(1, ui) the rescaled four-velocity. We note that in the rescaled fluid

EOM we have a term including the trace of T̃µν
Fl = T̃µν

pf − δT̃µν , which is given by

T̃Fl ≡ gµν(T̃
µν
pf − δT̃µν) = T̃pf − δT̃ = a2α(3p̃f − ρ̃f )− δT̃ . (31)

Inspecting Eq. (28), we observe that if the trace of the stress-energy tensor vanishes, i.e., T̃Fl = 0, choosing conformal
time (α = 1) leads to conformally flat equations, i.e., ∂µT̃

µν
Fl = F̃ν

int. This is particularly relevant for perfect fluids
composed of relativistic particles, as for them δTµν = 0 and p̃f = ρ̃f/3, so that the trace naturally vanishes. Fur-

thermore, in such cases, the comoving components are given by T̃µν = a6Tµν , and their dynamics in conformal time
becomes explicitly independent of the scale factor a(τ) [48,50,60].

Plugging the decomposition Tµν
Fl ≡ Tµν

pf − δTµν in Eq. (28), and passing all Hubble friction terms to the rhs of the
equations allows to rewrite conveniently the EOM for the evolution of an imperfect fluid in an expanding Universe
sourced by the forces due to the fluid interaction(s) with other dof , precisely as

∂µT̃
µν
pf = F̃ν

int + F̃ν
ipf + F̃ν

H . (32)

In this equation, the Hubble friction (for the perfect fluid part) is defined as

F̃ν
H ≡ ∂µT̃

µν
pf − a4+2αDG

µ T
µν
pf = −a−2αT̃pf Hδν0 + (α− 1)H T̃ 0i

pf δ
ν
i = (ρ̃f − 3p̃f )Hδν0 + (α− 1)H T̃ 0i

pf δ
ν
i . (33)

The force from the imperfect fluid term reads

F̃ν
ipf ≡ a4+2αDG

µ δT
µν = ∂µδT̃

µν + a−2αδT̃ Hδν0 + (1− α)H δT̃ 0iδνi , (34)

∗In cosmology, the distribution of the dominant field species in the Universe is homogeneous and isotropic, and hence its stress-energy
tensor also takes the form of a perfect fluid, which at the background level must be at its rest frame, i.e., with vanishing background
velocities u⃗ = 0. In cosmological perturbation theory, up to linear order in small metric perturbations |hµν | ∼ O(ϵ), with ϵ ≪ 1, the perfect
fluid form is maintained, though the fluid variables (pressure, energy density, and velocity) are perturbed to O(ϵ). If another contribution
Πµν appears in the stress-energy tensor, on top of the (now perturbed) perfect-fluid form, this is referred to as the anisotropic stress tensor,
and it is expected to be also (at most) of O(ϵ). Therefore, the anisotropic stress and the deviatoric tensor are, in general, not the same. For
example, if there are some subdominant species in the energy budget of the Universe and they behave as a fluid, the perfect fluid part of
their stress-energy tensor, given that in general it has nonzero transverse and traceless projection, will contribute to the anisotropic stress
tensor of the Universe.
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which receives contributions of δT̃µν ≡ a4+2αδTµν , with trace δT̃ ≡ gµνδT̃
µν , from both the divergence of the rescaled

deviatoric stress tensor and Hubble friction terms.
Equations (32)–(34) are then equivalent to our previous Eqs. (17h) and (17i). The contributions of the fluid to

the total energy density and pressure that enter the Friedmann equations in Eq. (21) are then given by the following
expressions

⟨ρ⟩ ⊃ a−2α⟨TFl
00 ⟩ = a−4⟨ρ̃kin + ρ̃f − δT̃ 00⟩ , (35a)

⟨p⟩ ⊃ 1

3
⟨T (3)

Fl ⟩ =
1

3
a−4⟨ρ̃kin + 3p̃f − a−2αδT̃ (3)⟩ . (35b)

In the following sections, we consider specific cases of Eq. (32): i) dynamics of an isolated perfect fluid in an expanding
background, neglecting interactions with bosonic fields and/or deviations with respect to LTE, i.e., with Fν

int = Fν
ipf = 0

(section 2.3.1), ii) dynamics in an expanding background of imperfect (viscous) fluids due to deviations with respect
to LTE, i.e., with Fν

ipf ̸= 0, thus allowing for a realistic increase of the entropy in the fluid (section 2.3.2), iii) fluid
dynamics in expanding backgrounds with electromagnetic (Lorentz) forces due to coupling of the fluid with Abelian
gauge fields, i.e., with Fν

int = Fν
U(1) ̸= 0 (section 2.4.1), and iv) fluid dynamics in an expanding background with

external forces due to interactions of the fluid with a singlet scalar field, i.e., with Fν
int = Fν

ϕ ̸= 0 (section 2.4.2).
In general, the number of fluid equations is insufficient to describe the dynamics of the fluid variables. This is the

case already for perfect fluids and first-order imperfect fluids (see section 2.3.2), for which we have 4 equations and 5
fluid variables (u1, u2, u3, pf , ρf ). Therefore, we need to introduce an equation of state (EOS) that relates the pressure
and the energy density† as

pf = ω ρf . (36)

It is sometimes useful to describe the relation between pressure and energy density in terms of the speed of sound,

c2s ≡ ∂pf
∂ρf

∣∣∣∣
s

, (37)

where the subscript s indicates derivation while keeping the entropy constant, which happens in LTE. In general,
c2s ̸= ω, however, when the EOS is constant, both quantities are equal, e.g., for a pure radiation perfect fluid,
ω = c2s = 1/3. In the case of couplings of the fluid with a singlet scalar field (see section 2.4.2), instead, it is not
possible in general to have a constant EOS, as both pressure and energy density depend on the scalar field and
temperature. However, in those cases it is still possible to fully describe the fluid pressure in terms of the scalar field
and the energy density, allowing us to close the system.

2.3.1 Perfect fluid dynamics

Conservation form of fluid dynamics

In this section, we assume that the particle ensemble that forms the fluid can maintain LTE, so that we specialize the
EOM [cf. Eq. (32)] for a perfect fluid in an expanding background, in the absence of external forces (Fν

int = Fν
ipf = 0).

The EOM then reduce to

∂0T̃
00
pf + ∂iT̃

i0
pf = (ρ̃f − 3p̃f )H = F̃0

H , (38a)

∂0T̃
0i
pf + ∂j T̃

ji
pf = (α− 1)HT̃ 0i

pf = F̃ i
H . (38b)

A possible strategy to solve this system is the so-called conservation form, in which {T̃ 0µ
pf }, with µ = 0, 1, 2, 3, are

directly considered the dynamical variables to solve for.‡ Here we follow a similar approach to that described in Section
3.4 of ref. [60], by noting that in order to advance in time the temporal components T̃ 0µ

pf according to Eqs. (38), we

need to find a closed expression for T̃ ij
pf in terms of the former.

First of all, using Eq. (30) we can express the primitive fluid variables, i.e., the energy density and the velocity of
the fluid, in terms of the perfect fluid temporal components T̃ 0µ

pf , as

†For a general description of relativistic imperfect fluids or non-Newtonian fluids (i.e., fluids for which Navier-Stokes shear stress is not
a valid description), one needs additional constitutive relations or dynamical equations to describe all components of δTµν [252–254].

‡In the conservation form, the variables T̃ 0µ
pf evolve through external forces and the divergence terms ∂iT̃

iµ
pf . As a consequence, the

volume averages of T̃ 0µ
pf are conserved at the discrete level, in the absence of external forces and for periodic boundaries in the lattice, as

in the continuum.
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ρ̃f =
1

z
T̃ 00
pf and ui =

z

z + ω

T̃ 0i
pf

T̃ 00
pf

, with z = (1 + ω)γ2 − ω , (39)

where ω relates the pressure and the energy density as p̃f = ωρ̃f . Notice that, since γ2 ≥ 1, we have that z ≥ 1 for

any value of ω. This leads to construct T̃ pf
ij from Eq. (30) as

T̃ ij
pf =

z

z + ω

T̃ 0i
pf T̃

0j
pf

T̃ 00
pf

+
ω

z
a2(α−1)T̃ 00

pf δij , (40)

which is expressed in terms of T̃ 0µ
pf , but still depends on z (and, hence, on the velocity through γ2 and on ρ̃f through

ω). To obtain z in terms of our dynamical variables, we first write

r2 ≡
∑
i

[
T̃ 0i
pf

T̃ 00
pf

]2
a2(1−α) =

(z + ω)2

z2
|u⃗p|2 =

(z + ω)(z − 1)

z2
, (41)

which implies that r2 < 1 for physical |ω| ≤ 1. Inverting this relation, we obtain

z =
1

2(1− r2)

(
1− ω +

√
(1 + ω)2 − 4ωr2

)
, (42)

where we took the positive value of the radicand to ensure that z ≥ 1. This then guarantees that the gamma factor,
recovered from γ2 = (z + ω)/(1 + ω), actually verifies γ ≥ 1 for physical |ω| ≤ 1.

Plugging Eq. (42) into Eq. (40) allows to compute T̃ ij
pf in terms of our dynamical variables. However, in practice,

this trick is only useful if ω is independent of the fluid variables. In that case, z only depends on r and ω, and thus we
can directly advance the system of Eqs. (38) by plugging into them Eqs. (39)–(42). If we want to recover the primitive
fluid variables {ũ1, ũ2, ũ3, p̃f , ρ̃f}, we just need to use Eqs. (36) and (39). Furthermore, if the EOS is constant (both
in space and time), the sound speed also becomes constant and equal to ω,

c2s = ω =
pf
ρf

, if ω = const. (43)

This is the case, for example, of a fluid formed by free relativistic species, for which ω = c2s = 1/3. On the other hand,
when w depends on the fluid primitive variables, this procedure needs to be generalized and adapted in a case-by-case
basis. We will see an example of this when we introduce interactions of the fluid with a scalar field in section 2.4.2.

Limit of subrelativistic fluid velocity

In the limit of subrelativistic fluid bulk motion we take |u⃗p|2 ≪ 1. Then, the variable z = (1 + ω)γ2 − ω reduces to
1. However, as shown in ref. [60] (see Sec. 3.4 there), taking z = 1 directly in the relation between the stress-energy
tensor components [cf. Eq. (40)] leads to the wrong subrelativistic limit of the EOM. This is due to the fact that
the time derivative of the Lorentz factor, ∂0γ

2, contains terms that are non-negligible in the subrelativistic limit. To
recover the correct limit, it is required to expand z up to first order in r2 ∼ O(|u⃗p|2) using Eq. (42),

z = 1 +
r2

1 + ω
+O(|u⃗p|4) . (44)

Then, the corrected expression to relate T̃ ij
pf to the dynamical variables T̃ 0µ

pf becomes

lim
|u⃗p|2≪1

T̃ ij
pf =

1

1 + ω

T̃ 0i
pf T̃

0j
pf

T̃ 00
pf

(
1 +

r2ω

(1 + ω)2

)
+ ω a2(α−1)T̃ 00

pf

(
1− r2

1 + ω

)
δij . (45)
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Non-conservation form of fluid dynamics

We now proceed to find EOM for the primitive fluid variables ρ̃f and ui in the so-called non-conservation form of fluid
dynamics. In first place, we write the EOM, taking the temporal and spatial components of Eqs. (38), explicitly in
terms of p̃f , w̃f , and ui,

∂0(w̃fγ
2)− ∂0p̃f + ∂i(w̃fγ

2ui) = F̃0
H , (46a)

w̃fγ
2∂0ui+ui∂0(w̃fγ

2) + ∂j(w̃fγ
2uiuj) + a2(α−1)∂ip̃f = F̃ i

H . (46b)

Taking Eq. (46a) multiplied by ui and subtracting it from Eq. (46b), we find

w̃fγ
2∂0ui + ui∂0p̃f + w̃fγ

2uj∂jui + a2(α−1)∂ip̃f = F̃ i
H − uiF̃0

H . (47)

Then, contracting this equation with ui, and using the following identities,

∂0 ln γ = a2(1−α)
[
γ2ui∂0ui − (α− 1)Hγ2u⃗2

]
, (48a)

uj∂j ln γ = a2(1−α)γ2uiuj∂jui , (48b)

we find an evolution equation for γ,

w̃f (∂0 + ui∂i) ln γ = −|u⃗p|2
(
∂0p̃f + F̃0

H

)
− ui∂ip̃f +

[
a2(1−α)uiF̃ i

H − w̃f (α− 1)Hγ2|u⃗p|2
]

︸ ︷︷ ︸
=0

. (49)

Notice that using the explicit form of the Hubble friction force, F̃ i
H = (α−1)Hw̃fγ

2ui, the term inside square brackets
vanishes. However, we write this term explicitly in order to be able to trivially generalize the equations to include
external (interaction) forces F̃ν

int in the following by replacing F̃ν
H → F̃ν

int. We can now substitute Eq. (49) into
Eqs. (46a) and (47), using ∂0γ

2 = 2γ2∂0 ln γ, to find

∂0ρ̃f − |u⃗p|2∂0p̃f =− w̃f∂iui − ui∂i(ρ̃f − p̃f ) + F̃0
H(1 + |u⃗p|2)− 2

[
a2(1−α)uiF̃ i

H − w̃f (α− 1)Hγ2|u⃗p|2
]

︸ ︷︷ ︸
=0

, (50a)

∂0ui + uj∂jui =− ui

w̃fγ2

(
∂0p̃f + F̃0

H

)
− a2(α−1) ∂ip̃f

w̃fγ2
+

F̃ i
H

w̃fγ2
. (50b)

Taking into account that for the given form of the Hubble friction, the values in the square brackets vanish, the energy
conservation equation simplifies to

∂0ρ̃f − |u⃗p|2∂0p̃f =− w̃f∂iui − ui∂i(ρ̃f − p̃f ) + F̃0
H(1 + |u⃗p|2) . (51)

As in the conservation case, we need to provide an EOS to close the system. Assuming a constant EOS, ω =
p̃f/ρ̃f = const., we find the equations of conservation of energy and momentum in the relativistic regime of fluid bulk
motion [60],

(1− ω|u⃗p|2) ∂0 ln ρ̃f + (1 + ω)∂iui + (1− ω)ui∂i ln ρ̃f = (1− 3ω)H(1 + |u⃗p|2) , (52a)

∂0ui + uj∂jui =
1− |u⃗p|2

1− ω|u⃗p|2

[
ω∂juj + ω

1− ω

1 + ω
uj∂j ln ρ̃f + (3ω − 1)H

]
ui

− ω

1 + ω
(1− |u⃗p|2) a2(α−1) ∂i ln ρ̃f + (α− 1)Hui , for a constant ω = pf/ρf . (52b)

In terms of the peculiar velocity up
i = a1−αui, the Hubble friction F̃ i

H combines with the time derivative, ∂0ui =
aα−1∂0u

p
i + aα−1(α− 1)Hup

i , and the momentum equation becomes

∂0u
p
i + aα−1up

j ∂ju
p
i =

1− |u⃗p|2

1− ω|u⃗p|2

[
aα−1ω∂ju

p
j + aα−1ω

1− ω

1 + ω
up
j ∂j ln ρ̃f + (3ω − 1)H

]
up
i

− ω

1 + ω
(1− |u⃗p|2) aα−1∂i ln ρ̃f , for a constant ω = pf/ρf . (53)

14



Limit of subrelativistic fluid velocity

The continuity and momentum equations for the energy density and peculiar velocity [cf. Eqs. (52)], can be taken in
the subrelativistic limit of fluid velocity, |u⃗p|2 ≪ 1,

lim
|u⃗p|2≪1

∂0 ln ρ̃f = − (1 + ω)∂iui − (1− ω)ui∂i ln ρ̃f + (1− 3ω)H , (54a)

lim
|u⃗p|2≪1

∂0ui = − uj∂jui + ui ω

(
∂juj +

1− ω

1 + ω
uj∂j ln ρ̃f

)
+ (3ω + α− 2)H ui

− ω

1 + ω
a2(α−1)∂i ln ρ̃f , for a constant ω = pf/ρf . (54b)

From these equations, we find that a suitable choice to get rid of the Hubble friction in the momentum equation
[cf. Eq. (54b)] is§ α = 2− 3ω. As mentioned above, if one takes γ2 → 1 in the time derivatives, i.e., taking T̃ 00

pf → ρ̃f

and T̃0i → w̃fui in Eqs. (38) to get to Eqs. (46), the subrelativistic limit of the fluid EOM found is incorrect, see
ref. [60]. This is a consequence of neglecting the derivative of the Lorentz factor in the subrelativistic limit,

lim
|u⃗p|2≪1

∂0 ln γ = − ω

1 + ω
ui∂i ln ρ̃f , for a constant ω = pf/ρf , (55)

which is of the same order as other terms appearing in the subrelativistic EOM, and omitted in previous work as, e.g.,
in ref. [48].

Alternative non-conservation form for relativistic fluid variables

An equivalent form of the fluid EOM is sometimes used in relativistic fluid dynamics [252, 256], where the EOM are
expressed for the relativistic energy density Ẽ ≡ γρ̃f and the fluid momentum density Z̃i ≡ T̃ 0i. This corresponds to

a non-conservation form with an alternative choice of the primitive fluid variables, Ẽ and Z̃i. To obtain the EOM for
the comoving relativistic energy density, Ẽ, we project the conservation equation for the perfect fluid stress-energy
tensor of Eq. (26) in the parallel direction to Uν ,

−UνD
G
µ T

µν
pf = Uµ∂µρf + wfD

G
µ U

µ = Uµ∂µρf + wf [∂µU
µ + (3 + α)HU0]

= a−(4+α)
[
∂µ(ρ̃f Ũ

µ) + p̃f∂µŨ
µ + (3p̃f − ρ̃f )HŨ0

]
= 0 . (56)

Then, the EOM for Ẽ and for Z̃i, which can be obtained from the space components of Eq. (32), are

∂0Ẽ + ∂i(Ẽui) + p̃f
[
∂0γ + ∂i(γui)

]
= (Ẽ − 3p̃fγ)H , (57a)

∂0Z̃i + ∂j(Z̃iuj) + a2(α−1)∂ip̃f = F̃ i
H . (57b)

As before, we note that neglecting γ in Ẽ = γρ̃f or in Z̃i = w̃fγ
2ui would lead to the wrong subrelativistic limits due

to the inconsistent underlying assumption that ∂0γ is negligible.

2.3.2 First-order imperfect fluid dynamics

The perfect fluid description applies for fluids that are exactly in LTE, characterized by an equilibrium distribution
function feq, which can be the Bose-Einstein distribution for bosons, or the Fermi-Dirac distribution for fermions
[252,257]. Both distributions reduce to the Maxwell-Boltzmann (or Maxwell-Jüttner for relativistic particle velocities)
in the classical limit. Perfect fluids, however, cannot account for dissipative effects since, as we will show in this
section, their entropy is conserved. Hence, the description of any realistic fluid requires to consider deviations with
respect to LTE.

Let us then consider the perturbative expansion around LTE for small (but non-zero) Knudsen number, which is
given by the ratio between the particle mean free path and the characteristic fluid scales λ, Kn = lmfp/λ, such that
the distribution function is

f = feq + εf1 +O(ε2) , where f1/feq ∼ O(1), and ε ∼ O(Kn) ≪ 1 , (58)

§The value α = 2 coincides with the so-called choice of super-comoving coordinates in cosmological simulations with fluids formed by
non-relativistic species, for which ω → 0 [60,255].
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with feq the equilibrium distribution function. The perfect fluid description is recovered when ε = 0 (i.e., Kn = 0),
leading to the perfect fluid stress-energy tensor Tµν

pf = wfU
µUν + pf g

µν [cf. Eq. (26)]. A small Knudsen number
corresponds then to a highly collisional fluid. The inclusion of δf ≡ f − feq ≈ εf1 leads to an anisotropic stress tensor
that is characterized by the deviatoric tensor δTµν , already introduced above Eq. (32), such that Tµν

Fl = Tµν
pf − δTµν .

In order to deduce the form of δTµν , we need to understand which quantities characterizing the fluid are small
in the limit Kn ≪ 1, such that we can perform a perturbative expansion over them. In particular, as we will show
in the following, the transport coefficients describing dissipative effects are proportional to the mean free path of the
particles, hence the expansion over Kn = lmfp/λ corresponds to an expansion over transport coefficients ∝ lmfp times
gradients of the fluid variables (∂µ|u⃗|)/|u⃗|, (∂µρ)/ρ ∝ 1/λ. Since for imperfect fluids the definition of the four-velocity
is not unique [258, 259] (see also discussion in refs. [60, 252, 254]), we restrict to the Landau frame in the following.
In this frame, the four-velocity is defined as an eigenvector of the stress-energy tensor, UµT

µν
Fl = −ρfU

ν . Hence, the
deviatoric tensor in the Landau frame satisfies UµδT

µν = 0. This condition, together with a linear expansion around
a small Knudsen number, leads to the Navier-Stokes stress-energy tensor, corresponding to the most general rank-2
tensor that is linear in gradients of the velocity field [252,254],

δTµν = πµν + 1
3h

µνδT = 2 ν wf σ
µν + ξ wf θ h

µν , (59)

where ν ≥ 0 and ξ ≥ 0 are the transport coefficients corresponding to the kinematic shear and bulk viscosities;
πµν ≡ 2 ν wf σ

µν is the shear stress tensor with zero trace, π = gµνπ
µν = 0; hµν = gµν + UµUν is the projection

tensor, orthogonal to Uµ, i.e., satisfying Uµh
µν = 0, with trace h = gµνh

µν = 3; θ = DG
µ U

µ is the fluid expansion
scalar, and σµν is the traceless rate-of-strain tensor, defined as

σµν = Sµν − 1

3
θhµν , where Sµν = h(µλDG

λ U
ν) with Sµ

µ = θ . (60)

The parentheses indicate symmetrization, in the free indices, such that Sµν = 1
2 (h

µλDG
λ U

ν + hνλDG
λ U

µ). Notice that
σµν and θ are linear in the gradients of the velocity, such that δTµν ∼ O(Kn) ∼ δf . Given that the trace of σµν

vanishes, only the bulk viscosity contributes to the trace of the deviatoric tensor δT ≡ gµνδT
µν = 3 ξ wf θ.

The Navier-Stokes description with positive viscous coefficients ensures that the entropy four-current sµf ≡ sfU
µ

satisfies the second law of thermodynamics ∂µs
µ
f ≥ 0 (in flat spacetime). To show this, we recast the equation of

conservation of energy for the fluid in the following way [cf. Eq. (56)],

−UνD
G
µ T

µν
pf = Uµ∂µρf + wf θ = −UνD

G
µ δT

µν . (61)

The rhs can be simplified using the following relation,

UνD
G
µ δT

µν = DG
µ (UνδT

µν)− δTµνDG
(µUν) = −δTµνSµν = −πµνSµν − 1

3 δT θ , (62)

where we have used the Landau frame condition UνδT
µν = 0 in the second equality. We now introduce the thermo-

dynamic relations from the first principle of thermodynamics for zero chemical potential, Tsf = wf and Tdsf = dρf ,
in Eq. (61), to find the entropy evolution equation,

DG
µ s

µ
f =

1

T
δTµνSµν =

wf

T

(
2 ν σµνσµν + ξ θ2

)
≥ 0 . (63)

Notice that, as anticipated, for a perfect fluid the rhs is zero, hence entropy is conserved, i.e., DG
µ s

µ
f = 0. For an

imperfect fluid, instead, entropy increases, as it should from the second principle of thermodynamics.
As mentioned above, the transport coefficients ν and ξ can be related to the mean free path of the plasma lmfp

as [60,129,260],

ν =
4

15

lmfp

1 + ω
, ξ = 4

(
1
3 − c2s

) lmfp

1 + ω
. (64)

In the early Universe, at temperatures larger than those of neutrino decoupling Tν ∼ 1 MeV and smaller than the W
boson’s mass TW ∼ 80 GeV, the largest mean free path in the primordial plasma is that of neutrinos [55,60,129,261,262],
providing the dominant contribution to Eq. (64). For conformal theories with c2s = ω = 1/3, the bulk viscosity and,
hence, the trace of the deviatoric tensor, vanish. At temperatures above TW , neutrino interactions are no longer
suppressed and, hence, their mean free path is no longer the dominant contribution. The shear viscosity at these
temperatures is estimated to be ν ∼ g−4T−1/ ln g−1 [262], where g is the hypercharge coupling at the electroweak
scale. The bulk viscosity is estimated for the primordial plasma in ref. [263] to be ξ ∼ g2T−1/ ln g−1, such that, even
if it is not exactly zero, it is suppressed by the coupling constant g with respect to the shear viscosity, ξ/ν ∼ g6 ≪ 1.
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In general, for temperatures above TW but well below the Planck mass, the shear and bulk viscosities are orders of
magnitude smaller than the Hubble time 1/H. This is because, barring aside coupling dependencies, in radiation
domination they scale as νH ∼ H/T ∼ T/mp ≪ 1. However, for temperatures below TW ∼ 80 GeV but above
Tν ∼ 1 MeV, again barring aside coupling dependencies, it holds that ν ∝ T−5, and hence νH starts approaching
unity as the temperature decreases down to Tν ∼ 1 MeV (see, e.g., figure 3 in ref. [60]). This motivates to model the
primordial plasma at temperatures above neutrino decoupling as an imperfect fluid close to LTE. In particular, for
high temperatures, and as we approach the electroweak scale, we get closer to the perfect fluid limit. For a realistic
description of the fluid perturbations in the case of turbulence, however, dissipative effects need to be included even if
they are extremely small. This is due to the fact that non-linear fluid systems transport energy from large-scale eddies
into small-scale eddies. Hence, since viscous effects, at a given fluid length scale λ, are proportional to ν/λ, eventually
they become relevant, leading to dissipation of energy at sufficiently small scales, reached when the Reynolds number
is of order one, i.e., Re ≡ λuλ/ν ∼ O(1), with uλ being a characteristic velocity of the flow at the scale λ. Note
that the Reynolds number measures the ratio of the non-linear convective derivative uj∂jui ∼ u2

λ/λ to the viscous
Navier-Stokes stresses ν∇2ui ∼ ν uλ/λ

2 in the momentum equation [253].
To incorporate the expansion of the Universe, we now define the rescaled components of the deviatoric stress tensor

in analogy to Eq. (27), δT̃µν = a4+2αδTµν . Since ν and ξ are proportional to T−1 at large T > TW , we define the
comoving viscous coefficients as

ν̃ = ν a−1 , ξ̃ = ξ a−1 , (65)

such that the decrease of a−1 in time, compensates the increase of T−1. Notice that in the region Tν < T < TW , where
ν and ξ scale as T−5, the factor a−1 does not decrease fast enough to compensate for the increase as T−5, hence ν̃
and ξ̃ increase in time. Then, the comoving rate-of-strain and the comoving projection tensors are defined such that

δT̃µν ≡ π̃µν + ξ̃ w̃f θ̃ h̃
µν , with π̃µν ≡ 2 ν̃ w̃f σ̃

µν . (66)

This scaling implies the following ones for Sµν and hµν ,

S̃µν = a2α+1Sµν = a1−α
[
h̃(µλDG

λ Ũ
ν) − αH h̃(µ0Ũν)

]
, with σ̃µν = S̃µν − 1

3
θ̃ h̃µν , (67a)

h̃µν = a2αhµν = ŨµŨν + a2αgµν . (67b)

The comoving trace of the rate-of-strain tensor, i.e., the comoving fluid expansion scalar is

θ̃ ≡ aθ = a−2αgµν S̃
µν = −S̃00 + a2(1−α)δijS̃

ij = a1−α
[
∂0γ + ∂i(γui) + 3Hγ

]
. (68)

We note that we have decided to define θ̃ differing from the trace of S̃µν by the factor a−2α, such that δT̃ = gµνδT̃
µν =

3 ξ̃ w̃f θ̃ a
2α.

Conservation form of first-order imperfect fluid dynamics

Including the viscous force of Eq. (34) to the fluid energy and momentum equations in Eq. (32), one finds

∂µT̃
µν
pf = F̃ν

ipf + F̃ν
H , where F̃ν

ipf = ∂µδT̃
µν + a−2αδT̃ Hδν0 + (1− α)H δT̃ 0iδνi . (69)

Using the rescaled deviatoric stress tensor of Eq. (66), the viscous four-force components are

F̃0
ipf = ∂0π̃

00 + ∂iπ̃
0i + γ2

(
|u⃗p|2∂0 + ui∂i

)(
ξ̃ w̃f θ̃

)
+ ξ̃ w̃f θ̃

[
∂0γ

2 + ∂i(γ
2ui)

]
+ 3 ξ̃ w̃f θ̃H , (70a)

F̃ i
ipf = ∂0π̃

0i + ∂j π̃
ij +

[
γ2ui(∂0 + uj∂j) + a2(α−1)∂i

](
ξ̃ w̃f θ̃

)
+ ξ̃ w̃f θ̃

[
∂0(γ

2ui) + ∂j(γ
2uiuj)

]
+ (1− α)

(
π̃0i + ξ̃ w̃f θ̃ γ

2ui

)
H , (70b)

where we have used ∂µ(ξ̃ w̃f θ̃ h̃
µν) = h̃µν∂µ(ξ̃ w̃f θ̃) + ξ̃ w̃f θ̃ ∂µ(Ũ

µŨν). Since these components depend on the fluid
variables w̃f and ui, if we want to solve Eq. (69) in the conservation form, we need to first reconstruct the primitive

fluid variables from the dynamical variables T̃ 0µ
pf using Eq. (39). Then, we can follow the same procedure as in

section 2.3.1 to solve this system of equations for a constant EOS. However, the viscous four-force components depend
on the fluid primitive variables and their spacetime first and second derivatives, making the time advancement of these
equations cumbersome. For this reason, we will restrict our description to the subrelativistic limit of bulk velocity,
for which δT̃ 00 ∼ O(|u⃗p|2) and δT̃ 0i ≃ 3 a1−α ξ̃H w̃f ui ≃ 0, where the latter is neglected for small values of the
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bulk viscosity ξH = a1−αξ̃H ≪ 1. Hence, under these assumptions, F̃ν
ipf only depends on spatial derivatives of ui

and w̃f (see Eqs. (78) below). Alternatively, when ξH is non-negligible, we can instead advance T̃ 00
Fl ≃ T̃ 00

pf and

T̃ 0i
Fl = T̃ 0i

pf − δT̃ 0i ≃ (γ2 − A) w̃fui, where A = 3 a1−α ξ̃H. Then, the fluid primitive variables can be expressed in
terms of the dynamical variables in a similar way as done for perfect fluid components in Eq. (39),

ρ̃f =
1

z
T̃ 00
Fl and ui =

z

z + ωA

T̃ 0i
Fl

T̃ 00
Fl

, ωA = ω −A(1 + ω) . (71)

Then, T̃ ij
pf can be reconstructed for a given value of z as

T̃ ij
pf = w̃fγ

2uiuj + p̃fa
2(α−1)δij =

z(z + ω)

(z + ωA)2
T̃ 0i
Fl T̃

0j
Fl

T̃ 00
Fl

+
ω

z
a2(α−1)T̃ 00

Fl δij . (72)

We can again write a polynomial equation to solve for z, by computing the ratio r2, as in Eq. (41),

r2 ≡
∑
i

[
T̃ 0i
pf

T̃ 00
pf

]2
a2(1−α) =

(z + ωA)
2

z2
|u⃗p|2 =

(z + ωA)
2

z + ω

z − 1

z2

⇒ z3(r2 − 1) + z2(ωr2 + 1− 2ωA) + z ωA(2− ωA) + ω2
A = 0 . (73)

Note that when ωA = ω, which happens for ω = −1 or A = 0, this polynomial reduces to Eq. (41) with the solution
in Eq. (42) for z. When A > 0, we always have ωA < ω for ω > −1. Restricting to the physical values |ω| ≤ 1 we
also have r2 < 1 [see discussion after Eq. (41)], and using Cardano’s cubic formula, the generic three solutions can be
expressed as

zk = e2kπi/3 3

√
−q

2
+
√
∆+ e−2kπi/3 3

√
−q

2
−

√
∆− ωr2 + 1− 2ωA

3(r2 − 1)
, k = 0, 1, 2 , (74a)

where

p =
3(r2 − 1)ωA(2− ωA)−

(
ωr2 + 1− 2ωA

)2
3(r2 − 1)2

, (74b)

q =
2
(
ωr2 + 1− 2ωA

)3 − 9(r2 − 1)
(
ωr2 + 1− 2ωA

)
ωA(2− ωA) + 27(r2 − 1)2ω2

A
27(r2 − 1)3

. (74c)

with the Cardano discriminant ∆ =
(
q
2

)2
+
(
p
3

)3
. Then, one needs to choose for z, on a case-by-case basis, a real

root satisfying z ≥ 1. Since we are restricting to physical values of the EOS |ω| ≤ 1, which implies r2 < 1, such
root always exists and is unique for ωA ≥ −1. We have, in fact, that, for |ω| ≤ 1 and since ωA ≤ ω, the function
r2(z) =

[
(z + ωA)

2(z − 1)
]
/
[
(z + ω)z2

]
takes values in [0, 1) and is monotonous for z ≥ 1 iff (1 + ω)(1 + ωA) ≥ 0,

which is satisfied if both ω ≥ −1 and ωA ≥ −1, the latter requiring A = 3 ξ H ≤ 1.

Non-conservation form of first-order imperfect fluid dynamics

To obtain the non-conservation form of the fluid EOM, we follow the derivation in section 2.3.1, including the viscous
four-force components, F̃ν

ipf . We find that the energy and momentum conservation equations are given by Eqs. (50)

with the replacement F̃ν
H → F̃ν

H + F̃ν
ipf ,

∂0ρ̃f − |u⃗p|2∂0p̃f = − w̃f∂iui − ui∂i(ρ̃f − p̃f ) + (F̃0
H + F̃0

ipf)(1 + |u⃗p|2)− 2 a2(1−α)uiF̃ i
ipf , (75a)

∂0ui + uj∂jui = − ui

w̃fγ2

(
∂0p̃f + F̃0

H + F̃0
ipf

)
− a2(α−1) ∂ip̃f

w̃fγ2
+

F̃ i
H + F̃ i

ipf

w̃fγ2
. (75b)

Taking a constant EOS, we find the EOM for the fluid primitive variables in their non-conservation form,

(1− ω|u⃗p|2)∂0 ln ρ̃f +(1 + ω)∂iui + (1− ω)ui∂i ln ρ̃f

=
1

ρ̃f

{[
F̃0

ipf + (1− 3ω)ρ̃fH
]
(1 + |u⃗p|2)− 2 a2(1−α)uiF̃ i

ipf

}
, (76a)

∂0ui + uj∂jui =
1− |u⃗p|2

1− ω|u⃗p|2

[
ω∂juj + ω

1− ω

1 + ω
uj∂j ln ρ̃f − 1

ρ̃f

(
F̃0

ipf −
2ω

1 + ω
a2(1−α)ujF̃ j

ipf

)]
ui

− 1− |u⃗p|2

1 + ω

(
ωa2(α−1)∂i ln ρ̃f − 1

ρ̃f
F̃ i

ipf

)
+

[
1− |u⃗p|2

1− ω|u⃗p|2
(3ω − 1) + α− 1

]
Hui . (76b)
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As mentioned above when we presented the conservation form of the EOM, the viscous force depends, in general, on
first and second-order time derivatives of the fluid variables. In the limit of subrelativistic fluid velocity and small bulk
viscosity, then F̃0

ipf ≃ 0 and F̃ i
ipf only depends on gradients of the primitive fluid variables w̃f and ui [cf. Eqs. (78)].

Limit of subrelativistic fluid velocity

Equation (59) corresponds to the deviatoric stress tensor found after expanding the distribution function up to first
order for small Knudsen numbers, following Chapman-Enskog theory [264]. Therefore, the resulting expression is
linear in gradients of Uµ, describing first-order hydrodynamics, also known as classical irreversible thermodynamics
(CIT) [254, 259]. This fluid description is known to suffer from causality violations due to the presence of diffusive

operators like ν∇⃗2u⃗ and, therefore, CIT needs to be extended to Maxwell-Cattaneo equations to account for finite
non-zero relaxation times over which the deviatoric tensor responds to changes in the velocity (see refs. [265,266], the
review [254], and references therein). Since the extension to a causal relativistic description goes beyond the scope of
our current work, we restrict our presentation to Navier-Stokes viscosity to describe the deviatoric stress tensor and
we defer its extension to future work. We note that the introduction of the dissipative force F̃ν

ipf in the rhs of Eqs. (69)
and (76) allows to generalize our treatment to relativistic imperfect fluids beyond first-order hydrodynamics.

At linear order in the velocity perturbations, the comoving rate-of-strain tensor components are S̃00 ≃ 0, S̃0i ≃
a1−αHui, and S̃ij ≃ aα−1

[
∂(iuj) + Hδij

]
. Hence, the comoving fluid expansion scalar is θ̃ ≃ a2(1−α)δij S̃

ij ≃
a1−α(∂iui + 3H). In this limit, the components of the deviatoric tensor reduce to

lim
|u⃗p|2≪1

δT̃ 0i =3H ξ̃ w̃f a
1−α ui , (77a)

lim
|u⃗p|2≪1

δT̃ ij = aα−1
[
2 ν̃ ∂(iuj) +

(
ξ̃ − 2

3 ν̃
)
(∂lul) δij + 3 ξ̃H δij

]
w̃f , (77b)

with δT̃ 00 ∼ O(|u⃗p|2). Then, the viscous four-force components become

lim
|u⃗p|2≪1

aα−1F̃0
ipf = 3H

[
ui∂i(ξ̃ w̃f ) + 2 ξ̃ w̃f ∂iui + 3H ξ̃ w̃f

]
, (78a)

lim
|u⃗p|2≪1

a1−αF̃ i
ipf = 3 ∂0

(
a2(1−α)ξ̃H w̃f ui

)
+ ∂j

[
2 ν̃ w̃f ∂(iuj)

]
+ ∂i

[
(ξ̃ − 2

3 ν̃) w̃f ∂juj

]
+ 3H ∂i(ξ̃ w̃f ) . (78b)

Under the assumption that the bulk viscosity is smaller than the Hubble time, ξ̃H ≪ 1, the deviatoric momentum
density and, hence, the viscous energy dissipation vanish, i.e., δT̃ 0i ≃ 0 ⇒ F̃0i

ipf ≃ 0. On the other hand, when both
viscous coefficients and the EOS are homogeneous, we can express ∂iw̃f = w̃f∂i ln ρ̃f , and the viscous force becomes

lim
|u⃗p|2≪1, ξH≪1

a1−α
F̃ i

ipf

w̃f
= ν̃ ∂j∂jui +

(
1
3 ν̃ + ξ̃

)
∂i∂juj +

[
2 ν̃ ∂(iuj) +

(
ξ̃ − 2

3 ν̃
)
(∂lul)δij

]
∂j ln ρ̃f . (79)

In the limit of subrelativistic fluid velocity |u⃗p|2 ≪ 1, the fluid EOM for a constant EOS, i.e., constant ω = pf/ρf ,
are

lim
|u⃗p|2≪1

∂0 ln ρ̃f = − (1 + ω)∂iui − (1− ω)ui∂i ln ρ̃f

+
1

ρ̃f

[
F̃0

ipf + (1− 3ω)ρ̃fH− 2 a−2(α−1)uiF̃ i
ipf

]
, (80a)

lim
|u⃗p|2≪1

∂0ui = − uj∂jui + ui

[
ω∂juj + ω

1− ω

1 + ω
uj∂j ln ρ̃f − 1

ρ̃f

(
F̃0

ipf −
2ω

1 + ω
a2(1−α)ujF̃ j

ipf

)]
− 1

1 + ω

(
ω a2(α−1)∂i ln ρ̃f − 1

ρ̃f
F̃ i

ipf

)
+ (3ω + α− 2)Hui . (80b)

Since the viscous four-force components only depend on the fluid primitive variables ρ̃f and ui, and their gradients in
this limit when the bulk viscosity is negligible, this form of the EOM allows for a direct integration in time.

In order to express the work done by the viscous forces, uiF̃ i
ipf , we can use Eqs. (34) and (62), from which

Uν a
−(4+2α) F̃ν

ipf = UνD
G
µ δT

µν = −δTµνSµν = −a−5δT̃ 00S̃00 + 2a−(3+2α)δT̃ 0iS̃0i − a−(1+4α)δT̃ ijS̃ij . (81)

From this property, we can then compute a generic expression for uiF̃ i
ipf ,

γuiF̃ i
ipf = γa2(α−1)F̃0

ipf − a3(α−1)δT̃ 00S̃00 + 2aα−1δT̃ 0iS̃0i − a1−αδT̃ ijS̃ij . (82)
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Then, in the limit of subrelativistic bulk velocity, with δT̃ 00 ≃ 0, δT̃ 0iS̃0i ≃ 0, S̃ij ≃ aα−1
[
∂(iuj) + Hδij

]
, h̃ij ≃

a2(α−1)δij , and θ̃ ≃ a1−α(∂iui + 3H), and with δT̃ ij and F̃0
ipf given in Eqs. (77b) and (78a), respectively, we find

a1−αuiF̃ i
ipf = aα−1F̃0

ipf − a2(1−α)δT̃ ijS̃ij +O(|u⃗p|3)

= 3H ui∂i(ξ̃ w̃f )− 2 ν̃ w̃f (∂iuj) ∂(iuj) −
(
ξ̃ − 2

3 ν̃
)
w̃f (∂iui)

2 +O(|u⃗p|3) . (83)

2.4 Fluid dynamics with bosonic interactions

In the previous section, we have omitted the effect of gauge and scalar bosonic fields on the fluid dynamics, assuming
that Fµ

int = 0. In the following, we first consider the dynamics of a fluid coupled to an Abelian gauge field, Fµ
int = Fµ

U(1)

in section 2.4.1, and coupled to a singlet scalar field, Fµ
int = Fµ

ϕ in section 2.4.2. In the case of a fluid coupled to
electromagnetism, i.e., to the U(1) gauge field, we follow the description of ref. [60] for relativistic MHD in an expanding
Universe. We present the EOM for this system in a novel way, suitable to apply Runge-Kutta schemes in order to
perform the numerical integration in time, as described in section 3.4.

2.4.1 Gauge field-fluid dynamics

The dynamical system of a perfect fluid that carries charged particles coupled to a U(1) Abelian gauge field requires
the inclusion of the Lorentz force and the coupling to Maxwell equations. The latter are given in Eqs. (17a) and (17c),

∂0F0i − a−2(1−α)∂jFji + (1− α)HF0i = a2αJi , ∂iF0i = a2J0 , (84)

where Jµ = Jφ
µ + JΦ

µ + JFl
µ corresponds to the four-current density from all charged particles, including charged scalar

fields φ (singlet) and Φ (doublet). The dynamical variables are the electric field Ei ≡ F0i and the spatial components
of the gauge field Ai,

∂0Ai = Ei + ∂iA0 . (85)

This equation can be solved within a chosen gauge, e.g., temporal gauge (A0 = 0). The spatial components of the
Faraday tensor in Eq. (84) are related to the magnetic field Bi,

Fij = ∂iAj − ∂jAi ≡ εijkBk , (86)

such that B⃗ = ∇⃗ × A⃗.
The effective current induced by the charged particles in the fluid, Jµ

Fl, that appears in the rhs of Eq. (84), can be
described by the generalized Ohm’s law [267,268],

Jµ
Fl = ρeU

µ + σfUνF
µν , (87)

where ρe and σf are the electrical charge density and conductivity of the fluid. Note that the current induced from
the fluid conductivity corresponds to the linear response of the fluid to the gauge fields due to out-of-equilibrium
interactions, similar to the expansion described in section 2.3.2. In general, we assume quasi-neutral fluids with
ρe = 0, but we will keep the charge density in the equations for generality. The rescaled components of the current
density and the Faraday tensor are J̃µ =

√
−gJµ = a3+αJµ and F̃µν =

√
−gFµν = a3+αFµν . They are chosen to

make Maxwell equations conformally flat,

−DG
µ F

µν = − 1√
−g

∂µ
(√

−gFµν
)
= Jν ⇒ −∂µF̃

µν = −∂µ(
√
−g Fµν) =

√
−g Jν = J̃ν , (88)

which is always possible due to the Faraday tensor being an antisymmetric tensor. Note that the rescaled components
of the Faraday tensor are related to the comoving electric and magnetic fields when α = 1 [48,60], since F̃ 0i = −a1−αEi
and F̃ ij = aα−1εijkBk. Based on this scaling, the current density components are

J̃0
Fl = γ(ρ̃e − a2(1−α)σ̃fuiEi) , (89a)

J̃ i
Fl = γ

(
ρ̃eui + σ̃fεijkujBk − σ̃fEi

)
, (89b)

where ρ̃e = a3ρe and σ̃f = aσf are the comoving charge density and conductivity [48–50,60,129].
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The system of EOM is given by Maxwell equations [cf. Eqs. (84)] and the conservation of the fluid stress-energy
tensor [cf. Eq. (32)]. The interaction force of the gauge field with the fluid (Lorentz force) is given as Fν

U(1) = JFl
µ F νµ

[cf. Eq. (10)] with comoving components F̃ν
U(1) = a4+2αFν

U(1),

F̃0
U(1) = −a1−αEiJ̃ i

Fl = −a1−αγ
[
ρ̃e u⃗ · E⃗ − σ̃f u⃗ · ( E⃗ × B⃗ )− σ̃f |E⃗ |2

]
, (90a)

F̃ i
U(1) = −aα−1

(
EiJ̃0

Fl − εijkJ̃
j
FlBk

)
= −aα−1γ

[
( ρ̃e − a2(1−α)σ̃f u⃗ · E⃗ ) Ei − ρ̃e( u⃗× B⃗ )i + σ̃f ( E⃗ × B⃗ )i − σ̃f ( u⃗ · B⃗ )Bi + σ̃f |B⃗|2ui

]
. (90b)

Since the Ohm’s law in Eq. (87) introduces out-of-equilibrium dynamics, it is expected to yield entropy production.
Including the Lorentz force in the fluid EOM, the entropy evolution equation [cf. Eq. (63)] becomes

DG
µ s

µ
f = − 1

T
UνD

G
µ T

µν
pf =

1

T
δTµνSµν − 1

T
UνFν

U(1) =
wf

T

(
2 ν σµνσµν + ξ θ2

)
+

ηdiff
T

Jµ
condJ

cond
µ ≥ 0 , (91)

where the contribution from the equilibrium term in Ohm’s law vanishes, as it is proportional to ρeU
µUνFµν = 0.

The entropy production from electromagnetic dissipation is proportional to σfUνF
νµ UλFλµ = ηdiffJ

µ
condJ

cond
µ , with

ηdiff = 1/σf the magnetic diffusivity, and indeed it only comes from the conduction component of the fluid current
density Jµ

cond ≡ σfUνF
µν .

Conservation form of gauge-fluid dynamics

The resulting fluid conservation laws take the following form [cf. Eq. (32)],

∂µT̃
µν
pf = F̃ν

U(1) + F̃ν
ipf + F̃ν

H , (92)

which can then be solved evolving T̃ 0µ
pf and adding F̃ν

U(1) as a force term on the rhs . The reconstruction of T̃ ij
pf and

of the fluid primitive variables is equivalent to the one described in section 2.3.

Alternative conservation form of gauge-fluid dynamics

The stress-energy tensor associated to the Abelian gauge field is

Tµν
U(1) = FµσF ν

σ − 1

4
gµνFλσFλσ , (93)

which has vanishing trace, TU(1) = gµνT
µν
U(1) = 0. The comoving components of the electromagnetic stress-energy

tensor, T̃µν
U(1) = a4+2αTµν

U(1), become

T̃ 00
U(1) =

1

2
(a2(1−α)|E⃗ |2 + |B⃗|2) , (94a)

T̃ 0i
U(1) = −(E⃗ × B⃗)i , (94b)

T̃ ij
U(1) = −EiEj − a2(α−1)BiBj + a2(α−1)T̃ 00

U(1)δij . (94c)

Extending the computation that yields Eq. (9) [see also appendix A and, in particular, Eq. (450)] to an expanding
Universe, one finds DG

µ T
µν
U(1) = −Fν

U(1). Therefore, since the comoving trace T̃U(1) = gµν T̃
µν
U(1) vanishes, in analogy to

Eq. (34), one finds

∂µT̃
µν
U(1) + (1− α)H T̃ 0i

U(1)δ
ν
i = −F̃ν

U(1) . (95)

Substituting this relation into Eq. (92), we can express the fluid conservation laws in the following way

∂µT̃
µν
+ = F̃ν

ipf + F̃ν
H + (α− 1) T̃ 0i

U(1) Hδνi , (96)

where T̃µν
+ = T̃µν

pf + T̃µν
U(1). These equations remain conformally flat for a radiation-dominated fluid with pf = ρf/3

and zero bulk viscosity ξ = 0 [48, 60]. The components of T̃ 0µ
+ = T̃ 0µ

pf + T̃ 0µ
U(1), associated to the perfect fluid and the
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electromagnetic fields, can be evolved using Eq. (96). To reconstruct T̃ ij
+ ≡ T̃ ij

pf + T̃ ij
U(1) we again define, as in Eq. (41)

(see section 2.3.1),

r2 ≡
∑
i

[
T̃ 0i
pf

T̃ 00
pf

]2
a2(1−α) =

∑
i

[
T̃ 0i
+ − T̃ 0i

U(1)

T̃ 00
+ − T̃ 00

U(1)

]2
a2(1−α) =

(z + ω)(z − 1)

z2
, (97)

where the components T̃µν
U(1) are computed from the solution to Eqs. (84) and (85) using Eqs. (94). From r2, one can

compute z and reconstruct T̃ ij
pf using Eq. (40) for an EOS that does not depend on the fluid variables. Then, T̃ ij

+

is computed by adding T̃ ij
pf + T̃ ij

U(1), allowing us to evolve the system of equations in Eq. (96). The fluid primitive

variables ρ̃f and ui that are required to compute the Ohmic current components, J̃Fl
µ [cf. Eqs. (89)], and the imperfect

fluid force [see Eq. (69)], are finally reconstructed using Eq. (39). This is an alternative approach to the one presented
above to solve the conservation form of the fluid equations.

Non-conservation form of gauge-fluid dynamics

The non-conservation form of the gauge-fluid EOM can be obtained following the same procedure as in sections 2.3.1
and 2.3.2 (see also section 6.4 in ref. [60]). In this approach, we evolve the primitive fluid variables ρ̃f and ui instead of

the temporal components of the stress-energy tensor T̃ 0µ
pf . The fluid equations of conservation of energy and momentum

with a constant EOS are equivalent to those in Eqs. (76), substituting F̃ν
ipf by F̃ν

tot = F̃ν
ipf + F̃ν

U(1),

(1− ω|u⃗p|2)∂0 ln ρ̃f +(1 + ω)∂iui + (1− ω)ui∂i ln ρ̃f

=
1

ρ̃f

{[
F̃0

tot + (1− 3ω)ρ̃fH
]
(1 + |u⃗p|2)− 2 a2(1−α)uiF̃ i

tot

}
, (98a)

∂0ui + uj∂jui =
1− |u⃗p|2

1− ω|u⃗p|2

[
ω∂juj + ω

1− ω

1 + ω
uj∂j ln ρ̃f − 1

ρ̃f

(
F̃0

tot −
2ω

1 + ω
a2(1−α)ujF̃ j

tot

)]
ui

− 1− |u⃗p|2

1 + ω

(
ωa2(α−1)∂i ln ρ̃f − 1

ρ̃f
F̃ i

tot

)
+

(
1− |u⃗p|2

1− ω|u⃗p|2
(3ω − 1) + α− 1

)
Hui . (98b)

The components of the Lorentz four-force are computed from the gauge field and the fluid primitive variables using
Eqs. (90), where Ohm’s law [cf. Eqs. (87) and (89)] is also used, allowing us to close the system by providing the
relation between the peculiar velocity and the fluid current density Jµ

Fl. This system of equations can be generalized

by adding any external forces due to interactions with other fields to F̃ν
tot as long as the EOS, ω = p̃f/ρ̃f , is a constant.

Limit of subrelativistic fluid velocity

In the limit of subrelativistic fluid velocity, the fluid EOM reduce to the analogous version of Eqs. (80) with the
replacement F̃ν

ipf → F̃ν
tot = F̃ν

ipf + F̃ν
U(1). Furthermore, the components of Ohm’s four-current [cf. Eqs. (89)], up to

second order in |u⃗p|, reduce to

J̃0
Fl = ρ̃e

(
1 + 1

2 |u⃗p|2
)
− a2(1−α)σ̃f ui Ei +O(|u⃗p|3) , (99a)

J̃ i
Fl = ρ̃eui − σ̃f Ei

(
1 + 1

2 |u⃗p|2
)
+ σ̃fεijkujBk +O(|u⃗p|3) , (99b)

such that the Lorentz force components are [cf. Eqs. (90)]

aα−1F̃0
U(1) = − ρ̃euiEi + σ̃f |E⃗ |2

(
1 + 1

2 |u⃗p|2
)
− σ̃f ui T̃

0i
U(1) +O(|u⃗p|3) , (100a)

a1−αF̃ i
U(1) = − ρ̃e

(
1 + 1

2 |u⃗p|2
)
Ei + a2(1−α)σ̃f ( u⃗ · E⃗ )Ei + ρ̃e(u⃗× B⃗)i

+ σ̃f T̃
0i
U(1)

(
1 + 1

2 |u⃗
2
p|
)
− σ̃fui |B⃗|2 + σ̃f ( u⃗ · B⃗ )Bi +O(|u⃗p|3) . (100b)

Large conductivity limit: Ideal and resistive magnetohydrodynamics

A common assumption in magnetohydrodynamics (MHD) is that of large conductivity, being the limit of infinite
conductivity known as ideal MHD. Ideal MHD corresponds to the limit when electromagnetic entropy production
vanishes, as seen in Eq. (91), and is applicable in many astrophysical and cosmological scenarios [269, 270]. In
particular, the limit of large but finite conductivity is applicable during the radiation-dominated era, when the fluid is
mostly composed by a thermal plasma of relativistic particles. Indeed, the value of the magnetic diffusivity ηdiff = 1/σf
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in the radiation-dominated era is several orders of magnitude smaller than one Hubble time (see figure 4 in ref. [60]),
justifying the assumption of ideal MHD for any relevant oscillations at large scales, i.e., λ ≫ ηdiff . In this limit, the
displacement current ∂0Ei can be neglected and, hence, instead of a dynamical equation for the electric field, we get
a constraint equation from Eq. (17a), directly relating the current density to the magnetic field,

J̃ i
Fl = −J̃ i

φ − J̃ i
Φ + aα−1(∇⃗ × B⃗)i + (1− α) a1−α HEi . (101)

On the other hand, the evolution of the gauge field in Eq. (85) reduces to a first-order differential equation,

∂0Ai =
η̃diff ρ̃eui + (u⃗× B⃗)i + (η̃diff/γ)

[
J̃ i
φ + J̃ i

Φ − aα−1(∇⃗ × B⃗)i
]

1 + (1− α)a1−α(η̃diff/γ)H
+ ∂iA0 , (102)

where we have used Ohm’s law [cf. Eq. (87)] to relate the electric field to the fluid variables and the magnetic field,
and we have defined the comoving magnetic diffusivity η̃diff = 1/σ̃f = a−1ηdiff .

Equation (102) is commonly known as the induction equation in MHD, due to the induction term u⃗ × B⃗ that
drives the gauge field evolution in the limit of ideal MHD, ηdiff = 0. Then, the induction equation is evolved together
with the fluid EOM, either in their conservation or non-conservation form. The Lorentz four-force components can
be computed using Eqs. (90). Finally, the Ohmic current density is substituted by Eq. (101) to close the system.
Similarly, the components of the electromagnetic stress-energy tensor in Eqs. (94) can be expressed in terms of the
magnetic field and the fluid variables in this limit, getting rid of one degree of freedom (the electric field) in the
dynamical equations.

Relativistic Alfvén speeds and Boris correction

The relativistic MHD equations in the limit of large conductivity discussed above present Alfvén waves that propagate
in the plasma and can be studied in the linear regime (see, for example, Sec. 6.5 in ref. [60]). The speed of propagation
of transverse Alfvén waves becomes

vA =
B0√

(1 + ω)ρ̃0
, (103)

where B0 and ρ̃0 are the background comoving homogeneous magnetic and energy density fields and ω = pf/ρf is
the constant EOS of the fluid perturbations. Therefore, the electric and magnetic field perturbations propagate as
transverse waves with angular frequency k∥vA, where k∥ is the projected wavenumber along the direction of propaga-
tion. From this expression one finds that the Alfvén speed is not bounded by the speed of light and it can become
superluminal in regions of small energy density or large magnetic fields, independently of the amplitude of the peculiar
velocity up

i . The solution to avoid unphysical superluminal Alfvén waves is to either drop the assumption of negligible
displacement current and evolve Maxwell equations for both the electric and magnetic fields or, alternatively, to in-
clude the Boris correction due to the displacement current in the Lorentz force [271] (see details in Sec. 6.6 of ref. [60],
where the Boris correction is applied to relativistic MHD in an expanding Universe). Applying this correction, the
propagation speed of transverse Alfvén waves becomes

vA =
B0√

(1 + ω)ρ̃0 + B2
0

≤ 1 . (104)

2.4.2 Scalar field-fluid dynamics

In this section, we deal with the dynamics of a fluid coupled to a singlet scalar field. This system has been studied
numerically to describe the dynamics of first-order phase transitions in the pioneer work of ref. [180] and follow-up
work [184, 188, 200, 248], using the alternative non-conservation form for relativistic fluid variables in flat spacetime,
already generalized to an expanding background in Eqs. (57), and which we discuss at the end of this section. Here
we present our own approach for the fluid equations, both in conservation and non-conservation forms, and in an
expanding background. As we will show later, our formalism naturally allows for a lattice implementation of arbitrary
higher-order accuracy of both timestepping (see section 3.4) and spatial derivatives (see section 5.2).

The EOM of the scalar field-fluid system have already been presented in section 2.2, precisely Eq. (17e) for the
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scalar field and Eqs. (17h) and (17i) for the fluid, as

ϕ′′ − a−2(1−α) #»∇
2
ϕ+ (3− α)Hϕ′ = − a2α

∂V0

∂ϕ
+ a2α Ωϕ , (105a)

∂0T
00
Fl + ∂iT

i0
Fl + (3 + 2α)HT 00

Fl + a−2αH T
(3)
Fl =F0

int , (105b)

∂0T
0i
Fl + ∂jT

ji
Fl + (5 + α)H T 0i

Fl =F i
int , (105c)

where, in the absence of gauge interactions, Fν
int = Fν

ϕ = Ωϕ ∂
νϕ, with Ωϕ given in Eq. (5). Hence, in order to solve

the system we need to know the form of Ωϕ in terms of scalar and fluid variables. For this purpose, we present the
EOM for the stress-energy tensor components, derived from Boltzmann equation. For simplicity, we first present the
computation in flat Minkowski spacetime and later recover the expansion of the Universe in Eq. (127) by adding the
Hubble friction terms (recall section 2.3).

Scalar field-fluid dynamics in flat spacetime

In kinetic theory, the conservation of Tµν
Fl is obtained taking the first moment of Boltzmann equation. In flat spacetime,

in the absence of external forces, we find [252,257]

∂µT
µν
Fl = 0 , with Tµν

Fl =
∑
i

Tµν
Fl,i , Tµν

Fl,i ≡ Ni

∫
d3k⃗

(2π)3
kµkν

Ei
fi , (106)

where Ni is the number of internal degrees of freedom for each particle species i, fi is their distribution function,

kµ = (E, k⃗) the relativistic four-momentum, and Ei =

√
|⃗k|2 +m2

i the associated relativistic energy dispersion relation,

i.e., kµkµ = −m2
i . In equilibrium fi = feq,i, with feq,i the Fermi-Dirac distribution for fermions and the Bose-Einstein

distribution for bosons,

feq =

(
exp

[
Uµk

µ − µ

T

]
− (−1)F

)−1

, (107)

where µ and T are the local chemical potential and temperature, and (−1)F takes the value 1 (−1) for bosons
(fermions).

In LTE, it can be shown, introducing Eq. (107) in Eq. (106) and integrating by parts, that Tµν
Fl takes the perfect

fluid form [cf. Eq. (26)],

Tµν
pf = wfU

µUν + pfg
µν , (108)

where Uµ is the (bulk) four-velocity of the particle ensemble, and the energy density and pressure of the fluid in LTE
are defined as

ρf =
∑
i

Ni

∫
d3k⃗

(2π)3
Ei feq,i , pf =

1

3

∑
i

Ni

∫
d3k⃗

(2π)3
|⃗k|2

Ei
feq,i . (109)

The enthalpy is given by the sum of the energy density and pressure wf ≡ ρf + pf . Combining the energy density and
the pressure defined in Eq. (109), again assuming LTE and integrating by parts, one finds the following thermodynamic
relation,

wf = T
∂pf
∂T

∣∣∣∣
µ

+ µnf , where nf ≡
∑
i

Ni

∫
d3k⃗

(2π)3
feq,i . (110)

Based on the baryon-to-photon ratio measured at present time ηB ≡ nB/nγ ≃ 6 × 10−10 [272, 273], the chemical
potential can usually be neglected at high T , since we expect µ/T ∼ ηB at T ≫ me ≃ 0.5 MeV [274,275]. Therefore,
from now on, we neglect µ/T ≪ 1, such that the enthalpy can be expressed as

lim
µ/T≪1

wf = T
∂pf
∂T

. (111)

We can reach a deeper insight on how the above description is affected by the presence of mass corrections due
to interactions of the relativistic primordial plasma with the scalar field by studying the relations between the fluid
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variables and the free energy density of the system, F. For a system composed by fermions and bosons, this is [276–278]

F ≡ V0(ϕ) + T
∑
i

(−1)FNi

∫
d3k⃗

(2π)3
log
[
1− (−1)F e−Ei/T

]
= V0(ϕ) + T 4

∑
i∈B

JB,i

(
mi

T

)
+ T 4

∑
i∈F

JF,i

(
mi

T

)
, (112)

where the subscripts B and F stand for bosons and fermions. In the limit of high temperatures, i.e., mi/T ≪ 1 for each

species, the leading terms in the expansions of the functions JB,F (mi/T ) are respectively JB(mi/T ) = −π2

90+O(m2
i /T

2)

and JF (mi/T ) = − 7
8
π2

90 +O(m2
i /T

2). Defining the effective potential as the free energy density in this limit, we find

Veff(ϕ, T ) ≡ lim
mi

T ≪1

F = V0(ϕ)−
π2

90
g(ϕ, T )T 4 + VT (ϕ, T ) , (113)

where the thermal correction VT to the effective potential is defined as the contribution from the higher-order terms
in the expansion over m/T of the JB,F functions, identically zero only in the limit of infinite temperature or zero
mass, when the T 4 term dominates. In the expression above, the number of relativistic degrees of freedom, g(ϕ, T ) ≡∑

i∈B Ni +
7
8

∑
i∈F Ni, and the thermal potential, VT (ϕ, T ), are written as a function of ϕ and T , since we assume

that the particles in the plasma may become massive through a Higgs-like mechanism characterized by the scalar field
ϕ.

For a fluid composed of fermions and bosons in LTE, integrating Eq. (112) by parts, we find the relation between
the free energy density and the fluid pressure,

F− V0(ϕ) = T
∑
i

(−1)FNi

∫
dk

k2

2π2
log
[
1− (−1)F e−Ei/T

]
= −T

3

∑
i

(−1)FNi

∫
dk

k3

2π2
∂k log

[
1− (−1)F e−Ei/T

]
= −1

3

∑
i

Ni

∫
d3k⃗

(2π)3
k2

Ei
feq,i ≡ −pf . (114)

Hence, in the high temperature expansion, we can write the fluid pressure as

pf = −Veff + V0 = prad − VT , where prad =
1

3
σdofT

4 and σdof ≡
π2

30
g(ϕ, T ) , (115)

with the radiation pressure prad representing the leading-order term in m/T . Then, we find ρrad = wrad − prad =
T (dprad/dT )|σdof

−prad = σdofT
4, which yields the EOS ω = prad/ρrad = 1

3 considered in section 2.3.1 for a relativistic
radiation fluid. For a non-zero VT (ϕ, T ) or varying dof, this EOS changes, and we can no longer treat ω = pf/ρf as a
constant. The fluid pressure, energy density, and enthalpy become

pf (ϕ, T ) = prad − VT , (116a)

ρf (ϕ, T ) = ρrad

(
1 +

1

3

∂ lnσdof

∂ lnT

)
+ VT − T

∂VT

∂T
, (116b)

wf (ϕ, T ) = wrad

(
1 +

1

4

∂ lnσdof

∂ lnT

)
− T

∂VT

∂T
. (116c)

When the particles in the plasma interact with a Higgs-like scalar field, their masses depend on the expectation
value of ϕ. To incorporate this interaction, the conservation law of the stress-energy tensor [cf. Eq. (106)] is modified
due to the interaction force Fν

ϕ [279–284],

∂µT
µν
Fl = Fν

ϕ = − (∂νϕ)
∑
i

Ni
dm2

i

dϕ

∫
d3k⃗

(2π)3
1

2Ei
fi

= − (∂νϕ)
∑
i

Ni
d lnmi

dϕ

∫
d3k⃗

(2π)3
m2

i

Ei
fi = (∂νϕ)

∑
i

d lnmi

dϕ
TFl,i , (117)

where TFl,i = gµνT
µν
Fl,i is the trace of the stress-energy tensor associated to the species i.

We now consider perturbations around LTE, such that fi = feq,i+δfi. The rhs of the stress-energy tensor evolution
equation can then be split as

Fν
ϕ = Ωϕ ∂

νϕ , with Ωϕ = −

[(∑
i

Ni
d lnmi

dϕ

∫
d3k⃗

(2π)3
m2

i

Ei
feq,i

)
︸ ︷︷ ︸

LTE contribution

+

(∑
i

Ni
d lnmi

dϕ

∫
d3k⃗

(2π)3
m2

i

Ei
δfi

)
︸ ︷︷ ︸

out-of-equilibrium contribution

]
. (118)
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We note that Eq. (118) is equivalent to the one found in Eqs. (11) and (12), which allows us to identify the term Ωϕ

directly from kinetic theory.
The LTE contribution to the scalar interaction term Ωϕ can be expressed as a derivative of the pressure pf

with respect to ϕ [281]. This can be shown using the fact that the only dependence on ϕ in pf is through the
dependence of Ei on mi(ϕ) and of feq,i on Ei, hence we can use the chain rule for deriving with respect to ϕ, such
that d(feq,i/Ei)/dϕ = (dm2

i /dϕ)(dEi/dm
2
i )(d(feq,i/Ei)/dEi),

∂pf
∂ϕ

=
1

6

∑
i

Ni
dm2

i

dϕ

∫
d3k⃗

(2π)3
|⃗k|2

E2
i

(
∂feq,i
∂Ei

− feq,i
Ei

)
. (119)

Since the only dependence on k⃗ of feq,i is through its dependence on Ei =

√
|⃗k|2 +m2

i (ϕ), we can write ∂Ei
feq,i =

(∂Eik) (∂kfeq,i) = (Ei/k) ∂kfeq,i. Then, spherical symmetry of the integrand, and integration by parts of the term
including ∂kfeq,i, yield the following result,

∂pf
∂ϕ

= −
∑
i

Ni
d lnmi

dϕ

∫
d3k⃗

(2π)3
m2

i

Ei
feq,i =

∑
i

d lnmi

dϕ
Tpf,i , (120)

where Tpf,i = gµνT
µν
pf,i is the perfect-fluid contribution to the trace TFl,i. Moreover, we define the integral corresponding

to the out-of-equilibrium contribution in Eq. (118) as [279,283,284]

δϕ ≡
∑
i

Ni
d lnmi

dϕ

∫
d3k⃗

(2π)3
m2

i

Ei
δfi . (121)

Hence, substituting the equilibrium and out-of-equilibrium contributions, respectively given in Eqs. (120) and (121),
into Eq. (118), we find

Ωϕ =
∂pf
∂ϕ

− δϕ = −∂VT

∂ϕ
+ prad

∂ lnσdof

∂ϕ
− δϕ . (122)

In particular, in the case in which the masses are proportional to the Higgs field, mi ∝ ϕ (hence d lnmi/dϕ = 1/ϕ),
the LTE contribution to the scalar interaction term becomes

∂pf
∂ϕ

= −
∑
i

Ni
d lnmi

dϕ

∫
d3k⃗

(2π)3
m2

i

Ei
feq,i = − 1

ϕ

∑
i

Ni

∫
d3k⃗

(2π)3
m2

i

Ei
feq,i =

1

ϕ
Tpf , (123)

where Tpf =
∑

i Tpf,i is the sum of the traces of each species i. We note that Eq. (123) provides a consistency relation
on the T and ϕ dependence of the thermal corrections to the effective potential,

ϕ
∂pf
∂ϕ

= Tpf = 3pf − ρf ⇒ ϕ
∂VT

∂ϕ
+ T

∂VT

∂T
= 4VT +

1

3
ρrad

(
∂ lnσdof

∂ lnϕ
+

∂ lnσdof

∂ lnT

)
. (124)

Regarding the out-of-equilibrium component, following the pioneer work of ref. [279], the phenomenological description

δϕ = ηϕU
µ∂µϕ , (125)

based on the Lorentz invariant Θ ≡ Uµ∂µϕ, has been used in the literature. For example, numerical simulations of the
scalar-fluid system considered a constant ηϕ [180,184,200,248]. Recent work identified, in the limit of large amount of
collisions, the scalar damping coefficient as ηϕ = Aϕ ϕ

2/T [284–286], Aϕ being a constant that depends on the particle
content of the plasma. Hence, in the following, we allow ηϕ to be a function of ϕ and T .

The entropy production that has been studied for an imperfect fluid in section 2.3.2 [cf. Eq. (63)] and with fluid-
gauge field interactions in section 2.4.1 [cf. Eq. (91)], can be considered for the scalar-fluid system by including the
external force UµFµ

ϕ = Ωϕ Uµ∂
µϕ = Ωϕ Θ,

DG
µ s

µ
f =

1

T

(
πµνSµν + 1

3δT θ − (Ωϕ − ∂ϕpf )Θ
)
=

1

T

(
2 ν wf σ

µνσµν + ξ wf θ
2 + ηϕΘ

2
)
≥ 0 , (126)

where we have again defined the fluid entropy sf = wf/T = ∂T pf , and used the definition of the deviatoric stress
tensor given in Eq. (59).
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Scalar field-fluid dynamics in an expanding Universe

The extension of Eq. (118) to an expanding Universe trivially follows from the derivation of section 2.3.2. In fact,
from Eq. (32), we have

∂µT̃
µν
pf = F̃ν

ϕ + F̃ν
ipf + F̃ν

H , (127)

where, as in previous sections, we introduce the rescaling F̃ν
ϕ = a4+2αFν

ϕ , and we have an analogous rescaling for the
stress-energy tensor and all forces in the rhs ,

F̃0
ϕ = a4+2αF0

ϕ = −Ω̃ϕπϕ , F̃ i
ϕ = a4+2αF i

ϕ = a2(α−1)Ω̃ϕ ∂iϕ , where Ω̃ϕ = a4Ωϕ . (128)

Note that we have defined the scalar field conjugate momentum as πϕ = ϕ′. Since we do not rescale the scalar field ϕ,

the rescaling on Ωϕ implies that ṼT = a4VT and δ̃ϕ = a4δϕ. Moreover, the rescaled perfect fluid stress-energy tensor,

defined as in previous sections T̃µν
pf = a4+2αTµν

pf , is given by

T̃µν
pf = w̃f Ũ

µŨν + p̃f a
2αgµν , (129)

where the comoving fluid enthalpy and pressure are given by

w̃f = w̃rad

(
1 +

1

4

∂ lnσdof

∂ lnT

)
− T̃

∂ṼT

∂T̃
, p̃f = p̃rad − ṼT , and w̃rad = 4 p̃rad = 4

3σdof T̃
4 , (130)

where T̃ = aT represents the rescaled temperature.
In summary, the EOM of the scalar-fluid system can be written explicitly as [cf. Eq. (127)],

∂0T̃
00
pf + ∂iT̃

0i
pf = F̃0

ϕ + F̃0
ipf + F̃0

H = πϕ

(
−∂p̃f

∂ϕ
+ δ̃ϕ

)
+ F̃0

ipf + (ρ̃f − 3p̃f )H , (131a)

∂0T̃
0i
pf + ∂j T̃

ij
pf = F̃ i

ϕ + F̃ i
ipf + F̃ i

H = a2(α−1)(∂iϕ)

(
∂p̃f
∂ϕ

− δ̃ϕ

)
+ F̃ i

ipf + (α− 1)w̃fγ
2Hui , (131b)

where the components of the Hubble friction and imperfect four-force are respectively given in Eqs. (33) and (34).
In particular, since the rescaled deviatoric tensor can be expressed as in Eq. (66), the rescaled imperfect four-force is
[cf. Eq. (69)]

F̃ν
ipf = ∂µπ̃

µν + 1
3∂µ

(
h̃µνa−2αδT̃

)
+ a−2αδT̃Hδν0 + (1− α)HδT̃ 0iδνi , (132)

where the rescaled variables describing viscosity and the rate-of-strain-tensor components have been introduced in
Eqs. (65)–(68), and the comoving trace of the deviatoric tensor is a−2αδT̃ = 3 ξ̃ w̃f θ̃. Finally, the rescaled scalar
damping term is given by

δ̃ϕ = a4δϕ = η̃ϕ Θ̃ , with η̃ϕ = a3ηϕ and Θ̃ = aΘ = a1−αγ(πϕ + ui∂iϕ) . (133)

Once we have identified Ωϕ ≡ ∂ϕpf − δϕ from the scalar-fluid interactions, we can express the EOM of the scalar
field, given in Eq. (105a), as

ϕ′′ − a−2(1−α) #»∇
2
ϕ+ (3− α)Hϕ′ = − a2α

∂Veff

∂ϕ
− a2α δϕ , (134)

where we recall that Veff = V0 − pf , defined in Eq. (113).

Conservation form

As in previous sections, we can solve the system of Eqs. (131) for the variables T̃ 0µ
pf . However, in this case, we cannot

set the EOS ω = pf/ρf to a constant, since ω depends on the values of the scalar field ϕ and the temperature T .
Therefore, solving the system of Eqs. (131) in the conservation form requires computing the temperature of the fluid
at each step in order to compute the T̃ ij

pf components, as well as the forces F̃ν
tot = F̃ν

ϕ + F̃ν
ipf and F̃ν

H . Since π̃µν and

δT̃ are linear in first-order spacetime derivatives of the velocity field, F̃ν
ipf contains up to second-order time derivatives

of the velocity field. Therefore, the total four-force components cannot be directly reconstructed from the dynamical
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variables (i.e., w̃f , ui, ϕ, πϕ) and their spatial gradients. Only in the limit of subrelativistic fluid velocity and small

bulk viscosity, ξH ≪ 1, the force F̃ν
tot = F̃ν

ipf + F̃ν
ϕ , does not depend on time derivatives of the dynamical variables

[cf. Eq. (79)]. We will restrict the description of the imperfect fluid forces in the fluid-scalar system to this limit
when we describe the conservation form of the equations in the lattice in sections 4 and 5, such that F̃ν

ipf can be

reconstructed after advancing the dynamical variables, T̃ 0µ
pf .

For the perfect fluid stress-energy tensor components, given in Eq. (26), the following relations hold

a2(1−α)T̃ 0i
pf T̃

0i
pf = (T̃ 00

pf + p̃f )(T̃
00
pf − ρ̃f ) = (T̃ 00

pf )
2 + T̃ 00

pf (p̃f − ρ̃f )− p̃f ρ̃f . (135)

Defining r2 ≡ a2(1−α)
∑

i(T̃
0i
pf /T̃

00
pf )

2 as in Eq. (41), this relation becomes

r2 = 1 +
p̃f − ρ̃f

T̃ 00
pf

− p̃f ρ̃f

(T̃ 00
pf )

2
. (136)

Using the expressions of p̃f and ρ̃f = w̃f − p̃f in terms of ϕ and T̃ from Eq. (130), this equation allows us to

reconstruct the temperature from the dynamical variables T̃ 00
pf , r

2, and ϕ. Let us assume for the moment that we

can invert Eq. (136) for a given ṼT (ϕ, T̃ ), such that we can reconstruct p̃f (ϕ, T̃ ) and w̃f (ϕ, T̃ ). In order to close the

system, we still need to express T̃ ij
pf , ui, and γ2 in terms of T̃ 0µ

pf , ϕ, and T̃ ,

T̃ ij
pf =

T̃ 0i
pf T̃

0j
pf

T̃ 00
pf + p̃f

+ a2(α−1)p̃fδij , ui =
T̃ 0i
pf

T̃ 00
pf + p̃f

, and γ2 =
T̃ 00
pf + p̃f

w̃f
. (137)

Let us now focus on inverting the relation in Eq. (136) in order to express the temperature in terms of the fluid
and scalar field variables. If we restrict ourselves to renormalizable power law effective potentials, which are typically
found in the Standard Model and several extensions of it at high temperatures (see, e.g., refs. [277,287], and ref. [288]
for a recent review), we can write

VT (ϕ, T ) = T 2 ϕ2 C2 + T ϕ3 C1 (138)

where Ci for i = 1, 2 are dimensionless constants. As an example, in the Standard Model’s electroweak theory, the next-
to-leading order term, proportional to m2

i /T
2 in the effective potential, yields C1 = −(2m3

W +m3
Z)/(4πϕ

3
b) and C2 =

(2m2
W+m2

Z+2m2
t )/(8ϕ

2
b), withmW , mZ , andmt respectively being the W and Z bosons, and the top quark masses, and

ϕb being the Higgs vacuum expectation value in the broken phase [289]. In extensions of the standard model one would
have in general C1 = −

[∑
S m3

S(ϕ)+
∑

V m3
V (ϕ)

]
/(4πϕ3) and C2 =

[∑
S m2

S(ϕ)+3
∑

V m2
V (ϕ)+6

∑
F m2

F (ϕ)
]
/(24ϕ2),

with mS ,mV ,mF respectively being the ϕ-dependent masses of the scalar, vector and fermionic fields in the theory
[278]. Introducing Eq. (138) into Eq. (136), we find that the solutions for the temperature become the roots of an

eigth-order polynomial
∑8

j=0 xj T̃
jϕ8−j = 0, with the following coefficients:

x8 = 1
3σ

2
dof , x7 = 0 , x6 = − 4

3a
2σdofC2 ,

x5 = −σdofa
3C1 , x4 = 2

3σdof(T̃
00
pf /ϕ

4) + a4C2
2 , x3 = a5C1C2 ,

x2 = 0 , x1 = a3C1(T̃
00
pf /ϕ

4) , x0 = (T̃ 00
pf /ϕ

4)2(r2 − 1) ,

(139)

where we have omitted the temperature dependence of σdof . In general, from Abel-Ruffini theorem, since we have a
polynomial of order ≥ 5, there is no algebraic solution for the roots, but they can be found numerically for each value
of T̃ 00

pf /ϕ
4 and r2, and then one can select the relevant solutions (real and positive) for T̃ .

A particular choice C1 = 0, gives the following polynomial,

VT (ϕ, T ) = T 2ϕ2C2 ⇒ x8T̃
8 + x6T̃

6ϕ2 + x4T̃
4ϕ4 + x0ϕ

8 = 0 . (140)

This choice applies to theories predicting second-order or crossover phase transitions, which respectively correspond
to the C1 = 0 and |C1| ≪ λ limits [290], with λ being the coefficient of the quartic term in Veff ⊃ λϕ4. As an example,
this approximately describes the Standard Model electroweak case at high temperatures, in which |C1| ≪ λ [289].
Then, the coefficients of the eigth-order polynomial become

x8 = 1
3σ

2
dof , x6 = − 4

3a
2σdofC2 , x4 = 2

3σdof(T̃
00
pf /ϕ

4) + a4C2
2 , x0 = (T̃ 00

pf /ϕ
4)2(r2 − 1) . (141)

The roots of this polynomial can be found analytically using Ferrari’s quartic solution.
Another relevant case corresponds to the toy model used in lattice simulations of the scalar-fluid system [200,248].

Within this toy model, again under the assumption that σdof does not depend on T during the phase transition, the
effective potential is parameterized as [200,248,291],

Veff = V0(ϕ)− 1
3σdof(ϕ)T

4 = V0(ϕ)− 1
3σ0T

4 +∆V0(ϕb)
T 4

T 4
c

[
3(ϕ/ϕb)

2 − 2(ϕ/ϕb)
3
]
, (142)
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where ϕb is the vacuum expectation value of the scalar field in the broken phase and ∆V0(ϕb) = V0(0) − V0(ϕb). In
this model, the thermal corrections to the effective potential are encapsulated in the leading-order term 1

3σdof(ϕ)T
4

with VT = 0. Notice that in this case we have p̃f = 1
3σdof T̃

4 and ω = p̃f/ρ̃f = 1/3, as expected for a plasma composed
of relativistic massless particles. Therefore, the eigth-order polynomial becomes

x8T̃
8 + x4T̃

4 + x0 = 0 , with


x8 = 1

3σ
2
dof(ϕ) ,

x4 = 2
3σdof(ϕ)T̃

00
pf ,

x0 = (T̃ 00
pf )

2(r2 − 1) .

(143)

Solving this polynomial, we find that the temperature is

σdof T̃
4 = T̃ 00

pf

(√
4− 3r2 − 1

)
, (144)

where we choose only the positive root. We note that from this expression we can reconstruct γ2 using Eq. (137),
which yields the same expression as what we found in Eqs. (39) and (42) taking ω = 1

3 , as expected,

γ2 =
1

4

2 +
√
4− 3r2√

4− 3r2 − 1
=

1

12

(2 +
√
4− 3r2)(

√
4− 3r2 + 1)

1− r2
=

1

2(1− r2)

(
1− 1

2r
2 +

√
1− 3

4r
2
)
. (145)

Therefore, the only difference with the system studied in section 2.3.1 with ω = 1/3, is the appearance of the imperfect
fluid viscous forces [cf. Eq. (79)], and of the scalar-field force in the EOM,

F̃ν
ϕ = (∂ϕp̃f ) ∂

νϕ =
1

3
T 4(∂ϕσdof) ∂

νϕ . (146)

Non-conservation form

The energy and momentum conservation equations were found in terms of generic p̃f and ρ̃f for a perfect fluid in
Eqs. (50), and trivially generalized to imperfect fluids in Eqs. (75). Extending the energy equation to also include the
scalar interaction force, i.e., F̃ν

tot = F̃ν
ϕ + F̃ν

ipf , we have

∂0ρ̃f − |u⃗p|2∂0p̃f + w̃f∂iui + ui∂i(ρ̃f − p̃f ) = (F̃0
tot + F0

H)(1 + |u⃗p|2)− 2 a2(1−α)uiF̃ i
tot . (147)

In this case, the EOS depends on T̃ and, hence, ω = p̃f/ρ̃f cannot be taken as a constant as we have done in previous
sections. Taking into account that both p̃f and ρ̃f are functions of the temperature and of the scalar field, we can

rewrite Eq. (147) as a dynamical equation for T̃ ,

∂0T̃ = −
[
∂T̃ (ρ̃f − |u⃗p|2p̃f )

]−1
{
w̃f ∂iui + ui

[
(∂iT̃ ) ∂T̃ + (∂iϕ) ∂ϕ

](
ρ̃f − p̃f

)
−
(
F̃0

tot + F̃0
H

)(
1 + |u⃗p|2

)
+ 2 a2(1−α)uiF i

tot + πϕ ∂ϕ
(
ρ̃f − |u⃗p|2p̃f

)}
, (148)

where we have used the property ∂µX = (∂µT̃ ) ∂T̃X + (∂µϕ)∂ϕX, which holds for both X = ρ̃f , p̃f .

The momentum equation was given in Eq. (75b) with external forces F̃ν
ipf . Extending this equation to include

external forces F̃ν
tot = F̃ν

ϕ + F̃ν
ipf , and substituting Eq. (148) in it, we find

∂0ui + uj∂jui =
ui

w̃fγ2

{
∂T̃ p̃f

∂T̃
(
ρ̃f − |u⃗p|2p̃f

)( w̃f ∂juj + uj

[
(∂j T̃ ) ∂T̃ + (∂jϕ) ∂ϕ

](
ρ̃f − p̃f

)
+ 2 a2(1−α)ujF j

tot

+πϕ ∂ϕ
(
ρ̃f − |u⃗p|2p̃f

))
−

∂T̃ w̃f

∂T̃
(
ρ̃f − |u⃗p|2p̃f

)(F̃0
tot + F̃0

H

)
− πϕ∂ϕp̃f

}

− a2(α−1) 1

w̃fγ2

[
(∂iT̃ ) ∂T̃+(∂iϕ) ∂ϕ

]
p̃f +

1

w̃fγ2

(
F̃ i

tot + F̃ i
H

)
. (149)

As mentioned above, in the rhs of the dynamical equations for the fluid variables T̃ and ui, the imperfect four-force
includes terms that also depend on first and second-order time derivatives of the fluid variables. We have shown in
section 2.3.2 that, at leading order in the fluid velocity |u⃗p| ≪ 1, and neglecting the bulk viscosity, ξ H ≪ 1, F̃0

ipf ≃ 0
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[cf. Eq. (78a)], and the resulting Navier-Stokes force F̃ i
ipf only depends on spatial gradients of the fluid variables.

Indeed, for homogeneous viscous coefficients, we find [cf. Eq. (78b)],

a1−αF i
ipf ≃ 2 ν̃∂j

[
w̃f∂(iuj)

]
+
(
ξ̃ − 2

3 ν̃
)
∂i
(
w̃f∂juj

)
. (150)

Then, the system of Eqs. (148) and (149) can be directly solved integrating the lhs in time and then evaluating the
total forces F̃ν

tot = F̃ν
ipf + F̃ν

ϕ under these assumptions.

Non-conservation form in terms of a generalized sound speed

Introducing the speed of sound c2sµ = ∂µp̃f/∂µρ̃f , which generalizes the definition of Eq. (37) along different directions
xµ, as

c2sµ =
∂µp̃f
∂µρ̃f

=
(∂T̃ p̃f )(∂µT̃ ) + (∂ϕp̃f )(∂µϕ)

(∂T̃ ρ̃f )(∂µT̃ ) + (∂ϕρ̃f )(∂µϕ)
, (151)

the equation of energy conservation [cf. Eq. (147)] becomes

(1− c2s 0|u⃗p|2)∂0 ln ρ̃f +(1 + ω)∂iui +
∑
i

(1− c2s i)ui∂i ln ρ̃f

=
1

ρ̃f

[(
F̃0

tot + F̃0
H)(1 + |u⃗p|2)− 2 a2(1−α)uiF̃ i

tot

]
. (152)

For the case studied in section 2.3.1, we have VT = 0 and constant EOS, such that c2sµ = ω = constant. Hence, the
equation of energy conservation reduces to Eq. (76a). Note that for the generic case in which both pf and ρf depend
on T and ϕ, this equation cannot be directly advanced using explicit integrators, since the speed of sound depends on
the local variable ∂µT , which needs to be approximated from pf and ρf at earlier times. For this reason, Eq. (148) is
advantageous when applying explicit numerical time-stepping schemes.

In terms of the speed of sound defined in Eq. (151), the momentum equation Eq. (75b) becomes

∂0ui + uj∂jui =
1− |u⃗p|2

1− c2s 0|u⃗p|2

[
c2s 0∂juj +

c2s 0
1 + ω

∑
j

(1− c2s j)uj∂j ln ρ̃f

− 1

ρ̃f

(
1 + c2s 0
1 + ω

(
F̃0

tot + F̃0
H

)
−

2c2s 0
1 + ω

a2(1−α)ujF̃ j
tot

)]
ui

− 1− |u⃗p|2

1 + ω

[
c2s ia

2(α−1)∂i ln ρ̃f − 1

ρ̃f

(
F̃ i

tot + F̃ i
H

)]
. (153)

As before, if we take a constant EOS, we recover the momentum equation given in Eq. (76b).

Alternative non-conservation form for relativistic fluid variables

The scalar-fluid system of equations can also be written expressing the fluid equations in the alternative non-
conservation form for relativistic fluid variables, already discussed at the end of section 2.3.1 [cf. Eqs. (57)]. This
formulation has been used for simulations of phase transitions in flat spacetime (see, e.g., refs. [180, 184, 188, 200]),
where the EOM are expressed for the relativistic energy density Ẽ ≡ γρ̃f and fluid momentum density Z̃i ≡ T̃ 0i.

To obtain the dynamical equation for the comoving relativistic energy density, Ẽ, we project the fluid equations
DG

µ T
µν
pf = Fν

tot [cf. Eqs. (17h) and (17i)] in the parallel direction to Uν . The projection in the parallel direction of

DG
µ T

µν
pf is given in Eq. (56),

−UνD
G
ν T

µν
pf = a−(4+α)

[
Ũµ∂µρ̃f + w̃f∂µŨ

µ + (3p̃f − ρ̃f )HŨ0
]
, (154)

while the projection of the total four-force, Fν
tot = Fν

ϕ + Fν
ipf , is

UνFν
tot = a−(4+3α)ŨνF̃ν

tot . (155)

Hence, the EOM for the rescaled variables become

Ũµ∂µρ̃f + w̃f∂µŨ
µ + T̃pfHŨ0 = −a−2αŨµ

(
F̃µ

ϕ + F̃µ
ipf

)
. (156)
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The projection of the force due to the interaction of the fluid with the scalar field, F̃ϕ
ν = Ω̃ϕ a

2α ∂νϕ, with Ω̃ϕ =

∂ϕp̃f − δ̃ϕ, and δ̃ϕ given in Eq. (133), is

−a−2αŨµF̃µ
ϕ = −Ω̃ϕŨ

µ∂µϕ =

(
δ̃ϕ − ∂p̃f

∂ϕ

)
Θ̃ = η̃ϕΘ̃

2 − ∂p̃f
∂ϕ

Θ̃ . (157)

The imperfect fluid force can be expressed using Eq. (81) as,

−a−2αŨµF̃µ
ipf = a−αδT̃µνSµν . (158)

Then, we find

∂0Ẽ + ∂i(Ẽui) + p̃f
[
∂0γ + ∂i(γui)

]
=(Ẽ − 3p̃fγ)H+ a−αδT̃µν Sµν − ∂p̃f

∂ϕ
Θ̃ + a1−αη̃ϕΘ̃

2 . (159)

The resulting equation for the fluid momentum density Z̃i is obtained from the space components of Eq. (32),

∂0Z̃i + ∂j(Z̃iuj) + a2(α−1)∂ip̃f =(α− 1)HT̃ 0i
pf + F̃ i

ipf + a2(α−1)

(
∂p̃f
∂ϕ

− η̃ϕa
1−αγ[πϕ + uj∂jϕ]

)
∂iϕ . (160)

These equations generalize the scalar-fluid system considered, for example, in ref. [180] (see their Eqs. (5) and (6)),
to first-order imperfect fluids and to an expanding Universe. As before, we note that neglecting γ in Ẽ = γρ̃f or in

Z̃i = w̃fγ
2ui would lead to the wrong subrelativistic limits due to the inconsistent underlying assumption that ∂0γ is

negligible.
Unlike the previous formulations of the fluid equations (conservation and non-conservation forms), this system of

equations, without further manipulations, cannot be directly solved following the time integration schemes that we
will present in section 3.4. In fact, although one could relate γ, ui to Ẽ, Z̃i and have a system of four equations in four
variables, the presence of time derivatives of both Ẽ and γ in Eq. (159) does not allow to apply explicit Runge-Kutta
integrators to this system. However, the system can be evolved using operator splitting methods, where each term
is advanced at different intermediate time steps [256]. In our numerical implementation, we focus on the systems of
equations given by Eqs. (38) or Eqs. (52), corresponding respectively to the conservation and non-conservation forms
of the equations of motion for relativistic perfect fluids and their respective generalizations in the case of imperfect
fluids and interactions with scalar and gauge fields. These systems are readily available in a suitable form to apply
Runge-Kutta time-advancing schemes, as we explain in section 3.4.

Non-conservation form in the limit of subrelativistic fluid velocity

In the subrelativistic limit |u⃗p|2 ≪ 1, the fluid equations [cf. Eqs. (148) and (149)] reduce to the following,

lim
|u⃗p|2≪1

∂0T̃ = − 1

∂T̃ ρ̃f

{
w̃f ∂iui + ui

[
(∂iT̃ ) ∂T̃ + (∂iϕ)∂ϕ

](
ρ̃f − p̃f

)
− F̃0

tot − F̃0
H

+ 2 a2(1−α)uiF̃ i
tot + πϕ ∂ϕρ̃f

}
, (161a)

lim
|u⃗p|2≪1

∂0ui = − uj∂jui +
ui

w̃f

{
∂T̃ p̃f
∂T̃ ρ̃f

(
w̃f ∂iui + ui

[
(∂iT̃ ) ∂T̃ + (∂iϕ) ∂ϕ

](
ρ̃f − p̃f

)
+ 2 a2(1−α)uiF i

tot + πϕ ∂ϕρ̃f

)
−

∂T̃ w̃f

∂T̃ ρ̃f

(
F̃0

tot + F̃0
H

)
− πϕ∂ϕp̃f

}
− a2(α−1) 1

w̃f

[
(∂iT̃ ) ∂T̃ + (∂iϕ) ∂ϕ

]
p̃f +

1

w̃f

(
F̃ i

tot + F̃ i
H

)
. (161b)

2.5 Summary of the equations

In this section, we provided the generic system of equations of motion for a fluid that interacts with an Abelian gauge
field Aµ and with a singlet scalar fields ϕ in a FLRW expanding Universe.

We consider a perfect fluid with small deviations with respect to local thermal equilibrium (LTE), such that its
stress-energy momentum tensor can be expressed as

Tµν
Fl = Tµν

pf − δTµν , (162)
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with

Tµν
pf = wfU

µUν + pfg
µν and δTµν = 2 ν wf σ

µν + ξ wf θ h
µν (163)

respectively corresponding to the perfect fluid stress-energy tensor, and to the deviatoric stress tensor for first-order
imperfect fluids. In the above expressions wf and pf are the perfect fluid enthalpy and pressure, Uµ = γa−α(1, ui) is
the four-velocity, with ui ≡ dxi/dη, ν and ξ are the shear and bulk kinematic viscosity coefficients, σµν = Sµν − 1

3θh
µν

is the traceless rate-of-strain tensor, with Sµν = h(µλDG
λ U

ν) and θ = Sµ
µ, and hµν = UµUν + gµν is the projection

tensor orthogonal to Uµ.
The fluid equations of motion are obtained from the conservation of the total stress-energy tensor, which, in an

expanding Universe, can be recast in the following way [cf. Eq. (32)],

∂µT̃
µν
pf = F̃ν

tot + F̃ν
H , with F̃ν

tot ≡ F̃ν
int + F̃ν

ipf , (164)

with the rescalings T̃µν
pf = a4+2αTµν

pf and F̃ν
tot = a4+2αFν

tot. The effect of the Universe expansion is absorbed in the
Hubble friction [cf. Eq. (33)]

F̃ν
H = (ρ̃f − 3p̃f )Hδν0 + (α− 1)H T̃ 0i

pf δ
ν
i, (165)

while the viscous forces due to deviations with respect to LTE are [cf. Eq. (34)]

F̃ν
ipf = ∂µδT̃

µν + 3 ξ̃ w̃f θ̃H+ (1− α)H δT̃ 0iδνi . (166)

In the expressions above, δT̃µν = a4+2αδTµν = 2 ν̃ w̃f σ̃
µν + ξ̃ w̃f θ̃ h̃

µν with θ̃ = a θ, ξ̃ = a−1ξ, ν̃ = a−1ν, while the
fluid variables are rescaled as ρ̃f/ρf = p̃f/pf = w̃f/wf = a4.

In section 2.4.1, we considered interactions of the fluid with an Abelian U(1) gauge field and in section 2.4.2, with
a singlet scalar field ϕ. The resulting interaction forces are

F̃ν
int = F̃ν

U(1) + F̃ν
ϕ , (167)

where the components of F̃ν
U(1) are given in Eqs. (90),

F̃0
U(1) = − a1−αγ

[
ρ̃e u⃗ · E⃗ − σ̃f u⃗ · ( E⃗ × B⃗ )− σ̃f |E⃗ |2

]
, (168a)

F̃ i
U(1) = − aα−1γ

[
( ρ̃e − a2(1−α)σ̃f u⃗ · E⃗ ) Ei − ρ̃e( u⃗× B⃗ )i + σ̃f ( E⃗ × B⃗ )i − σ̃f ( u⃗ · B⃗ )Bi + σ̃f |B⃗|2ui

]
, (168b)

and the components of F̃ν
ϕ in Eqs. (131),

F̃0
ϕ =πϕ

(
−∂p̃f

∂ϕ
+ γ η̃ϕ(πϕ + ui∂iϕ)

)
, (169a)

F̃ i
ϕ = − a2(α−1)∂iϕ

(
−∂p̃f

∂ϕ
+ γ η̃ϕ(πϕ + uj∂jϕ)

)
. (169b)

They depend on the fluid velocity ui, the Lorentz factor γ, and, respectively, also on the U(1) gauge field, Aµ, the
scalar field ϕ, and their time derivatives Ei ≡ F0i = ∂0Ai − ∂iA0 and πϕ ≡ ∂0ϕ. The fluid equations of motion are
then coupled to Maxwell equations [cf. Eqs. (84)],

∂0F0i + a−2(1−α)∂jFij + (1− α)HF0i = a2αJFl
i , ∂iF0i = a2JFl

0 , ∂0Ai = Ei + ∂iA0 , (170)

and to the equations of motion of the scalar field [cf. Eqs. (134)],

∂0πϕ = a−2(1−α) #»∇
2
ϕ− (3− α)H πϕ − a2α

∂Veff

∂ϕ
(ϕ, T )− a2αηϕ γ

(
πϕ + ui∂iϕ

)
, ∂0ϕ = πϕ , (171)

with Veff = V0 − pf . We consider the large-temperature extension of the equilibrium distribution function, such that
the enthalpy and the pressure of the fluid are

p̃f = p̃rad(T̃ )− ṼT (ϕ, T̃ ) , w̃f = T̃
∂p̃f

∂T̃
= 4 p̃rad(T̃ ) + p̃rad

∂ lnσdof

∂ ln T̃
− T̃

∂ṼT

∂T̃
(ϕ, T̃ ) , (172)

32



where p̃rad = 1
3σdof T̃

4 = π2

90 g(T̃ ) T̃ 4, with T̃ = aT being the rescaled temperature, and we assume that the effective
potential only depends on the temperature and the expectation value of the scalar field ϕ. In the limit when the
radiation term dominates (ṼT → 0), we recover the constant ultrarelativistic equation of state (EOS), p̃f = 1

3 ρ̃f ,
where ρ̃f = w̃f − p̃f = 3p̃rad is the radiation energy density.

We have considered two main approaches to solve the equations of motion of the fluid. In the conservation form,
we evolve the temporal components of the stress-energy tensor of the perfect fluid T̃ 0µ

pf , while in the non-conservation
form, we evolve the fluid primitive variables ρ̃f and ui.

Conservation form of the fluid equations

The system of equations in Eq. (164) already provides us with the fluid equations of motion in their conservation form.
The remaining step is to reconstruct the stress tensor T̃ ij

pf , the velocity field, and the Lorentz factor that appears in

the interaction forces, as a function of the dynamical variables T̃ 0µ
pf . This can be accomplished using Eqs. (137),

T̃ ij
pf =

T̃ 0i
pf T̃

0j
pf

T̃ 00
pf + p̃f

+ a2(α−1)p̃fδ
ij , ui =

T̃ 0i
pf

T̃ 00
pf + p̃f

, and γ2 =
T̃ 00
pf + p̃f

w̃f
. (173)

However, p̃f and w̃f still depend on the temperature T̃ . The temperature can be computed by substituting a particular

choice of the thermal corrections to the potential, ṼT (ϕ, T̃ ), in the following relation [cf. Eq. (136)]

a2(1−α)T̃ 0i
pf T̃

0i
pf = (T̃ 00

pf + p̃f )(T̃
00
pf − ρ̃f ) = (T̃ 00

pf )
2 + T̃ 00

pf (p̃f − ρ̃f )− p̃f ρ̃f , (174)

and solving numerically for the value of the temperature T̃ as a function of ϕ, g(T ), T̃ 00
pf , and r2 ≡ a2(1−α)

∑
i[T̃

0i
pf /T̃

00
pf ]

2.

In particular, in the limit ṼT → 0, the EOS becomes a constant ω ≡ p̃f/ρ̃f = 1/3. Then, defining the variable
z = (1 + ω)γ2 − ω, it can be computed as a unique function of the squared ratio r2, as in Eq. (42),

z =
1

2(1− r2)

(
1− ω +

√
(ω + 1)2 − 4ωr2

)
, (175)

allowing us to reconstruct the fluid variables in the following way,

T̃ ij
pf =

z

z + ω

T̃ 0i
pf T̃

0j
pf

T̃ 00
pf

+
ω

z
a2(α−1)T̃ 00

pf δij , ui =
z

z + ω

T̃ 0i
pf

T̃ 00
pf

, γ2 =
z + ω

1 + ω
. (176)

Non-conservation form of the fluid equations

On the other hand, the non-conservation form of the energy and momentum equations are expressed in terms of the
fluid primitive variables ρ̃f and ui, respectively. In the general case, since the EOS ω = p̃f/ρ̃f is a function of the

temperature, we convert the equation of conservation of energy into a dynamical equation for the temperature T̃ . The
fluid EOM are then given by Eqs. (148) and (149),

∂0T̃ = −
[
∂T̃ (ρ̃f − |u⃗p|2p̃f )

]−1
{
w̃f ∂iui + ui

[
(∂iT̃ ) ∂T̃ + (∂iϕ) ∂ϕ

](
ρ̃f − p̃f

)
−
(
F̃0

tot + F̃0
H

)(
1 + |u⃗p|2

)
+ 2 a2(1−α)uiF i

tot + πϕ ∂ϕ
(
ρ̃f − |u⃗p|2p̃f

)}
, (177a)

∂0ui + uj∂jui =
ui

w̃fγ2

{
∂T̃ p̃f

∂T̃
(
ρ̃f − |u⃗p|2p̃f

)(w̃f ∂juj + uj

[
(∂j T̃ ) ∂T̃ + (∂jϕ) ∂ϕ

](
ρ̃f − p̃f

)
+ 2 a2(1−α)ujF j

tot

+ πϕ ∂ϕ
(
ρ̃f − |u⃗p|2p̃f

))
−

∂T̃ w̃f

∂T̃
(
ρ̃f − |u⃗p|2p̃f

)(F̃0
tot + F̃0

H

)
− πϕ∂ϕp̃f

}

− a2(α−1) 1

w̃fγ2

[
(∂iT̃ ) ∂T̃ + (∂iϕ) ∂ϕ

]
p̃f +

1

w̃fγ2

(
F̃ i

tot + F̃ i
H

)
. (177b)

Again, in the limit ṼT → 0, we recover the EOS ω = 1/3, and the non-conservation form of the fluid equations can
be recast in terms of the energy density ρ̃f and the velocity ui [cf. Eqs. (98)]
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(1−ω|u⃗p|2) ∂0 ln ρ̃f + (1 + ω) ∂iui + (1− ω)ui∂i ln ρ̃f

=
1

ρ̃f

([
F̃0

tot + (1− 3ω)ρ̃fH
]
(1 + |u⃗p|2)− 2 a2(1−α)uiF̃ i

tot

)
, (178a)

∂0ui + uj∂jui =
1− |u⃗p|2

1− ω|u⃗p|2

[
ω∂juj + ω

1− ω

1 + ω
uj∂j ln ρ̃f − 1

ρ̃f

(
F̃0

tot −
2ω

1 + ω
a2(1−α)ujF̃ j

tot

)]
ui

− 1− |u⃗p|2

1 + ω

(
ω a2(α−1) ∂i ln ρ̃f − 1

ρ̃f
F̃ i

tot

)
+

(
1− |u⃗p|2

1− ω|u⃗p|2
(3ω − 1) + α− 1

)
Hui . (178b)
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3 Introduction to the lattice

In this section, we provide a basic introduction to lattice techniques. The basic notions related to the lattice and
definitions of discrete power spectra are given in section 3.1. Lattice derivatives and lattice momenta are covered in
section 3.2. We then deal with more complex lattice derivative operators in section 3.3 and introduce, in section 3.4,
higher-order accurate time evolution algorithms for a system of differential equations. Several of these concepts have
been reviewed in The Art I [1] and II [2], which the reader may consult for more detailed discussions. Readers who are
already familiar with lattice techniques, may directly jump to section 4, where we discuss the lattice implementation
of the fluid EOM.

3.1 The lattice

We consider a cubic lattice in three spatial dimensions that has side length L and number of grid points N (i.e., number
of lattice sites) per dimension. The total number of points is then N3 and each lattice site can be identified by the
following vector,

n = (n1, n2, n3), with ni = 0, 1, ..., N − 1 , i = 1, 2, 3 . (179)

The distance between two lattice sites along one dimension, which represents the minimum distance that can be
resolved on the lattice, is given by the lattice spacing,

δx ≡ L

N
. (180)

The value of any continuum function f(x) can be represented by a discrete lattice equivalent f(n), such that they hold
the same values at the discrete positions x = n δx. We impose periodic boundary conditions, i.e., f(n + ı̂N) = f(n)
for any ı̂ = 1̂, 2̂, 3̂. Here, ı̂ represents the unit vector for each spatial direction,

1̂ ≡ (1, 0, 0) , 2̂ ≡ (0, 1, 0) , 3̂ ≡ (0, 0, 1) . (181)

We can define a reciprocal lattice in momentum space, where we label each point by a vector ñ,

ñ = (ñ1, ñ2, ñ3), with ñi = −N

2
+ 1,−N

2
+ 2, ...,−1, 0, 1, ...,

N

2
− 1,

N

2
, i = 1, 2, 3 . (182)

The discrete Fourier transform (DFT) is defined as

f(n) ≡ 1

N3

∑
ñ

ei
2π
N ñnf(ñ) ⇔ f(ñ) ≡

∑
n

e+i 2π
N nñf(n) , (183)

and ∑
ñ

e−i 2π
N ñn ≡ N3δ0,ñ . (184)

By imposing periodic boundary conditions in real space it follows that Fourier transformed functions are periodic in
the reciprocal lattice, such that f(ñ + ı̂N) = f(ñ). Due to the discrete nature of the lattice we can only represent
momenta between an infrared (IR) and an ultraviolet (UV) cut-off. The smallest momentum that we can capture on
the lattice is given by

kIR ≡ 2π

L
=

2π

Nδx
, (185)

while the largest one along each spatial dimension by,

kUV ≡ N

2
kIR =

π

δx
. (186)

The maximal momentum kmax that can be represented on the lattice lies in the 3D diagonal and is given by,

kmax =
√
3 kUV =

√
3
N

2
kIR =

√
3
π

δx
. (187)

The reciprocal lattice captures a range of discrete momenta,

k = kIR(ñ1, ñ2, ñ3) . (188)

The modulus of the momentum will be denoted by k = k(ñ) ≡ kIR|ñ| = kIR(ñ
2
1 + ñ2

2 + ñ2
3)

1/2.
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Power Spectrum

The power spectrum ∆f(k) of a function f(x) in the continuum is defined through its ensemble average ⟨f2⟩ by,

⟨f2⟩ =
∫

d log k∆f(k) , ∆f(k) ≡
k3

2π2
Pf(k) , ⟨fkf∗k′⟩ = (2π)3δ(k− k′)Pf(k) , (189)

where k = |k| denotes the modulus of the momentum in the continuum. To obtain an equivalent lattice expression,
the ensemble average is replaced by a volume average over the whole lattice,

⟨f2⟩V =
δx3

V

∑
n

f2(n) =
1

N3

∑
n

f2(n) . (190)

Applying the discrete Fourier transform we obtain,

⟨f2⟩V =
1

2π

∑
|ñ|

∆ log k(ñ) k(ñ)
δx

N5
#R(ñ)⟨|f(ñ′)|2⟩R(ñ) , (191)

where ∆ log k(ñ) ≡ kIR/k(ñ). Moreover, with ⟨(...)⟩R(ñ) ≡ (1/#R(ñ))
∑

ñ′∈R(ñ)(...) we have introduced the angular

average over spherical momentum shells R(ñ), where each shell contains all reciprocal sites with radius |ñ′| ∈ [|ñ|, |ñ|+
∆ñ), with ∆ñ being a chosen radial binning. The multiplicity #R(ñ) gives the number of reciprocal lattice sites of
each spherical shell. This leads to the following expression for the lattice power spectrum,

∆f

(
k(|ñ|)

)
=

k(ñ)

2π

δx

N5
#R(ñ)⟨|f(ñ′)|2⟩R(ñ) =

k3(ñ)

2π2
Υ|ñ|

(
δx

N

)3

⟨|f(ñ′)|2⟩R(ñ) , (192)

where we have adopted the notation of The Art - II [2] and defined Υ|ñ| ≡ #R(ñ)/4π|ñ|2. A frequently used approx-
imation is #R(ñ) ≃ 4π|ñ|2, such that Υ|ñ| = 1. We note that in CosmoLattice, the former is referred to as Type− I,
while the latter as Type− II power spectrum.

3.2 Lattice derivatives and lattice momenta

The continuum derivatives that appear in the equations of motion need to be replaced by lattice derivatives. These
finite difference expressions are defined such that they reproduce the continuum limit to a certain order p in accuracy in
the lattice spacing or time step, when expanded around a given location. In the following, we discuss different types of

lattice derivatives: the neutral (or central) ∇(0,p)
µ and a set of charged derivatives, which consists of the forward ∇(+,p)

µ

and the backward ∇(−,p)
µ derivative. While in fundamental field dynamics it is usually sufficient to consider lattice

derivatives up to second order, hydrodynamical systems often require higher-order expressions (i.e., more accurate
for a given lattice spacing) [230, 292–294]. Lattice derivatives can be easily constructed to any order of accuracy
(see, e.g., [295] for the general expressions and [296] for tables of finite difference coefficients). In the following, we
provide first the general expressions followed by examples up to sixth order in accuracy, the latter representing a good
compromise between computational cost and effectiveness in capturing the properties of computationally demanding
physical cases as, for example, shocks [230].

Neutral derivative

The neutral (or central) derivative ∇(0,p)
i accurate to order p = 2m for any m = 1, 2, . . . , is given by

[∇(0,2m)
i f ] =

1

δx

m∑
ℓ=1

c0ℓ,m [f(n+ ℓ · ı̂)− f(n− ℓ · ı̂)] −→ ∂if(x)
∣∣
x≡nδx

+O(δx2m) . (193)

with the coefficient c0ℓ,m being defined as,

c0ℓ,m ≡ (−1)ℓ+1 (m!)2

ℓ(m− ℓ)!(m+ ℓ)!
, (194)

where δx is the spatial spacing. On the rhs of the arrow we denote around which location on the lattice the discrete
expressions need to be expanded in order to recover the continuum limit to the respective order p of accuracy. The
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first three cases that are accurate to order p = 2, 4, 6 are

2nd : [∇(0,2)
i f ] =

f(n+ ı̂)− f(n− ı̂)

2δx
−→ ∂if(x)

∣∣
x≡nδx

+O(δx2) , (195a)

4th : [∇(0,4)
i f ] =

8f(n+ ı̂)− f(n+ 2ı̂) + f(n− 2ı̂)− 8f(n− ı̂)

12δx
−→ ∂if(x)

∣∣
x≡nδx

+O(δx4) , (195b)

6th : [∇(0,6)
i f ] =

45f(n+ ı̂)− 9f(n+ 2ı̂) + f(n+ 3ı̂)− f(n− 3ı̂) + 9f(n− 2ı̂)− 45f(n− ı̂)

60δx

−→ ∂if(x)
∣∣
x≡nδx

+O(δx6) . (195c)

Charged derivatives

We can also define a set of charged lattice derivatives, the so called forward ∇(+,p)
i and backward ∇(−,p)

i derivatives.
Compared to the neutral derivative, the forward and backward derivatives are sensitive to δx, i.e., the smallest possible
distance captured by the lattice. These charged derivatives have the disadvantage that they are asymmetric, and when
expanded around the lattice site n, they only recover the continuum limit to order O(δxp) for p = 1, 2, 3, . . . , while
p + 1 stencils are needed (see, e.g., [296]). However, we can also define a set of charged derivatives living in between
lattice sites (i.e., to recover the continuum limit we expand the derivative operator around the point x = (n± ı̂/2) δx
instead of x = n δx), which have the same accuracy as the neutral derivative. They are,

[∇(±,2m)
i f ] =

1

δx

m∑
ℓ=1

c±ℓ,m [f(n± ℓ · ı̂)− f(n∓ ℓ · ı̂± ı̂)] −→ ∂if(x)
∣∣
x≡ (n±ı̂/2)δx

+O(δx2m) . (196)

with

c±ℓ,m = ±(−1)ℓ+1 (2m!)2

24m−2m!2(2ℓ− 1)2(m− ℓ)!(m+ ℓ− 1)!
. (197)

The first three example cases that are accurate up sixth order are then,

2nd : [∇(±,2)
i f ] =

f(n± ı̂)− f(n)

δx
−→ ∂if(x)

∣∣
x≡ (n±ı̂/2)δx

+O(δx2) , (198a)

4th : [∇(±,4)
i f ] =

−f(n± 2ı̂) + 27f(n± ı̂)− 27f(n) + f(n∓ ı̂)

24δx

−→ ∂if(x)
∣∣
x≡ (n±ı̂/2)δx

+O(δx4) , (198b)

6th : [∇(±,6)
i f ] =

9f(n± 3ı̂)− 125f(n± 2ı̂) + 2250f(n± ı̂)− 2250f(n) + 125f(n∓ ı̂)− 9f(n∓ 2ı̂)

1920δx

−→ ∂if(x)
∣∣
x≡ (n±ı̂/2)δx

+O(δx6) . (198c)

On the other hand, we can also assume that the field itself lives in between lattice sites at n ± ı̂/2. For example, in
the discretization of gauge field theories it is typically assumed that the gauge field lives at Aµ(n + µ̂/2), where µ̂
represents the unit four-vector (see, e.g., [1]). Assuming such a vector field f∓

i ≡ f∓
i (n′) with n′ ≡ n ∓ ı̂/2, we can

apply the above introduced charged derivative operators,

[∇(±,2m)
i f∓

j ] =
1

δx

m∑
ℓ=1

c±ℓ,m
[
f∓
j (n′ ± ℓ · ı̂)− f∓

j (n′ ∓ ℓ · ı̂± ı̂)
]

−→ ∂ifj(x)
∣∣
x≡ (n∓ȷ̂/2±ı̂/2)δx

+O(δx2m) , (199)

where we assume that the spacing is the same in all directions. The derivative operator now has to be expanded
around the location x = (n∓ ȷ̂/2± ı̂/2)δx to recover the continuum limit to order O(δx2m). The first three example
cases that are accurate to p = 2, 4 and 6 are,

2nd : [∇(±,2)
i f∓

j ] =
f∓
j (n′ ± ı̂)− f∓

j (n′)

δx
−→ ∂ifj(x)

∣∣
x≡ (n∓ȷ̂/2±ı̂/2)δx

+O(δx2) , (200a)

4th : [∇(±,4)
i f∓

j ] =
−f∓

j (n′ ± 2ı̂) + 27f∓
j (n′ ± ı̂)− 27f∓

j (n′) + f∓
j (n′ ∓ ı̂)

24δx

−→ ∂ifj(x)
∣∣
x≡ (n∓ȷ̂/2±ı̂/2)δx

+O(δx4) , (200b)

6th : [∇(±,6)
i f∓

j ] =
9f∓

j (n′ ± 3ı̂)− 125f∓
j (n′ ± 2ı̂) + 2250f∓

j (n′ ± ı̂)− 2250f∓
j (n′)

1920δx

+
125fj(n

′ ∓ ı̂)− 9f∓
j (n′ ∓ 2ı̂)

1920δx
−→ ∂ifj(x)

∣∣
x≡ (n∓ȷ̂/2±ı̂/2)δx

+O(δx6) . (200c)
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Lattice momentum

The discrete Fourier transform of the above mentioned spatial derivatives allows us to associate a so-called lattice
momentum kL to each of them,

[∇if ](ñ) = −ikL(ñ)f(ñ) , (201)

with each spatial component indicated as (kL)i ≡ kL,i.

Lattice momentum for the neutral derivative

The lattice momentum associated to the neutral derivative of order p = 2m, denoted as k0
L, can be obtained by

evaluating Eq. (201) with Eq. (193),

k0L,i =
1

δx

m∑
ℓ=1

(−1)ℓ+1 2(m!)2

ℓ(m− ℓ)!(m+ ℓ)!
sin

(
2ℓπñi

N

)
. (202)

The explicit expressions for the lattice momenta associated to the neutral derivatives of order p = 2, 4, 6 [cf. Eqs. (195)],
are given by

2nd : k0L,i =
sin(2πñi/N)

δx
, (203a)

4th : k0L,i =
4

3

sin(2πñi/N)

δx
− 1

6

sin(4πñi/N)

δx
, (203b)

6th : k0L,i =
3

2

sin(2πñi/N)

δx
− 3

10

sin(4πñi/N)

δx
+

1

30

sin(6πñi/N)

δx
. (203c)

Lattice momenta for the forward and backward derivatives

We can also associate a lattice momentum to the forward (+) and backward (–) derivatives, which we will label by
k±
L . For the derivative operators that live at lattice site n± ı̂/2 we use Eq. (196) to evaluate Eq. (201), for which we

obtain,

k+L,i = k−L,i =
1

δx

m∑
ℓ=1

(−1)ℓ+1 (2m!)2

24m−3m!2(2ℓ− 1)2(m− ℓ)!(m+ ℓ− 1)!
sin

(
(2ℓ− 1)πñi

N

)
. (204)

The explicit expressions for the lattice momenta corresponding to the charged derivatives of order p = 2, 4, 6 [given
by Eqs. (200)] are

2nd : k+L,i = k−L,i = 2
sin(πñi/N)

δx
, (205a)

4th : k+L,i = k−L,i =
9

4

sin(πñi/N)

δx
− 1

12

sin(3πñi/N)

δx
, (205b)

6th : k+L,i = k−L,i =
75

32

sin(πñi/N)

δx
− 25

192

sin(3πñi/N)

δx
+

3

320

sin(5πñi/N)

δx
. (205c)

3.3 Higher derivatives, semi-sums and clover averages

In this section, we present higher-order finite-difference operators and semi-sums, first for the general cases and then
for a few concrete examples up to sixth order in accuracy. We will see in sections 4 and 5, that higher derivative
operators are in general required for the lattice implementation of the scalar field EOM and the viscous contributions
to the fluid equations. Semi-sums on the other hand appear frequently in the staggered discretization scheme of the
scalar-gauge-fluid system. In the following, we adopt, when dealing with long expressions, the short hand notation
faµ ≡ f(n+ a · µ̂) and faµ,bν ≡ f(n+ a · µ̂+ b · ν̂).

Laplacian

The discrete Laplace operator acting on a field f(n) can be constructed by consecutive application of forward and

backward derivatives and summing over all spatial directions d, i.e., ∆ f(n) ≡
∑d

i ∇
+
i

[
∇−

i f(n)
]
. For the case of

d = 3 dimensions the expressions are

[∆(2m)f ] =
1

δx2

3∑
ı=1

m∑
ℓ=1

[
2

ℓ
c0ℓ,m (f(n+ ℓ · ı̂)− f(n− ℓ · ı̂))− 2

ℓ2
f(n)

]
−→ ∆f(x)

∣∣
x≡nδx

+O(δx2m) . (206)
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The explicit expressions for the discrete Laplace operator of second, fourth, and sixth order in accuracy are,

2nd : [∆(2)f ] =

3∑
ı=1

f(n+ ı̂)− 2f(n) + f(n− ı̂)

δx2
−→ ∆f(x)

∣∣
x≡nδx

+O(δx2) , (207a)

4th : [∆(4)f ] =

3∑
ı=1

−f(n+ 2ı̂) + 16f(n+ ı̂)− 30f(n) + 16f(n− ı̂)− f(n− 2ı̂)

12δx2

−→ ∆f(x)
∣∣
x≡nδx

+O(δx4) , (207b)

6th : [∆(6)f ] =

3∑
ı=1

2f(n+ 3ı̂)− 27f(n+ 2ı̂) + 270f(n+ ı̂)− 490f(n)

180δx2

+
270f(n− ı̂)− 27f(n− 2ı̂) + 2f(n− 3ı̂)

180δx2
−→ ∆f(x)

∣∣
x≡nδx

+O(δx6) , (207c)

where we have assumed that the lattice spacing δx is the same in each direction.

Bidiagonal scheme for cross derivatives

On the lattice, cross derivatives of the type ∂2f/∂xi∂xj with i ̸= j (that appear, e.g., in the viscous contributions to
the fluid equations) can be evaluated by the consecutive application of lattice derivative operators in the directions ı̂
and ȷ̂. However, these operations are typically computationally expensive to perform (in particular for higher-order
accurate derivatives) and it is useful to consider more efficient schemes. One such scheme for fields that live at lattice
site n is the so-called bidiagonal derivative scheme,

[∆
(2m)
ij f ] =

1

δx2

m∑
ℓ=1

1

2ℓ
c0ℓ,m

[
f(n+ ℓ (̂ı+ ȷ̂))− f(n− ℓ (̂ı− ȷ̂))− f(n+ ℓ(̂ı− ȷ̂)) + f(n− ℓ(̂ı+ ȷ̂))

]
−→ ∂i∂jf(x)

∣∣
x≡nδx

+O(δx2m) . (208)

The cases of second, fourth and sixth order in accuracy are given by

[∆
(2)
ij f ] =

fi,j − fi,−j − f−i,j + f−i,−j

4δx2
−→ ∂i∂jf(x)

∣∣
x≡nδx

+O(δx2) , (209a)

[∆
(4)
ij f ] =

−f2i,2j + f−2i,2j + 16fi,j − 16f−i,j − 16fi,−j + 16f−i,−j + f2i,−2j − f−2i,−2j

48δx2

−→ ∂i∂jf(x)
∣∣
x≡nδx

+O(δx4) , (209b)

[∆
(6)
ij f ] =

2f3i,3j − 2f−3i,3j − 27f2i,2j + 27f−2i,2j + 270fi,j − 270f−i,j

720δx2

+
−270fi,−j + 270f−i,−j + 27f2i,−2j − 27f−2i,−2j − 2f3i,−3j + 2f−3i,−3j

720δx2

−→ ∂i∂jf(x)
∣∣
x≡nδx

+O(δx6) . (209c)

Semi-sums and clover averages

Given a field that lives at lattice site n, the value of the field in the middle point of the two lattice sites f(n + ı̂/2)

can be obtained to order p in accuracy by taking the semi-sum S(p)
i . It is defined as,

S(2m)
i [f ] ≡

m∑
ℓ=1

cm,ℓ [f(n+ ℓ · ı̂) + f(n− ℓ · ı̂+ ı̂)] −→ f(x)
∣∣
x≡ (n+ı̂/2)δx

+O(δx2m) , (210)

with the cm,ℓ coefficients being,

cm,ℓ ≡ (−1)ℓ−1 (2m!)2

24m−1(2ℓ− 1)m!2(m− ℓ)!(m+ ℓ− 1)!
. (211)
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For the cases p = 2, 4 and 6 the explicit expressions for semi-sum operators are,

2nd : S(2)
i [f ] ≡f(n+ ı̂) + f(n)

2
−→ f(x)

∣∣
x≡ (n+ı̂/2)δx

+O(δx2) , (212a)

4th : S(4)
i [f ] ≡9f(n+ 9f(n) + ı̂)− f(n+ 2ı̂)− f(n− ı̂)

16
−→ f(x)

∣∣
x≡ (n+ı̂/2)δx

+O(δx4) , (212b)

6th : S(6)
i [f ] ≡150f(n) + 150f(n+ ı̂)− 25f(n+ 2ı̂)− 25f(n− ı̂) + 3f(n+ 3ı̂) + 3f(n− 2ı̂)

256

−→ f(x)
∣∣
x≡ (n+ı̂/2)δx

+O(δx6) , (212c)

where the subindex i denotes the direction in which the semi-sum is taken. Conversely, for a field that lives in between
lattice sites (i.e., at n′ = n ± ı̂/2), the field value f(n) can be obtained to order p, by taking the semi-sum in the

opposite direction, i.e., S(p)
∓i [f(n

′)] → f(x)|x≡nδx +O(δxp).
For a field f that lives at lattice site n, we can obtain its field value at the position n+ ı̂/2+ ȷ̂/2 (sometimes referred

to as the center of the plaquette) to order p in accuracy, by applying the so-called clover average. This average is

given by the consecutive application of semi-sums in the ı̂ and ȷ̂ directions S(p)
i,j [f ] ≡ S(p)

j [S(p)
i [f ]]. The clover average

to arbitrary even order of accuracy is then given by

S(2m)
i,j [f ] ≡

m∑
k=1

m∑
ℓ=1

cm,kcm,ℓ

[
f(n+ ℓ · ı̂+ k · ȷ̂) + f(n+ ℓ · ı̂− (k − 1) · ȷ̂) + f(n− (ℓ− 1) · ı̂+ k · ȷ̂)

+ f(n− (ℓ− 1) · ı̂− (k − 1) · ȷ̂)
]

−→ f(x)
∣∣
x≡ (n+ı̂/2+ȷ̂/2)δx

+O(δx2m) , (213)

where the cm,ℓ and cm,k coefficients have been defined above in Eq. (211). The explicit expressions to second, fourth
and sixth order in accuracy are,

2nd : S(2)
i,j [f ] ≡

1

2

(
f + f+i

2
+

f+j + f+i,+j

2

)
−→ f(x)

∣∣
x≡ (n+ı̂/2+ȷ̂/2)δx

+O(δx2) , (214a)

4th : S(4)
i,j [f ] ≡

9

16

9f + 9f+i − f+2i − f−i

16
+

9

16

9f+j + 9f+i,+j − f+2i+j − f−i,+j

16

− 1

16

9f+2j + 9f+i,+2j − f+2i,+2j − f−i,+2j

16
− 1

16

9f−j + 9f+i,−j − f+2i,−j − f−i,−j

16

−→ f(x)
∣∣
x≡ (n+ı̂/2+ȷ̂/2)δx

+O(δx4) , (214b)

6th : S(6)
i,j [f ] ≡S(6)

j

[
150f + 150f+i − 25f+2i − 25f−i + 3f+3i + 3f−2i

256

]
−→ f(x)

∣∣
x≡ (n+ı̂/2+ȷ̂/2)δx

+O(δx6) . (214c)

3.4 Evolution algorithms

In this section we present numerical algorithms for the time evolution of the equations governing the scalar-gauge-fluid
dynamics in an expanding background. The EOMs of the fluid and bosonic field variables [cf. Eqs. (17) in terms of
the physical variables, and section 2.5 for a summary of the fluid EOMs written in terms of the rescaled variables],
together with the second Friedmann equation [cf. Eq. (19)], represent a system of coupled first and second-order partial
differential equations. Furthermore, in section 7, we will discuss gravitational waves, which are governed by a wave-like
equation [cf. Eq. (410)], and add them to the system of equations that we are interested to evolve on the lattice. While
we will focus on the spatial discretization of these equations in the following sections in great detail, here we address
the issue of advancing them in time. In the following, we will denote the amplitudes of the fluid variables (i.e., the
temporal components of the stress-energy tensor in the case of the conservation form, or the fluid velocity and either
the energy density or the temperature in the non-conservation form) by gi, whereas the different scalar and gauge field
variables, as well as the gravitational wave amplitudes will be represented by fi. The conjugate momenta associated
to the bosonic fields fi and the scale factor a will be denoted by πi and b ≡ πa. Assuming that all derivative operators
in the rhs of the equations have been discretized (i.e., written in terms of field variables at different lattice points),
our system of EOM can be brought into the following form of coupled first-order ordinary differential equations,

πi(x, η) = Di[f
′
i(x, η), a(η), πa(η), {fj(x, η)}, {f ′

j ̸=i(x, η)}] , (215a)

π′
i(x, η) = Ki[fi(x, η), πi(x, η), a(η), πa(η), {fj ̸=i(x, η)}, {πj ̸=i(x, η)}, {gl(x, η)}] , (215b)

g′i(x, η) = Gi[gi(x, η), a(η), πa(η), {gj ̸=i(x, η)}, {fl(x, η)}, {πl(x, η)}] , (215c)

πa(η) = a′(η) , (215d)

π′
a(η) = Ka[a(η), E

ρ
Fl(η), E

p
Fl(η), EV (η), EK(η), EG(η)] , (215e)
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where primes represents the time derivative with respect to α-time. The drift Di defines the conjugate momentum
of the respective scalar or gauge field, whereas the so-called kernels Gi and Ki dictate the evolution and interaction
of the fluid and bosonic field constituents. The kernel of the scale factor Ka is given by the rhs of Eq. (19) and only
includes the volume averaged energy and pressure density components of the fluid, as well as the kinetic, gradient and
potential energy of the remaining fields, defined by [cf. Eq. (19) and Eqs. (22)]

Eρ
Fl ≡ a2α

〈
T 00
Fl

〉
, Ep

Fl ≡
1

3

〈
T

(3)
Fl

〉
, EK ≡

ϕ,Aµ,...∑
i

⟨Ki⟩ , EG ≡
ϕ,Aµ,...∑

i

⟨Gi⟩ , EV ≡ ⟨V0⟩ . (216)

We will see in section 7 that, by construction, the gravitational waves do not backreact onto the system, and therefore
do not affect the evolution of the scale factor. At any time step, the Hubble constraint [cf. Eq. (19)], as well as the
Gauss constraints [cf. Eqs. (17c) and (17d)] for the gauge fields, need to be satisfied, which requires appropriate spatial
discretization and time-integration schemes.

The kernels Ki and Gi of our system of Eqs. (215) depend on the conjugate momenta of the corresponding bosonic
fields and fluid variables. A natural option to evolve such systems of equation in time, is represented by non-symplectic
integrators, like the Runge–Kutta methods (see The Art I [1] for a detailed review). These schemes typically involve
intermediate sub-steps in time, and thus require additional auxiliary fields to store the necessary information at each
sub-step. In the following, we will discuss the so-called low–storage Runge–Kutta algorithms [297, 298], which are
methods that require a minimal number of auxiliary fields. Among other Runge-Kutta algorithms with the same
order of accuracy, these schemes represent, in fact, the most memory-efficient integrators.

We will see in section 7 that the gravitational waves are passive degrees of freedom. This allows us to either evolve
their EOM with the same Runge-Kutta scheme as the remaining variables, or with a symplectic evolution algorithm
up to second order in accuracy, with the time stepping appropriately synchronized to the Runge-Kutta scheme that
is used to evolve the other fields. This procedure provides the possibility to evolve the gravitational waves in a more
memory-efficient manner than with the Runge-Kutta method, since it requires no additional auxiliary fields, while the
accuracy is kept to O(δη2), which is typically sufficient for a wave-like equation [1,2] (see section 7 for a more detailed
discussion). In the following we will also discuss the Leapfrog method as an exemplary case of a symplectic integrator.

Runge–Kutta methods

We first discuss the low-storage Runge-Kutta schemes that can be used to solve the EOM of the scalar-gauge-fluid
system, together with the second Friedmann equation, as well as the gravitational wave equations. We assume that
the following initial conditions at some initial time η0 are given,

IC : {f (0)
i , π

(0)
i , g

(0)
i , a(0), π(0)

a } at η0 .

To evolve the system by one time step η → η + δη, we introduce s intermediate sub-steps. Each sub-step comes
with a pair of coefficients Ap and Bp, with p = 1, ..., s. With the help of the following set of auxiliary fields

{∆f
(p)
i ,∆πi,∆g

(p)
i ,∆a

(p)
i ,∆π

(p)
a } the Runge-Kutta scheme can be written as,

∆f
(p)
i = Ap∆f

(p−1)
i + δη π

(p−1)
i ,

∆π
(p)
i = Ap∆π

(p−1)
i + δηK(p−1)

i ,

∆g
(p)
i = Ap∆g

(p−1)
i + δη G(p−1)

i ,

∆a(p) = Ap∆a(p−1) + δη π
(p−1)
a ,

∆π
(p)
a = Ap∆π

(p−1)
a + δηK(p−1)

a ,

=⇒

f
(p)
i = f

(p−1)
i +Bp∆f

(p)
i

π
(p)
i = π

(p−1)
i +Bp∆π

(p)
i

g
(p)
i = g

(p−1)
i +Bp∆g

(p)
i

a(p) = a(p−1) +Bp∆a(p)

π
(p)
a = π

(p−1)
a +Bp∆π

(p)
a


p=1, ..., s

=⇒ (217)

=⇒



fi,+0 = f
(s)
i

πi,+0 = π
(s)
i

gi,+0 = g
(s)
i

a+0 = a(s)

πa,+0 = π
(s)
a


, (218)

where +0 refers to the advancement of the fields by one full time step, i.e., η → η+δη. A specific Runge-Kutta scheme
is completely characterized by the coefficients Ap, Bp, and the number of intermediate sub-steps s. For example, the
coefficients Ap = {0,−1} and Bp = {1, 1/2} characterize a second order scheme, which reproduces the fields at the
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next timestep with an error of O(δη2), and is known as the modified Euler method. For fluid dynamics, a frequently
used low-storage scheme, is the third order accurate Williamson scheme [297]. It has one auxiliary field per dof,
and is characterized by the coefficients Ap = {0,−5/9,−153/128} and Bp = {1/3, 15/16, 8/15}. The coefficients for
higher-order low-storage algorithms are provided, e.g., in [297,298].

Leapfrog method

As mentioned above the gravitational wave degrees of freedom can also be evolved with a symplectic evolution scheme,
while the fluid and bosonic degrees of freedom are evolved by a non-symplectic algorithm. In the following we present,
as an example algorithm, the Leapfrog method. For a broader overview on the topic of symplectic evolution algorithms
with a range of further examples, such as the Verlet schemes, we refer to section 3 and 2 of The Art I [1] and II [2]
respectively.

In the following, we distinguish between the field amplitude and conjugate momenta that are evolved by the
leapfrog method (e.g., the gravitational waves), labeled by hlm and (πh)lm, and the ones of the remaining fields, which
we continue to name fi and πi. Since these remaining fields and the fluid are evolved by the Runge-Kutta schemes,
the fi and gi, as well as πi live at integer times. In case of the Leapfrog algorithm the field amplitudes hlm and their
conjugate momenta (πh)lm are separated by a half time step. Thus, the gravitational waves can only be evolved with
the Leapfrog method if the two algorithms are synchronized correctly. We set the field amplitude hlm to live at integer
times and the conjugate momentum (πh)lm at semi-integer times, which we denote by the subscript +0/2. The initial

conditions to evolve the gravitational waves by one time step are: the field amplitudes hlm, f
(0)
i , g

(0)
i and the scale

factor a(0) at the initial time step η0 (where the latter three are the same initial conditions as for the Runge-Kutta
scheme that has been explained above), the conjugate momenta (πh)lm at minus half a time step η−0/2, as well as the
scale factor a+0 at the advanced time step η+0.

IC : {hlm, f
(0)
i , g

(0)
i , a(0)} at η0 , {(πh)lm,−0/2} at η−0/2 = η0 −

1

2
δη, and {a+0} at η+0 = η0 + δη .

By choosing the canonical momentum as (πh)lm ≡ aβ∂0hlm the Leapfrog scheme can then be written in the following
form,

(πh)lm,+0/2 = (πh)lm,−0/2 + δη Klm[hlm, f
(0)
i , g

(0)
i , a(0)] ,

a+0/2 = (a(0) + a+0)/2 ,

hlm,+0 = hlm + a−β
+0/2δη (πh)lm,+0/2 ,

(219)

where β = 3 − α for gravitational waves (see section 7 of this manuscript, or section 8 of The Art - II [2] for more
details).
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4 Lattice formulation of fluid dynamics

In this section we discuss the lattice formulation of the EOM of pure fluid dynamics in an expanding FLRW background,
as discussed in section 2.3, including first-order imperfect fluid effects (i.e., viscosity). In section 5 we will then discuss
the interactions with gauge or scalar fields. In the following, we will first introduce a set of so-called program variables
associated to the fluid variables. We then deal in section 4.1 with the conservation form, where the dynamical degrees
of freedom of the fluid sector are the components T̃ 00

pf and T̃ 0i
pf of the stress-energy tensor. In section 4.2 we consider

the non-conservation form, where we solve for the perfect fluid energy density ρ̃f and the velocity field ui. In both
cases we will assume that the fluid has a constant EOS. We will first present the case of a perfect fluid, as described
in section 2.3.1. Then, we turn to imperfect fluids that have been discussed in section 2.3.2, restricting our treatment
to the subrelativistic description of the viscous contributions. In all the cases, the lattice equations will be presented
using two different discretization procedures: the collocated and staggered formulations. Moreover, when describing
the perfect fluid EOM, we will, for clarity, explicitly show the convergence to the continuum of the lattice expressions.
All the discrete versions of the kernels will be presented with derivatives of generic order p accuracy, however, these
will always refer to the even order p = 2m lattice operators introduced in section 3.

Program variables

In the following we will work with rescaled dimensionless fluid and spacetime variables, which we refer to as the
program variables and label by a bar. We follow the same prescription as in The Art I [1] to rescale the spacetime
variables δxi and δη. Depending on whether we work in the conservation or non-conservation form, we have to rescale
the components of the stress-energy tensor Tµν

pf , or the energy density ρf and velocity field ui. In both cases we are
expressing the conformal fluid variables in terms of program variables, such that,

δη̄ ≡ ω∗δη = a−αω∗δt , δx̄i ≡ ω∗δx
i , and T̄µν

pf ≡
T̃µν
pf

T 4
∗

, or ρ̄ ≡ ρ̃f
T 4
∗

, ui = ui , (220)

where ω∗ and T∗ are two mass scales with dimension [ω∗] = [T∗] = +1. The values of α, ω∗, and T∗ are chosen such
that the dynamics of the system under consideration is represented well on the lattice (for a more in depth discussion,
see the box on pages 32/33 of The Art I [1]). Note that the velocity field ui does not require any rescaling, since it
is a dimensionless quantity. We will see in the following that, in the non-conservation form, we typically evolve the
logarithm of the fluid energy density ln ρ̄ as a dynamical variable. Moreover, both the pressure and the enthalpy will
be rescaled as p̄ = pf/T

4
∗ , w̄ = wf/T

4
∗ . From the rescaling of the spacetime variables, it follows that the derivatives

are rescaled as D̄µ ≡ Dµ/ω∗ and the Hubble parameter becomes H̄ ≡ H/ω∗.
The forcing terms that appear in the conservation equations and stem from the Hubble friction and the out-of-

equilibrium effects are rescaled accordingly,

F̄µ
H ≡

F̃µ
H

ω∗T 4
∗
, and F̄µ

ipf ≡
F̃µ

ipf

ω∗T 4
∗

. (221)

The deviatoric tensor δT̃µν that provides the imperfect fluid contributions has to be rescaled in the same way as Tµν
pf

and is given in terms of program variables by,

δT̄µν ≡ δT̃µν

T 4
∗

= 2 ν̄ w̄ σ̄µν + ξ̄ w̄ θ̄hµν , (222)

where the rescaled enthalpy w̄, the traceless rate-of-strain tensor σ̄µν , the rate-of-strain tensor S̄µν and its trace θ̄ are,

w̄ ≡ w̃f

T 4
∗

, σ̄µν ≡ σ̃µν

ω∗
, S̄µν ≡ S̃µν

ω∗
, and θ̄ ≡ θ̃

ω∗
. (223)

Consequently, the shear and bulk viscosity are rescaled as,

ν̄ ≡ ω∗ν̃ , and ξ̄ ≡ ω∗ξ̃ . (224)

From the above rescaling prescriptions it follows that the traces of the conformal stress energy tensor T̃pf ≡ gµν T̃
µν
pf

as well as the deviatoric stress tensor δT̃ ≡ gµνδT̃
µν are rescaled in the same fashion as the full tensors,

T̄pf =
T̃pf

T 4
∗
, and δT̄ =

δT̃

T 4
∗
. (225)
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4.1 Conservation form

In the conservation form the dynamics of the system is described by the energy and momentum conservation equations
of the fluid introduced in Eq. (32). The background expansion on the other hand is governed by the Friedmann
Eqs. (19), where we use the first one as a constraint equation and the second one to evolve the scale factor. The
degrees of freedom we are solving for are the rescaled conformal program variables T̄ 00

pf and T̄ 0i
pf , defined in Eq. (220),

as well as the scale factor a and its conjugate momentum b ≡ a′. The conservation equations together with the second
Friedmann equation can be brought into the following form of coupled first-order differential equations,

(T̄ 00
pf )

′ = G0[T̄ 00
pf , T̄

0i
pf , δT̄

µν , a, b] = G0
pf [T̄

0i
pf ] + F̄0

H[T̄pf , H̄] + F̄0
ipf [δT̄

µ0, δT̄ ,H] , (226a)

(T̄ 0i
pf )

′ = Gi[T̄ ij
pf , T̄

0i
pf , δT̄

µν , a, b] = Gi
pf [T̄

ij
pf ] + F̄ i

H[T̄ 0i
pf , H̄] + F̄ i

ipf [δT̄
µj , H̄] , (226b)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl] , (226c)

a′ = b . (226d)

where T̄pf = T̃pf/T
4
∗ and δT̄ = δT̃ /T 4

∗ , with T̃pf ≡ gµν T̃
µν
pf and δT̃ ≡ gµνδT̃

µν respectively being the perfect fluid and

deviatoric stress energy tensor traces, H̄ ≡ H/ω∗ = a′/a is the Hubble parameter in terms of program variables, and
primes denote derivatives with respect to α-time in program units. The above set of equations is written for a system
with self-consistent expansion, which means that the volume average of the fluid energy and pressure density, as given
in Eq. (216), source the evolution of the scale factor. In case the expansion of the background is sourced by other
sectors as well, the kernel Ka will depend on additional contributions. Of particular interest is the case of an external
background fluid with constant equation of state dictating the expansion of the Universe. In that case the evolution
of the scale factor is described by Eq. (23) and we do not need to explicitly evolve Eqs. (226c) and (226d).

The fluid kernels Gµ depend on the different components of the stress-energy tensor and on the choice of constant
equation of state ω [cf. Eq. (43)]. In the second equality we have split the total fluid kernels into core kernels Gµ

pf

associated to the perfect fluid, that do not depend on the Hubble parameter H (and fully describe, for α = 1, the
conformal dynamics of a pure radiation perfect fluid), and additional forces describing the Hubble friction F̄µ

H and the
viscous effects F̄µ

ipf . This separation allows us to discuss first the case of a perfect fluid in an expanding background,
and then add the imperfect fluid contributions. Moreover, in section 5 we will be able to discuss the fluid-gauge and
fluid-scalar interactions by just adding additional force terms. The fluid equations written as in Eqs. (226a) and (226b)
can in principle be solved by using non-symplectic integrators, an example of such algorithms being the Runge-Kutta
method, which we have discussed in section 3.4.

4.1.1 Perfect fluid

We first discuss the case of a perfect fluid, which corresponds to setting Fµ
ipf = 0 in Eqs. (226a) and (226b). The

discretized versions of the kernels of the energy and momentum conservation equations, as well as the Hubble friction
terms are given by [cf. Eqs. (38)]

G0
pf [T̄

0i
pf ] = −

∑
i

∇̄L
i T̄

0i
pf , Gi

pf [T̄
ij
pf ] = −

∑
j

∇̄L
j T̄

ij
pf , (227)

F̄0
H[T̄ 00

pf , H̄] =
(1− 3ω)

zL
H̄T̄ 00

pf , F̄ i
H[T̄ 0i

pf , H̄] = (α− 1)H̄T̄ 0i
pf (228)

where ∇̄L
j and zL denote the lattice versions of the derivative and the z-function introduced in Eq. (39), which have

different forms when using different discretization schemes. The purely spatial part of the stress-energy tensor T̄ ij
pf , as

well as zL can be expressed in terms of T̄ 00
pf and T̄ 0i

pf [cf. Eqs. (40) and (42)]

T̄ ij
pf =

(
zL

zL + ω

)
T̄ 0i
pf T̄

0j
pf

T̄ 00
pf

+ a2(α−1) ω

zL
T̄ 00
pf δij , (229)

zL =
1

2(1− [r2]L)

(
1− ω +

√
(1 + ω)2 − 4ω[r2]L

)
, (230)

where [r2]L denotes the lattice version of the ratio r2 ≡ a2(1−α)
∑

i(T̄
0i
pf /T̄

00
pf )

2 [cf. Eq. (41)]. The kernel of the scale
factor only depends on the volume averaged energy and pressure density of the perfect fluid itself, and is given by,

Ka[a, Ē
ρ
pf , Ē

ρ
pf ] =

1

3

(
T 2
∗

ω∗mp

)2

a2α+1

[
2α− 1

2
Ēρ

pf −
3

2
Ēp

pf

]
, (231)
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with the energy density and pressure contributions defined as

Ēρ
pf ≡

1

a4
〈
T̄ 00
pf

〉
and Ēp

pf ≡
1

3a2+2α

〈∑
i

T̄ ii
pf

〉
, (232)

where ⟨. . . ⟩ denotes a volume average over the whole lattice. When we evolve the above set of Eqs. (226a)–(226d),
the Hubble constraint, given by

b2 =
a2(α+1)

3

(
T 2
∗

ω∗mp

)2

Ēρ
pf , (233)

has to be preserved up to the accuracy of the chosen integrator.

Collocated formulation

In the collocated formulation the fluid variables T̄ 00
pf and T̄ 0i

pf (as well as T̄ ij
pf ) are assumed to live at lattice site n.

The discretized versions of the energy and momentum conservation equations are then obtained by replacing the con-

tinuum derivatives by the neutral derivative ∇̄(0,p)
i , introduced in Eqs. (195a)–(195c). The spatial-spatial part of the

stress-energy tensor T̄ ij
pf and zL are obtained by simply substituting the lattice field components T̄ 00

pf (n) and T̄ 0i
pf (n)

into Eqs. (229) and (230).

Energy conservation equation

The core kernel G0
pf and the Hubble friction term F̄0

H of the energy conservation equation are then,

G0
pf [T̄

0i
pf ] = −

∑
i

∇̄(0,p)
i T̄ i0

pf −→ −∂̄iT̄
i0
pf |x̄≡nδx̄ +O(δx̄p) , (234)

F̄0
H[T̄ i0

pf , H̄] =
(1− 3ω)

z
H̄T̄ 00

pf , (235)

where the z-function is obtained from Eq. (230) by simply replacing T̄ 00
pf and T̄ 0i

pf by their lattice counterparts. The
expressions on the rhs of the arrows indicate to which order the continuum expressions are recovered.

Momentum conservation equation

The core kernels Gi
pf and the Hubble friction term F̄ i

H of the momentum conservation equation are given by

Gi
pf [T̄

ij
pf ] = −

∑
j

∇̄(0,p)
j T̄ ji

pf −→ −∂̄j T̄
ji
pf |x̄≡nδx̄ +O(δx̄p) , (236)

F̄ i
H[T̄ 0i

pf , H̄] = (α− 1)H̄T̄ 0i
pf , (237)

where in Eq. (236) T̄ ij
pf has to be replaced with its expression in Eq. (229). Since we are applying the neutral derivatives

to order p, the terms including the spatial derivatives, ∂̄j T̄
jµ
pf , are recovered up to order O(δx̄p) in accuracy at lattice

site n.

Staggered formulation

In the staggered formulation, we follow a similar approach as for the discretization of gauge theories presented in
The Art I [1] and II [2], and we assume that scalar and vector fields live in different locations on the lattice. The
(scalar) temporal component of the stress-energy tensor T̄ 00

pf (n) lives at lattice sites, while the (vector) temporal-spatial

component T̄ 0i
pf (n + ı̂/2) lives in the middle of two lattice points. As a consequence, the spatial-spatial part of the

stress-energy tensor naturally lives in the middle of the plaquette, hence it is defined as T̄ ij
pf (n + ı̂/2 + ȷ̂/2). In the

staggered formulation a particular difficulty arises from the fact that one has to ensure that all terms appearing in the
same rhs of the EOM live at the same location on the lattice – at lattice site in the case of the energy conservation
equation and in between lattice sites in the case of the momentum conservation equation. This makes the discretized
kernels more involved in comparison to the collocated formulation. The advantage of this formulation, however, is that
we can use forward/backward derivatives in our discretization procedure, which (contrary to the neutral derivatives),
are sensitive to δx, i.e., the smallest resolvable distance on the lattice. Note that the consecutive application of
forward/backward derivatives, semi-sums and clover averages can typically be done in more than one way. Thus, the
discretization scheme of the fluid kernels we provide in the following is not the only possible realization.
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Energy conservation equation

The core kernel and the Hubble friction term F̄0
H of the energy conservation equation are discretized as follows,

G0
pf [T̄

0i
pf ] = −

∑
i

∇̄(−,p)
i T̄ 0i

pf −→ −∂̄iT̄
0i
pf |x̄≡nδx̄ +O(δx̄p) , (238)

F̄0
H[T̄ 0i

pf , H̄] =
(1− 3ω)

ze
H̄T̄ 00

pf −→ (1− 3ω)

z
H̄T̄00pf

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (239)

where ∇̄(−,p)
i denotes the backward derivative accurate to order p [see Eq. (199)]. The z-function ze ≡ z(r2e ) is

evaluated by just substituting the r2-ratio into Eq. (230). However, the T̄ 0i
pf components that appear in the r2-ratio

need to be shifted by a half lattice spacing,

r2e ≡ a2(1−α)
3∑

k=1

S(p)
−k [T̄

0k
pf T̄

0k
pf ]

[T̄ 00
pf ]

2
−→ a2(1−α)

3∑
k=1

[
T̄0kpf

T̄00pf

]2∣∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (240)

where S(p) denotes the semi-sum to order p [given in Eq. (210)] applied to the components T̄ 0k
pf .

Momentum conservation equation

The core kernel of the momentum conservation equation and the Hubble friction term F̄ i
H are discretized as follows,

Gi
pf [T̄

ij
pf ] = −

∑
j

∇̄(−,p)
j T̄ ij

pf −→ −∂̄j T̄
ij
pf

∣∣∣∣
x̄≡(n+ı̂/2)δx̄

+O(δx̄p) , (241)

F̄ i
H[T̄ 0i

pf ] = (α− 1)H̄T̄ 0i
pf −→ (α− 1)H̄T̄0ipf |x̄≡(n+ı̂/2)δx̄ , (242)

where, again, ∇̄(−,p)
j denotes the backward derivative to order p. The expression of T̄ ij

pf requires special care in the
staggered formulation and is discretized in the following way,

T̄ ij
pf = S(p)

i,j

[(
zm

zm + ω

) S(p)
−i [T̄

0i
pf ]S

(p)
−j [T̄

0j
pf ]

T̄ 00
pf

+ a2(α−1) ω

zm
T̄ 00
pf δij

]
−→ T̄

ij
pf |x̄≡(n+ı̂/2+ȷ̂/2)δx̄ +O(δx̄p) , (243)

such that T̄ ij
pf itself lives at n+ ı̂/2 + ȷ̂/2. The z-function, here defined as zm ≡ z(r2m), can be evaluated according to

Eq. (230). However, the r2-ratio requires the application of a semi-sum on the T̄ 0k
pf components,

r2m ≡ a2(1−α)
∑
k=1

S(p)
−k [T̄

0k
pf T̄

0k
pf ]

(T̄ 00
pf )

2
−→ r̄|x̄≡nδx̄ +O(δx̄p) . (244)

Pure radiation fluid in the subrelativistic limit

A case of particular interest represents a pure radiation perfect fluid in the subrelativistic limit, i.e., a fluid that has
constant equation of state ω = 1/3 and |u⃗p|2 ≪ 1. With the convenient choice of α = 1, the full kernels of the fluid
EOM then reduce to G0

pf and Gi
pf . The spatial-spatial part of the stress-energy tensor can be evaluated in the collocated

formulation by just substituting T̄ 00
pf , T̄

0i
pf into Eq. (45) and r2. In the staggered formulation the lattice expression for

T̄ ij
pf becomes,

T̄ ij
pf = S(p)

i,j

[
3

4

S(p)
−i [T̄

0i
pf ]S

(p)
−j [T̄

0j
pf ]

T̄ 00
pf

(
1 +

3

16
r2m

)
+ a2(α−1)T̄ 00

pf

(
1

3
− r2m

4

)
δij

]
, (245)

with r2m given by Eq. (244).

4.1.2 Imperfect fluids

In the conservation form imperfect fluid effects can be incorporated by simply adding the forces F̄ν
ipf to the perfect

fluid equations, such that we end up with the system of equations given by Eqs. (226a)–(226d). In the following we
will only focus on the case of imperfect fluids in the subrelativistic limit, since it allows us to describe the deviatoric
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stress tensor through Navier-Stokes viscosity. In the limit of small fluid velocities, i.e., |u⃗p|2 ≪ 1, and small bulk
viscosities compared to the Hubble parameter, i.e., a1−α ξ̄ H̄ = ξ H ≪ 1, the discretized imperfect fluid friction terms
become [cf. Eq. (79)],

F̄0
ipf ≃ 0 , (246)

F̄ i
ipf = a−2(1−α) (1 + ω)

∑
j

{
ν̄
T̄ 00
pf

z

[
∇̄j∇̄j

(
z

z + ω
r̄i

)]
L

+
(
1
3 ν̄ + ξ̄

) T̄ 00
pf

z

[
∇̄i∇̄j

(
z

z + ω
r̄j

)]
L

+ ν̄

[
∇̄i

(
z

z + ω
r̄j

)
∇̄j

(
T̄ 00
pf

z

)]
L

+ ν̄

[
∇̄j

(
z

z + ω
r̄i

)
∇̄j

(
T̄ 00
pf

z

)]
L

+
(
ξ̄ − 2

3 ν̄
) [

∇̄j

(
z

z + ω
r̄j

)
∇̄i

(
T̄ 00
pf

z

)]
L

}
, (247)

where the label ‘L’ denotes a discretized version of the respective object that has to be separately specified for each
discretization scheme. For convenience we have defined the ratio r̄i = a1−αT̄ 0i/T̄ 00. In the above equations we can see
that in the subrelativistic limit the imperfect fluid forces do not depend on time derivatives of the dynamical variables.
This circumstance allows us to solve the imperfect fluid equations in the form given by Eqs. (226a) and (226b) by
applying non-symplectic algorithms, as discussed in section 3.4.

In the following we discuss the discretization of F̄ i
ipf in the collocated and staggered formulations. The remaining

parts of the total fluid kernels, i.e., Gµ
pf and Fµ

H, are discretized in the same way as presented in section 4.1.1. The
scale factor kernel obtains additional contributions from the out-of-equilibrium effects as well. The evolution of the
scale factor is now dictated by,

Ka[a, Ē
ρ
Fl, Ē

ρ
Fl] =

1

3

(
T 2
∗

ω∗mp

)2

a2α+1

[
2α− 1

2
Ēρ

Fl −
3

2
Ēp

Fl

]
, (248)

with the total fluid energy density and pressure components given by

Ēρ
Fl ≡

1

a4
〈
T̄ 00
pf

〉
and Ēp

Fl ≡
1

3a2+2α

〈∑
i

(T̄ ii
pf − δT̄ ii)

〉
, (249)

where ⟨. . . ⟩ denotes a volume average over the entire lattice. In the subrelativistic limit δT̄ 00 ≃ 0, thus Ēρ
Fl does not

obtain any additional contribution.

Collocated formulation

In the collocated formulation, all field components live at lattice site n and the additional imperfect fluid forces F̄ i
ipf

are obtained by replacing the relevant dynamical variables with their lattice counterparts and the derivative operators
with neutral derivatives, such that,

F̄ i
ipf = a−2(1−α) (1 + ω)

[
ν̄
T̄ 00
pf

z
∆̄(p)

(
z

z + ω
r̄i

)
+
(
1
3 ν̄ + ξ̄

) T̄ 00
pf

z

∑
j

∆̄
(p)
ij

(
z

z + ω
r̄j

)

+ ν̄
∑
j

∇̄(0,p)
i

(
z

z + ω
r̄j

)
∇̄(0,p)

j

(
T̄ 00
pf

z

)
+ ν̄

∑
j

∇̄(0,p)
j

(
z

z + ω
r̄i

)
∇̄(0,p)

j

(
T̄ 00
pf

z

)

+
(
ξ̄ − 2

3 ν̄
)
∇̄(0,p)

i

(
T̄ 00
pf

z

)∑
j

∇̄(0,p)
j

(
z

z + ω
r̄j

)]
, (250)

where ∆̄(p) denotes the discrete Laplace operator to order p in accuracy introduced in Eq. (206), and ∆̄
(p)
ij represents

the bidiagonal scheme for cross derivatives introduced in Eq. (208). The 3D trace of the deviatoric stress tensor that
appears in the volume averaged pressure density is given by,

∑
i

δT̄ ii = 3 a2(α−1)ξ̄(1 + ω)
T̄ 00
pf

z

∑
i

[
∇̄(0,p)

i

z

z + ω
r̄i

]
, (251)

The z-function can be evaluated according to Eq. (230). The T̄ 00
pf and T̄ 0i

pf that appear in the r2-ratio, as well as rj
are just replaced by their lattice counterparts at lattice site n.
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Staggered formulation

In the staggered formulation T̄ 00
pf lives at lattice sites, while vectors, such as T̄ 0i

pf and F̄ i
ipf live in between lattice sites

at n+ ı̂/2. Thus, to incorporate the imperfect fluid contributions in the EOM [cf. Eqs. (226a) and (226b)] correctly,
we have to ensure that the different terms in each equation are evaluated at the same location on the lattice. In the
staggered formulation, the discretized versions of the imperfect fluid forces can be written as

F̄ i
ipf = a2(1−α) (1 + ω)

[
ν̄ S(p)

i

[
T̄ 00
pf

z
∆̄(p)

(
z

z + ω
r̄i

)]

+
(
1
3 ν̄ + ξ̄

) ∑
j

S(p)
i

[
T̄ 00
pf

z
∆̄

(p)
ij

(
z

z + ω
r̄j

)]

+ ν̄
∑
j

∇̄(+,p)
i

(
z

z + ω
r̄j

)
S(p)
i

[
∇̄(0,p)

j

(
T̄ 00
pf

z

)]
+ ν̄

∑
j

S(p)
i

[
∇̄(0,p)

j

(
z

z + ω
r̄i

)
∇̄(0,p)

j

(
T̄ 00
pf

z

)]

+
(
ξ̄ − 2

3 ν̄
)
∇̄(+,p)

i

(
T̄ 00
pf

z

)∑
j

S(p)
i

[
∇̄(0,p)

j

(
z

z + ω
r̄j

)]]
, (252)

where ∆̄(p) denotes the discrete Laplacian to order p in accuracy introduced in Eq. (206), and ∆̄
(p)
ij the bidiagonal

derivatives. The trace of the spatial part of the deviatoric stress tensor that appears in the volume averaged pressure
density is given by,

∑
i

δT̄ ii = 3 a2(α−1)ξ̄ (1 + ω)
T̄ 00
pf

z

∑
i

∇̄(0,p)
i

(
z

z + ω
r̄i

)
. (253)

In Eqs. (252) and (253), the z-function can be evaluated according to Eq. (230). However, the r2-ratio that appears
in it, as well as r̄j requires the application of a semi-sum on the T̄ 0k

pf components,

r2 ≡ a2(1−α)
3∑

k=1

S(p)
−k [T̄

0k
pf T̄

0k
pf ]

(T̄ 00
pf )

2
, and r̄k = a1−α

S(p)
−k [T̄

0k
pf ]

T̄ 00
pf

. (254)

4.2 Non-conservation form

In the non-conservation form the energy density and velocity field are the fundamental fluid variables. The dynamics
of the fluid system is then described by Eqs. (52a) and (52b) for the perfect fluid case, and Eqs. (76a) and (76b)
for imperfect fluids. The background expansion on the other hand is governed by the Friedmann equations. We use
Eq. (21b) to evolve the scale factor, whereas Eq. (21a) represents a constraint equation. The dynamical variables
we solve for are then the logarithm of the perfect fluid energy density ln ρ̄ and the velocity field ui, introduced in
Eq. (220), as well as the scale factor a and its conjugate momentum b ≡ a′. The above mentioned equations can be
brought into the following form of coupled first-order partial differential equations,

(ln ρ̄)′ = Gρ[ln ρ̄, ui, a, b] = Gpf
0 [ln ρ̄, ui] + GH

0 [u2, H̄] + Gipf
0 [ln ρ̄, ui,Fµ

ipf ] , (255a)

(ui)
′ = Gu

i [ln ρ̄, uj , a, b] = Gpf
i [ln ρ̄, uj ] + GH

i [ui, u
2, H̄] + Gipf

i [ln ρ̄, uj ,Fµ
ipf ] , (255b)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl] , (255c)

a′ = b , (255d)

where primes denote derivatives with respect to α-time in program units and H̄ ≡ a′/a. Similar to the fluid equations
in the conservation form, the above equations are written for a system with self-consistent expansion, where the volume
average of the fluid energy and pressure density given in Eq. (216) source the evolution of the scale factor. In case
other sources contribute to the expansion of the background as well, their volume averaged energy density components
would need to be added to the kernel Ka. We could also consider the scenario where the evolution of the scale factor is
driven by an external background fluid with constant equation of state. In this case, the evolution of the scale factor
is described by Eq. (23) and we do not need to explicitly solve for Eqs. (255c) and (255d).

The fluid kernels Gρ and Gu
i depend, in addition to the dynamical variables, also on the choice of constant equation

of state ω [cf. Eq. (43)]. In the second equalities of Eqs. (226a) and (226b), we have split the fluid kernels into a sum of

terms that can be associated with perfect fluid dynamics Gpf
0 and Gpf

i , terms that contain the Hubble parameter GH
µ ,

as well as the terms Gipf
µ that incorporate possible first-order imperfect fluid effects, as discussed in section 2.3.2. In

the case α = 1 any explicit dependence on the scale factor vanishes in the first two equations. Moreover, for ω = 1/3
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also the dependence on the Hubble parameter vanishes and we are left with Gpf
µ and Gipf

µ . The above set of first-order
differential equations can be solved with a non-symplectic integrator, such as the Runge-Kutta scheme introduced in
section 3.4. In the following, we will discuss different discretization procedures of the different terms. First, we discuss
the EOM for a perfect fluid in section 4.2.1 and then incorporate first-order imperfect fluid effects in the subrelativistic
limit in section 4.2.2.

4.2.1 Perfect fluid

We first discuss the case of a perfect fluid with self-consistent background expansion in the absence of out-of-equilibrium
effects, i.e., setting Gipf

µ = 0 and δTµν = 0 in Eqs. (255). From Eqs. (52a) and (52b), the discretized version of the
kernels for the perfect fluid energy density and velocity field are then,

Gpf
0 [ln ρ̄, ui, a] = − 1 + ω

1− ωa2(1−α)u2
L

3∑
j=1

∇̄L
j uj︸ ︷︷ ︸

(E.1)

− 1− ω

1− ωa2(1−α)u2
L

3∑
j=1

[
uj∇̄L

j ln ρ̄
]
L︸ ︷︷ ︸

(E.2)

, (256)

Gpf
i [ln ρ̄, uj , a] =

1− a2(1−α)u2
L

1− ωa2(1−α)u2
L︸ ︷︷ ︸

(M.0)

[
ω

3∑
j=1

∇̄L
j uj︸ ︷︷ ︸

(M.1)

+ω
1− ω

1 + ω

3∑
j=1

[
uj∇̄L

j ln ρ̄
]
L︸ ︷︷ ︸

(M.2)

]
ui −

3∑
j=1

[
uj∇̄L

j ui

]
L︸ ︷︷ ︸

(M.3)

− ω
1− a2(1−α)u2

L

1 + ω
a2(α−1)∇̄L

i ln ρ̄︸ ︷︷ ︸
(M.4)

, (257)

GH
0 [u2, H̄] =

1− 3ω

1− ωa2(1−α)u2
(1 + a2(1−α)u2

L)H̄︸ ︷︷ ︸
(H.1)

, (258)

GH
i [ui, u

2, H̄] =

[
1− a2(1−α)u2

L

1− ωa2(1−α)u2
L

(3ω − 1) + α− 1

]
H̄ui︸ ︷︷ ︸

(H.2)

, (259)

where the label ’L’ denotes some lattice representation of the respective object. In the following section we will specify
the discretization of these terms (E.1)–(E.2), (M.0)–(M.4) and (H.1)–(H.2), which can have different realizations in
the collocated and staggered formulations. The kernel of the scale factor a is given by,

Ka[a, Ē
ρ
pf , Ē

p
pf ] =

a2α+1

3

(
T 2
∗

ω∗mp

)2 [
2α− 1

2
Ēρ

pf −
3

2
Ēp

pf

]
, (260)

with the averaged energy density and pressure components

Ēρ
pf ≡

1

a4

〈(
1 + (1 + ω)γ2

La
2(1−α)u2

L

)
ρ̄L

〉
, and Ēp

pf ≡
1

3a2+2α

〈(
3ω + (1 + ω)γ2

La
2(1−α)u2

L

)
ρ̄L

〉
, (261)

where ⟨. . . ⟩ denotes a volume average over the whole lattice. When we evolve the above set of Eqs. (255a)–(255d),
the Hubble constraint, given by

b2 =
a2(α+1)

3

(
T 2
∗

ω∗mp

)2

Ēρ
pf , (262)

has to be preserved up to the accuracy of the chosen integrator.

Collocated formulation

In the collocated formulation all dynamical variables, i.e., energy density and velocity field, live at lattice site n.
Discretizing the different terms of the energy density equation kernel (256) yields,

(E.1) :
1 + ω

1− ωa2(1−α)u2

3∑
j=1

∇̄(0,p)
j uj −→ 1 + ω

1− ωa2(1−α)u2

3∑
j=1

∂̄juj

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (263a)

(E.2) :
1− ω

1− ωa2(1−α)u2

3∑
j=1

uj∇̄(0,p)
j ln ρ̄ −→ 1− ω

1− ωa2(1−α)u2

3∑
j=1

uj ∂̄j ln ρ̄

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (263b)
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while the discretized terms of the kernels of the momentum conservation equation (257) are given by,

(M.0) :
1− a2(1−α)u2

1− ωa2(1−α)u2
, (264a)

(M.1) :

3∑
j=1

∇̄(0,p)
j uj −→

3∑
j=1

∂̄juj

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (264b)

(M.2) :

3∑
j=1

uj∇̄(0,p)
j ln ρ̄ −→

3∑
j=1

uj ∂̄j ln ρ̄

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (264c)

(M.3) :

3∑
j=1

uj∇̄(0,p)
j ui −→

3∑
j=1

uj ∂̄jui

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (264d)

(M.4) :
1− a2(1−α)u2

1 + ω
a2(α−1)∇̄(0,p)

i ln ρ̄ −→ 1− a2(1−α)u2

1 + ω
a2(α−1)∂̄i ln ρ̄

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) . (264e)

where u2 =
∑

j ujuj . The expressions ∇̄(0,p)
j represent the neutral derivative to order p, as introduced in section 3.2.

The rhs of the arrows indicates to which order O(δx̄p) the continuum expressions are recovered when expanding around
lattice sites n. The lattice versions of the terms GH

0 and GH
i , stemming from the Hubble friction, are given by,

(H.1) :
1− 3ω

1− ωa2(1−α)u2
(1 + a2(1−α)u2)H̄ , (265a)

(H.2) :

[
1− a2(1−α)u2

1− ωa2(1−α)u2
(3ω − 1) + α− 1

]
H̄ui . (265b)

The volume averaged energy and pressure densities, given in Eq. (261), are obtained by simply replacing the expressions
of the fluid energy density and the fluid velocity field by their discrete counterparts at lattice site n.

Staggered formulation

In the staggered discretization procedure the fluid degrees of freedom are assumed to live in different locations on the
lattice. While the logarithm of the energy density ln ρ̄ lives at lattice site n, the velocity field ui lives in the middle of
two lattice points, at n+ ı̂/2. The different terms indicated above in the kernel Gρ may then be discretized as follows,

(E.1) :
1 + ω

1− ωa2(1−α)S(p)[u2]

3∑
j=1

∇̄(−,p)
j uj −→ 1 + ω

1− ωa2(1−α)u2

3∑
j=1

∂̄juj

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (266a)

(E.2) :
1− ω

1− ωa2(1−α)S(p)[u2]

3∑
j=1

S(p)
−j [uj ]∇̄(0,p)

j ln ρ̄ −→ 1− ω

1− ωa2(1−α)u2

3∑
j=1

uj ∂̄j ln ρ̄

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) ,

(266b)
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where we have defined S(p)[u2] ≡
∑

j S
(p)
−j [ujuj ].

¶ The different contributions to Gu
i on the other hand are given by,

(M.0) :
1− a2(1−α)S(p)

i [S(p)[u2]]

1− ωa2(1−α)S(p)
i [S(p)[u2]]

−→ 1− a2(1−α)u2

1− ωa2(1−α)u2

∣∣∣∣
x̄≡(n+ı̂/2)δx̄

+O(δx̄p) , (267a)

(M.1) :

3∑
j=1

S(p)
i [∇̄(−,p)

j uj ] −→
3∑

j=1

∂̄juj

∣∣∣∣
x̄≡(n+ı̂/2)δx̄

+O(δx̄p) , (267b)

(M.2) :

3∑
j=1

S(p)
i,−j [uj∇̄(+,p)

j ln ρ̄] −→
3∑

j=1

uj ∂̄j ln ρ̄

∣∣∣∣
x̄≡(n+ı̂/2)δx̄

+O(δx̄p) , (267c)

(M.3) :

3∑
j=1

S(p)
i,−j [uj ]∇̄(0,p)

j ui −→
3∑

j=1

uj ∂̄jui

∣∣∣∣
x̄≡(n+ı̂/2)δx̄

+O(δx̄p) , (267d)

(M.4) : ω
1− a2(1−α)S(p)

i [S(p)[u2]]

1 + ω
a2(α−1)∇̄(+,0)

i ln ρ̄

−→ ω
1− a2(1−α)u2

1 + ω
a2(α−1)∂̄i ln ρ̄

∣∣∣∣
x̄≡(n+ı̂/2)δx̄

+O(δx̄p) . (267e)

The discretized versions of the terms stemming from the Hubble friction are given by,

(H.1) :
1− 3ω

1− ωa2(1−α)S(p)[u2]
(1 + a2(1−α)S(p)[u2])H̄

−→ 1− 3ω

1− ωa2(1−α)u2
(1 + a2(1−α)u2)H̄

∣∣∣∣
x̄≡nδx̄

+O(δx̄p) , (268a)

(H.2) :

[
1− a2(1−α)S(p)

i [S(p)[u2]]

1− ωa2(1−α)S(p)
i [S(p)[u2]]

(3ω − 1) + α− 1

]
H̄ui

−→
[
1− a2(1−α)u2

1− ωa2(1−α)u2
(3ω − 1) + α− 1

]
H̄ui

∣∣∣∣
x̄≡(n+ı̂/2)δx̄

+O(δx̄p) . (268b)

In the expressions above we have used the neutral ∇̄(0,p)
j and charged derivatives ∇̄(±,p)

j to order p in accuracy,

introduced in section 3. The staggered formulation requires several semi-sums S(p)
i and clover averages S(p)

i,j to ensure
that all terms live at the required position on the lattice, such that we recover the continuum expressions to the desired
accuracy. On the rhs of the arrows we show to which order the continuum expressions are recovered when expanding
around the indicated location. The volume averaged energy and pressure densities that appear in the kernel of the
scale factor are discretized as follows,

Ēρ
pf ≡

1

a4

〈(
1 + (1 + ω)γ2a2(1−α)S(p)[u2]

)
ρ̄
〉

and Ēp
pf ≡

1

3a4

〈(
3ω + (1 + ω)γ2a2(1−α)S(p)[u2]

)
ρ̄
〉

, (269)

with the lattice version of the γ-factor being defined via,

γ2 =
1

1− a2(1−α)S(p)[u2]
. (270)

Subrelativistic limit

In the subrelativistic limit, i.e., when |u⃗p|2 ≪ 1, the kernels of the perfect fluid Gρ and Gu
i reduce to the simpler forms

given in Eqs. (54a) and (54b). In the collocated formulation we have,

Gρ[ln ρ̄, ui, H̄] =− (1 + ω)

3∑
j=1

∇̄(0,p)
j uj + (ω − 1)

3∑
j=1

uj∇̄(0,p)
j ln ρ̄+ (1− 3ω)H̄ , (271a)

Gu
i [ln ρ̄, uj , H̄] =−

3∑
j=1

uj∇̄(0,p)
j ui +

ω 3∑
j=1

∇̄(0,p)
j uj + ω

1− ω

1 + ω

3∑
j=1

uj∇̄(0,p)
j ln ρ̄

ui

− ω

1 + ω
a2(α−1)∇̄(0,p)

i ln ρ̄+ (3ω + α− 2)H̄ui , (271b)

¶Alternatively one could also discretize the expression by defining S(p)[u2] ≡
∑

j

(
S(p)
−j [uj ]

)2
.
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while in the staggered formulation we have,

Gρ[ln ρ̄, ui, H̄] =− (1 + ω)

3∑
j=1

∇̄(−,p)
j uj + (ω − 1)

3∑
j=1

S(p)
−j [uj∇̄(+,p)

j ln ρ̄] + (1− 3ω)H̄ , (272a)

Gu
i [ln ρ̄, uj , H̄] =−

3∑
j=1

S(p)
i,−j [uj ]∇̄(0,p)

j ui +

ω 3∑
j=1

S(p)
i [∇̄(−,p)

j uj ] + ω
1− ω

1 + ω

3∑
j=1

S(p)
i,−j [uj∇̄(+,p)

j ln ρ̄]

ui

− ω

1 + ω
a2(α−1)∇̄(+,p)

i ln ρ̄+ (3ω + α− 2)H̄ui . (272b)

In case of a relativistic fluid with ω = 1/3, the particular choice of α = 1 leads to conservation laws that have no
explicit dependence on the scale factor a and the Hubble parameter H̄.

4.2.2 Imperfect fluids

We now discuss how to discretize the fluid EOM when incorporating first-order imperfect fluid effects. In the non-
conservation form the fluid equations Eqs. (255a) and (255b) now hold additional contribution on the rhs, given by
Gµ
ipf . On the lattice these have the following form [cf. Eqs. (76a) and (76b)],

G0
ipf [ln ρ̄, ui,Fµ

ipf ] =
1

(1− ωa2(1−α)u2
L)ρ̄L

(1 + a2(1−α)u2
L)
[
F̄0

ipf

]
L
− 2 a2(1−α)

∑
j

[
ujF̄ j

ipf

]
L

 , (273a)

Gi
ipf [ln ρ̄, uj ,Fµ

ipf ] =
1− a2(1−α)u2

L

(1− wa2(1−α)u2
L)ρ̄L

2ωa2(1−α)

1 + ω

∑
j

[
ujF̄ j

ipf

]
L
−
[
F̄0

ipf

]
L

ui +
1− a2(1−α)u2

L

(1 + ω)ρ̄L

[
F̄ i

ipf

]
L
,

(273b)

where the label ‘L’ denotes some discretized version of the corresponding object. In the following we will specify
the lattice versions of the terms in Gµ

ipf for the collocated and staggered formulations, and will also discuss the

discretization of the imperfect fluid forces F i
ipf in the limit of subrelativistic velocity. The scale factor kernel obtains

additional contributions from the out-of-equilibrium effects as well. The evolution of the scale factor is always dictated
by,

Ka[a, Ē
ρ
Fl, Ē

ρ
Fl] =

1

3

(
T 2
∗

ω∗mp

)2

a2α+1

[
2α− 1

2
Ēρ

Fl −
3

2
Ēp

Fl

]
. (274)

However, the total fluid pressure component receives additional contributions from the deviatoric stress tensor [cf. Eq. (59)],
and we have

Ēρ
pf ≡ 1

a4

〈(
1 + (1 + ω)γ2

La
2(1−α)u2

L

)
ρ̄L

〉
, (275a)

Ēp
pf ≡ 1

3a2+2α

〈(
3ω + (1 + ω)γ2

La
2(1−α)u2

L

)
ρ̄L − a2(1−α)

∑
i

δT̄ ii
L

〉
. (275b)

In the expressions above ⟨. . . ⟩ again denotes a volume average over the whole lattice.

Collocated formulation

In the collocated formulation the field components ρ̄ and ui, as well as the friction terms F̄µ
ipf , live at lattice site n.

Thus, the friction terms that address the imperfect fluid contributions are just given by,

Gipf
0 [ln ρ̄, ui,Fµ

ipf ] =
1

(1− ωa2(1−α)u2)ρ̄

(1 + a2(1−α)u2)F̄0
ipf − 2 a2(1−α)

∑
j

ujF̄ j
ipf

 , (276a)

Gipf
i [ln ρ̄, uj ,Fµ

ipf ] =
1− a2(1−α)u2

(1− wa2(1−α)u2)ρ̄

2ωa2(1−α)

1 + ω

∑
j

ujF̄ j
ipf − F̄0

ipf

ui +
1− a2(1−α)u2

(1 + ω)ρ̄
F̄ i

ipf , (276b)
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where u2 =
∑

j ujuj . The trace of the spatial part of the deviatoric stress tensor gives an additional contribution to
the volume averaged pressure density. In the limit of subrelativistic velocities and small bulk viscosity, the discretized
version of the energy and pressure density are now given by

Ēρ
pf ≡ 1

a4

〈(
1 + (1 + ω)γ2a2(1−α)u2

)
ρ̄
〉

, (277a)

Ēp
pf ≡ 1

3a2+2α

〈(
3ω + (1 + ω)γ2a2(1−α)u2 + 3 a1−αξ̄(1 + ω)

∑
i

∇̄(0,p)
i ui

)
ρ̄

〉
, (277b)

with the lattice version of the gamma factor being,

γ2 =
1

1− a2(1−α)u2
. (278)

Staggered formulation

In the staggered formulation it is assumed that scalar fields, such as ρ̄ and F̄0
ipf , live at lattice site n, while vector

fields, such as ui and F̄ i
ipf , live in between lattice sites, at n+ ı̂/2. The discretized imperfect fluid kernel contributions

can then be written as,

Gipf
0 [ln ρ̄, ui,Fµ

ipf ] =
1

(1− ωa2(1−α)S(p)[u2])ρ̄

(1 + a2(1−α)S(p)[u2])F̄0
ipf − 2 a2(1−α)

∑
j

S(p)
−j [ujF̄ j

ipf ]

 , (279a)

Gipf
i [ln ρ̄, uj ,Fµ

ipf ] =S(p)
i

 1− a2(1−α)S(p)[u2]

(1− wa2(1−α)S(p)[u2])ρ̄

2ωa2(1−α)

1 + ω

∑
j

S(p)
−j [ujF̄ j

ipf ]− F̄0
ipf

ui

+ S(p)
i

[
1− a2(1−α)S(p)[u2]

(1 + ω)ρ̄

]
F̄ i

ipf , (279b)

where again we have defined S(p)[u2] ≡
∑

j S
(p)
−j [ujuj ] and the semi-sums S(p)

i that are applied have been introduced
in section 3.3. The trace of the spatial part of the deviatoric stress tensor gives again an additional contribution to
the volume averaged pressure density. In the limit of subrelativistic velocities and small bulk viscosity, we now have

Ēρ
pf ≡ 1

a4

〈(
1 + (1 + ω)γ2a2(1−α)S(p)[u2]

)
ρ̄
〉

, (280a)

Ēp
pf ≡ 1

3a2+2α

〈(
3ω + (1 + ω)γ2a2(1−α)S(p)[u2] + 3 a1−αξ̄(1 + ω)

∑
i

∇̄(−,p)
i ui

)
ρ̄

〉
, (280b)

with the lattice version of the gamma factor being,

γ2 =
1

1− a2(1−α)S(p)[u2]
. (281)

Subrelativistic limit

In the subrelativistic regime, where |u⃗2
p| ≪ 1, and considering small bulk viscosity compared to the Hubble time, i.e.

ξH = a1−αξ̃H ≪ 1, the imperfect fluid forces contributions appearing in Eqs. (279a) and (279b) are given, in the
collocated formulation, by the following expressions [cf. Eq. (79)]

lim
|u⃗p|2≪1,ξH≪1

F̄0
ipf =0 , (282a)

lim
|u⃗p|2≪1,ξH≪1

F̄ i
ipf = aα−1(1 + ω)ρ̄

(
ν̄ ∆̄(p)ui + ν̄

∑
j

(∇̄(0,p)
i uj + ∇̄(0,p)

j ui)
[
∇̄(0,p)

j ln ρ̄
]

+
(
1
3 ν̄ + ξ̄

) ∑
j

∆̄
(p)
ij uj +

(
ξ̄ − 2

3
ν̄

)[
∇̄(0,p)

i ln ρ̄
]∑

j

[
∇̄(0,p)

j uj

])
, (282b)

lim
|u⃗p|2≪1,ξH≪1

uiF̄ i
ipf =− aα−1(1 + ω)ρ̄

(
ν̄
∑
i,j

[
∇̄(0,p)

i uj

]2
+ ν̄

∑
i,j

∇̄(0,p)
i uj∇̄(0,p)

j ui

+
(
ξ̄ − 2

3 ν̄
) ∑

i

[
∇̄(0,p)

i ui

]2)
, (282c)
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where ∆̄
(p)
ij represents the bidiagonal scheme for cross derivatives introduced in Eq. (208), and the lattice expression

for the Laplacian ∆̄(p) has been introduced in Eqs. (206). Here, the rescaled program enthalpy is defined as w̄ ≡
ρ̄+ p̄ = (1+ω)ρ̄. In the staggered formulation the various contributions from the imperfect fluid forces are discretized
as follows,

lim
|u⃗p|2≪1,ξH≪1

F̄0
ipf =0 , (283a)

lim
|u⃗p|2≪1,ξH≪1

F̄ i
ipf = aα−1(1 + ω)S(p)

i [ρ̄]

(
ν̄ ∆̄(p)ui + ν̄

∑
j

S(p)
−j [∇̄

(+,p)
i uj + ∇̄(+,p)

j ui]S(p)
i [∇̄(0,p)

j ln ρ̄]

+
(
1
3 ν̄ + ξ̄

)
∇̄(+,p)

i

∑
j

∇̄(−,p)
j uj +

(
ξ̄ − 2

3
ν̄

)
[∇̄(+,p)

i ln ρ̄]
∑
j

S(p)
i [∇̄(−,p)

j uj ]

)
, (283b)

lim
|u⃗p|2≪1,ξH≪1

uiF̄ i
ipf =− aα−1(1 + ω)ρ̄

(
ν̄
∑
i,j

S(p)
−i,−j [(∇̄

(+,p)
i uj)

2] + ν̄
∑
i,j

S(p)
−i,−j [[∇̄

(+,p)
i uj ][∇̄(+,p)

j ui]]

+
(
ξ̄ − 2

3 ν̄
) ∑

i

(∇̄(−,p)
i ui)

2

)
. (283c)
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5 Fluid dynamics with bosonic interactions on the lattice

In this section we turn to the case of relativistic fluid dynamics with interactions to IR bosonic degrees of freedom
on the lattice. We begin the discussion in section 5.1 with fluid-gauge field dynamics, and then turn to scalar-fluid
dynamics in section 5.2. The corresponding equations in the continuum have been presented in section 2.4. Here we
focus on the lattice formulations of such systems of equations. All the discrete versions of the kernels will be presented
with derivatives of generic order p accuracy, however, these will always refer to the even order p = 2m lattice operators
introduced in section 3.

Program variables

In the previous section we have already introduced so-called dimensionless program variables, which we have used to
express the discretized versions of the relevant EOM. Besides the spacetime and fluid program variables introduced
in Eqs. (220)–(225), we now have additional field variables that belong to the bosonic field sectors. We follow a
similar prescription as in The Art I [1] and II [2], such that the program variables associated to the scalar field ϕ,
the temperature T , as well as the U(1) gauge field Aµ and the field strength tensor Fµν become,

ϕ̄ ≡ ϕ

f∗
, T̄ ≡ T̃

T∗
, Āµ ≡ Aµ

ω∗
, and F̄µν ≡ Fµν

ω2
∗

, (284)

where the values of the three mass scales T∗, f∗, and ω∗ (which all have dimensions [T∗] = [f∗] = [ω∗] = +1) can be
chosen such that the physics of the processes under consideration is well captured within the numerical simulation. The
current Jµ

Fl, the source term Ωϕ and the Lorentz and fluid-scalar forces Fµ
U(1) and Fµ

ϕ stemming from the fluid-gauge

and fluid-scalar interactions are given, in terms of program variables, by

J̄µ
Fl ≡

ω∗

T 4
∗
J̃µ
Fl , Ω̄ϕ ≡ f∗

T 4
∗
Ω̃ϕ , F̄µ

U(1) ≡
F̃µ

U(1)

ω∗T 4
∗
, and F̄µ

ϕ ≡
F̃µ

ϕ

ω∗T 4
∗

, (285)

such that the relations F̄ν
U(1) = a1−αJ̄µ

FlF̄
ν
µ and F̄0

ϕ = Ω̄ϕ∂̄0ϕ̄, F̄ i
ϕ = a2(α−1)Ω̄ϕ∂̄iϕ̄ also hold [cf. Eq. (128)]. The fluid

and gauge sectors are coupled to each other through Ohm’s law, which was introduced in Eq. (87). In terms of rescaled
program variables it reads,

J̄µ
Fl = a3+α

( ρ̄e
a3

Uµ +
σ̄f

a
F̄µνUν

)
, (286)

where the rescaled electrical charge density ρ̄e and conductivity σ̄f are now defined as,

ρ̄e ≡
(
ω∗

T∗

)4
ρ̃e
ω3
∗
, and σ̄f ≡

(
ω∗

T∗

)3
σ̃f

T∗
. (287)

Note that we will occasionally use the diffusivity η̃diff instead of the conductivity as a parameter in the EOM. Its
associated program variable is defined as η̄diff ≡ 1/σ̄f . The scalar-fluid interaction term is rescaled as follows,

Ω̄ϕ =
∂p̄

∂ϕ̄
− δ̄ϕ , with δ̄ϕ = η̄ϕU

µ∂̄µϕ̄ , (288)

where,

δ̄ϕ ≡ f∗
T∗

δ̃ϕ
T 3
∗
, and η̄ϕ ≡

(
f∗ω∗

T 2
∗

)2
ηϕ
ω∗

, (289)

such that the rescaled scalar damping term in the limit of large amounts of collisions can be identified as η̄ϕ = Āϕ̄2/T̄
with Ā ≡ (f4

∗ω∗/T
5
∗ )A [cf. Eq. (133)]. Moreover, from the scalar field interactions with a fluid an effective scalar

potential Ṽeff ≡ −p̃rad + Ṽ0(ϕ) + ṼT (ϕ, T ) emerges [cf. Eq. (113)], which is also rescaled as

V̄eff(ϕ̄, T̄ ) ≡
Ṽeff(ϕ, T̃ )

T 4
∗

∣∣∣∣∣
ϕ=f∗ϕ̄, T̃=T∗T̄

, and V̄T (ϕ̄, T̄ ) ≡
ṼT (ϕ, T̃ )

T 4
∗

∣∣∣∣∣
ϕ=f∗ϕ̄, T̃=T∗T̄

. (290)

In the fluid-scalar system case, since the scalar kinetic term is rescaled as f2
∗ω

2
∗ a typical convenient choice is T 4

∗ = f2
∗ω

2
∗,

such that all terms in the energy momentum tensor have the same rescaling.
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5.1 Fluid-gauge dynamics on the lattice

We first turn to the case of relativistic fluid-gauge dynamics on the lattice. We will treat the gauge sector in the
non-compact formulation, i.e., we will solve Eq. (17a) explicitly for the gauge field Aµ (see, e.g., [1] for a detailed
discussion on the alternative compact formulation). In section 5.1.1 we will deal with the conservation form, which
we have discussed for the case of a perfect fluid in section 4.1. Then we will turn to the non-conservation form
in section 5.1.2, which we have already discussed for the perfect fluid case in section 4.2. We will cover different
discretization procedures, including the so-called collocated, semi-collocated and staggered formulations. Throughout
this section we will work in the temporal gauge, i.e., we set Ā0 = 0. For simplicity, we will discuss the gauge-fluid
interaction in the absence of any imperfect fluid contributions. However, they can be added, when needed, following
the discretization techniques outlined in section 4.

5.1.1 Conservation form

In the conservation form the set of equations that describe the fluid-gauge system with self-consistent expansion of the
Universe are given, in the continuum, by Eqs. (92) and (84) for the fluid-gauge degrees of freedom and by Eqs. (21)
for the evolution of the background. The interaction between the fluid and the gauge field is described through Ohm’s
law [cf. Eq. (87) in terms of physical, and Eq. (286) in terms of program variables], as we have seen in section 2.4.1.
The degrees of freedom we solve for are, the components of the stress-energy tensor T̄ 00

pf and T̄ 0i
pf , the gauge field Āi

and the scale factor a, together with the conjugate momenta π̄A
i ≡ a1−αF̄0i and b ≡ a′. This choice of the gauge field

conjugate momentum, allows us to write the EOM as the following set of coupled first-order differential equations,

π̄A
i = a1−αF̄0i , (291a)

(π̄A
i )

′ = KA
i [Āj , π̄

A
i , T̄

00
pf , T̄

0j
pf , a] , (291b)

(T̄ 00
pf )

′ = GT
0 [T̄

00
pf , T̄

0i
pf , Āi, π̄

A
i , a, b] = G0

pf [T̄
0i
pf ] + F̄0

H[T̄pf , H̄] + F̄0
A[T̄

00
pf , T̄

0i
pf , Āi, π̄

A
i , a] , (291c)

(T̄ 0i
pf )

′ = GT
i [T̄

ij
pf , T̄

0i
pf , Āj , π̄

A
j , a, b] = Gi

pf [T̄
ij
pf ] + F̄ i

H[T̄ 0i
pf , H̄] + F̄ i

A[T̄
00
pf , T̄

0j
pf , Āj , π̄

A
j , a] , (291d)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

A
K , ĒA

G ] , (291e)

b = a′ , (291f)

where H̄ ≡ b/a and primes denote derivatives with respect to α-time in program units. In the following we consider a
constant EOS ω, such that the value of T̄ ij

pf can be directly reconstructed from the dynamical variables T̄ 00
pf and T̄ 0i

pf ,

by using Eq. (229). The discretization of the core kernels Gµ
pf , as well as the Hubble friction F̄µ

H , have been discussed

in section 4. The new fluid-gauge interaction term F̄µ
A ≡ J̄ν F̄µ

ν has been introduced in the continuum in Eq. (10).
The discretized versions of the gauge field kernel and the new terms F̄µ

A are [cf. Eqs. (89b) and Eqs. (90)],

KA
i [Āj , π̄

A
i , r̄j , a] = aα−1

∑
j

∇̄L
j F̄

L
ji + a−2J̄Fl

i = aα−1
∑
j

∇̄L
j F̄

L
ji

+ aα−1

(
T∗

ω∗

)4√
zL + ω

ω + 1

 zL
zL + ω

ρ̄e[r̄i]L + σ̄f

(
zL

zL + ω

∑
j

[F̄ij r̄j ]L − σ̄f [π̄
A
i ]L

) , (292)

F̄0
A[r̄i, Āi, π̄

A
i , a] = aα−1ρ̄e

√
zL + ω

ω + 1

zL
zL + ω

∑
j

[π̄A
j r̄j ]L

+ aα−1σ̄f

√
zL + ω

ω + 1

(
zL

zL + ω

∑
j,k

[π̄A
j F̄jkr̄k]L −

∑
j

[π̄A
j ]

2
L

)
, (293)

F̄ i
A[r̄j , Āj , π̄

A
j , a] = a2(α−1)ρ̄e

√
zL + ω

ω + 1

 zL
zL + ω

∑
j

[F̄ij r̄j ]L − [π̄A
i ]L


+ a2(α−1)σ̄f

√
zL + ω

ω + 1

∑
j,k

[
zL

zL + ω
[F̄ijF̄jkr̄k]L +

zL
zL + ω

[π̄A
i π̄

A
j r̄j ]L − [F̄ij π̄

A
j ]L

]
, (294)

where we have defined for convenience the ratio r̄i ≡ a1−αT̄ 0i
pf /T̄

00
pf . In the second equality we have directly introduced

Ohm’s law [cf. Eq. (286)], written F̄0i in terms of the gauge field conjugate momentum π̄A
i , and expressed the velocity

field through Eq. (39). The label ‘L’, such as in [π̄A
i ]L, r̄

L
i , zL, and F̄L

µν ≡ ∇̄L
µĀν − ∇̄L

ν Āµ denotes the lattice version
of the corresponding quantity. These terms may have different realizations in different discretization schemes.
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The kernel of the scale factor holds, besides the energy density and pressure of the fluid, additional contributions
from the kinetic and gradient energy density of the gauge field and is given by,

Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

A
K , ĒA

G ] =
a2α+1

3

(
T 2
∗

ω∗mp

)2 [
2α− 1

2
Ēρ

Fl −
3

2
Ēp

Fl + (α− 1)(ĒA
K + ĒA

G)

]
. (295)

The volume averaged fluid energy Ēρ
Fl and pressure Ēp

Fl density contributions have been introduced in Eq. (216). On
the other hand, the lattice expressions of the volume averaged kinetic and gradient energy density associated to the
gauge field are given, in terms of program variables, by

Ēρ
Fl ≡

1

a4
〈
T̄ 00
pf

〉
, ĒA

K =
1

2a4
ω4
∗

T 4
∗

3∑
i

〈
(π̄A)

2
i

〉
(296)

Ēp
Fl ≡

1

3a2+2α

〈∑
i

T̄ ii
pf

〉
, ĒA

G =
1

2a4
ω4
∗

T 4
∗

∑
i,j<i

〈(
∇̄L

i Aj − ∇̄L
i Aj

)2〉
(297)

where ⟨. . . ⟩ denotes a volume average over the whole lattice. The lattice derivative ∇̄L
i in the expression for the

gradient energy density ĒA
G needs to be replaced by the neutral derivative ∇̄(0,p)

i in case we work in the collocated

formulation or by the forward derivative ∇̄(+,p)
i if we work in the semi-collocated or staggered formulation, in which

the gauge field lives in between lattice sites.
For the case of the fluid-gauge field system the Hubble and Gauss [cf. Eq. (84)] constraints are given by,

b2 =
1

3

(
T 2
∗

ω∗mp

)2

a2(α+1)
(
Ēρ

Fl + ĒA
K + ĒA

G

)
, (298)

∑
j

∇̄L
j π̄

A
j = −

(
T∗

ω∗

)4√
zL + ω

ω + 1

ρ̄e − σ̄f
zL

zL + ω

∑
j

[π̄A
j r̄j ]L

 . (299)

In the following we present the discretized kernels of the gauge field in the non-compact formulation, as well as the
force terms F̄0

A and F̄ i
A, for the collocated, semi-collocated and staggered formulations. The fluid kernels Gµ, as well as

F̄µ
H that have been introduced in the previous section remain unchanged. We use Eqs. (234)–(237) for the collocated

and semi-collocated discretization scheme, and Eqs. (238)–(244) for the staggered formulation.

All-collocated implementation

In the all-collocated implementation we assume that all fluid variables (i.e. T̄ 00
pf and T̄ 0i

pf ), as well as the gauge field
and the corresponding conjugate momentum live at lattice sites n. The discretized version of the gauge field kernel
and the force terms are then,

KA
i = aα−1

∑
j

∇̄(0,p)
j (∇̄(0,p)

j Āi − ∇̄(0,p)
i Āj)

+ aα−1

(
T∗

ω∗

)4√
z + ω

ω + 1

ρ̄e z

z + ω
r̄i + σ̄f

(
z

z + ω

∑
j

(∇̄(0,p)
i Āj − ∇̄(0,p)

j Āi)r̄j − π̄A
i

) , (300)

F̄0
A = aα−1ρ̄e

√
z + ω

ω + 1

z

z + ω

∑
j

π̄A
j rj

+ aα−1σ̄f

√
z + ω

ω + 1

 z

z + ω

∑
j,k

(∇̄(0,p)
j Āk − ∇̄(0,p)

k Āj)π̄
A
j rk −

∑
j

(π̄A
j )

2

 , (301)

F̄ i
A = a2α−2ρ̄e

√
z + ω

ω + 1

 z

z + ω

∑
j

(∇̄(0,p)
i Āj − ∇̄(0,p)

j Āi)r̄j − π̄A
i


+ a2α−2σ̄f

√
z + ω

ω + 1

z

z + ω

∑
j,k

[
(∇̄(0,p)

i Āj − ∇̄(0,p)
j Āi)(∇̄(0,p)

j Āk − ∇̄(0,p)
k Āj)rk

]

+ a2α−2σ̄f

√
z + ω

ω + 1

∑
j

[
z

z + ω
π̄A
i π̄

A
j r̄j − (∇̄(0,p)

i Āj − ∇̄(0,p)
j Āi)π̄

A
j

]
, (302)
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and the Gauss law is discretized as,

∑
j

∇̄(0,p)
j π̄A

j = −
(
T∗

ω∗

)4√
z + ω

ω + 1

ρ̄e − σ̄f
z

z + ω

∑
j

π̄A
j r̄j

 . (303)

Here ∇̄(0,p)
j represents the neutral derivative introduced in Eqs. (195). The discretized version of the z-function

[cf. Eq. (230)] is a function of the ratio r̄2 ≡ a2(1−α)
∑

i(T̄
0i
pf /T̄

00
pf )

2.

Semi-collocated implementation

In the semi-collocated formulation we assume that the gauge field and its conjugate momentum live in between lattice
sites, as Āi(n+ ı̂/2) and π̄A

i (n+ ı̂/2), while the components of the stress-energy tensor live at lattice sites, as T̄ 0µ(n).
The discretized versions of the gauge field kernel and the force terms are then,

KA
i = aα−1

∑
j

∇̄(−,p)
j (∇̄(+,p)

j Āi − ∇̄(+,p)
i Āj) + aα−1
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ω∗

)4

ρ̄e

√
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ω + 1

z(+i)
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r̄i,+i
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ω∗
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σ̄f
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∑
j

S(p)
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(+,p)
i Āj − ∇̄(+,p)

j Āi]r̄j,+i − π̄A
i

 , (304)

F̄0
A = aα−1ρ̄e

√
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∑
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z + ω
S(p)
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A
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]
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A
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A
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2

 , (305)

F̄ i
A = a2α−2ρ̄e

√
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(p)
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]
, (306)

and the Gauss law is given by,

∑
j

∇̄(−,p)
j π̄A

j = −
(
T∗

ω∗

)4√
z + ω

ω + 1

ρ̄e − σ̄f
z

z + ω

∑
j

r̄jS(p)
−j [π̄

A
j ]

 . (307)

The continuum derivative operators are replaced by ∇(±,p)
j , which represent forward (+) and backward (−) derivatives

that have been introduced in Eqs. (198). The function z ≡ z(r̄2), defined in Eq. (230), is obtained by replacing T̄ 00
pf

and T̄ 0i
pf inside the r2-ratio by their lattice version at lattice site n. Moreover, we have introduced the two displaced

ratios r̄j,+i and r̄2+i (which appears in z(+i) ≡ z(r2+i)), that are defined as,

r̄2+i ≡ a2(1−α)S(p)
i

[∑3
j=1 T̄

0j T̄ 0j

[T̄ 00]2

]
, and r̄j,+i ≡ a1−αS(p)

i

[
T̄ 0j

T̄ 00

]
. (308)

Staggered implementation

In the staggered formulation we assume that all vectors, i.e. Āi, π̄
A
i and T̄ 0i, live in between lattice sites, i.e., at

n+ ı̂/2, while the scalar components as T̄ 00, live at lattice sites n. The discretized versions of the gauge field kernel
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and the force terms are then,

KA
i = aα−1

∑
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∇̄(−,p)
j (∇̄(+,p)
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 , (309)

F̄0
A = aα−1ρ̄e

√
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ω + 1
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z + ω
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A
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2

 , (310)

F̄ i
A = a2α−2ρ̄e
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]
, (311)

and the Gauss law is given by,

∑
j

∇̄(−,p)
j π̄A

j = −
(
T∗

ω∗

)4√
z + ω

ω + 1

ρ̄e − σ̄f
z

z + ω

∑
j

S(p)
−j [π̄

A
j ]r̄

(0)
j

 . (312)

Again, here ∇(±,p)
j represents the forward (+) and backward (−) derivatives that have been introduced in Eqs. (198).

The r2-ratio that appears inside the function z ≡ z(r̄2) [defined in Eq. (230)], as well as the ration r̄j are given by,

r̄2 = a2(1−α)

∑3
j=1 S

(p)
−j [T̄

0j T̄ 0j ]

[T̄ 00]2
, and r̄j = a1−α

S(p)
−j [T̄

j0]

T̄ 00
, (313)

where T̄ 00
pf and T̄ 0i

pf inside the ratios are replaced by their lattice version at lattice site n. Moreover, we have introduced

the two displaced ratios r̄j,+i and r̄2+i (which appears in z(+i) ≡ z(r2+i)), that are defined as,

r̄j,+i = a1−αS(p)
i

[
S(p)
−j [T̄

0j ]

T̄ 00

]
, and r̄2+i = r̄2i = a2(1−α)S(p)

i

[∑3
j=1 S

(p)
−j [T̄

0j T̄ 0j ]

[T̄ 00]2

]
. (314)

5.1.2 Non-conservation form

In the non-conservation form the fluid equations are expressed in terms of the rescaled primitive variables ρ̄ and ui

[cf. Eq. (220)]. The dynamics of the system is governed by the Maxwell equation [cf. Eq. (17a)], the energy density and
velocity field equations [cf. Eqs. (52a) and (52b)], and the second Friedmann equation as introduced in Eq. (21). With
the dynamical variables being the gauge field Āi, its conjugate momentum π̄A, the logarithm of the energy density ln ρ̄
the velocity field ui, as well as the scale factor a and its conjugate momentum b = a′, we can bring the corresponding
EOM into the following set of first-order partial differential equations,

π̄A
i = a1−αF0i (315a)

(π̄A
i )

′ = KA
i [Āj , π̄

A
i , uj , a, b] (315b)

(ln ρ̄)′ = Gρ[ln ρ̄, ui, Āi, π̄
A
i , a, b] = Gpf

0 [ln ρ̄, ui] + GH
0 [ln ρ̄, ui, H̄] + GA

0 [ln ρ̄, ui,Fµ
A] , (315c)

(ui)
′ = Gu

i [ln ρ̄, uj , Āj , π̄
A
j , a, b] = Gpf

i [ln ρ̄, uj ] + GH
i [ln ρ̄, ui, H̄] + GA

i [ln ρ̄, uj ,Fµ
A] , (315d)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

A
K , ĒA

G ] , (315e)

b = a′ , (315f)
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where H̄ ≡ a′/a and primes denote derivatives with respect to α-time in program units. The core kernels Gpf
0 and Gpf

i ,
as well as the terms GH

µ that explicitly depend on the Hubble parameter have been introduced in the previous section

in Eqs. (256)–(259). The gauge field kernel KA
i , as well as the additional contributions GA

0 and GA
i to the fluid kernels,

are given by,

KA
i [Āj , π̄

A
i , uj , a] = aα−1

∑
j

∇̄L
j F̄

L
ji + a−2J̄A

i
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L
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)4
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[F̄ijuj ]L − aα−1σ̄f [π̄
A
i ]L

 , (316)

GA
0 [ρ̄, uj ,Fµ

A] =
1

(1− ωa2(1−α)u2
L)ρ̄L
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]
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∑
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ujF̄ j

A

]
L

 , (317)

GA
i [ρ̄, ui,Fµ

A] =
1− a2(1−α)u2

L

(1− wa2(1−α)u2
L)ρ̄L

 2ω

1 + ω
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[ujF̄ j
Aui]L − [F̄0

Aui]L

+
1− a2(1−α)u2

L

(1 + ω)ρ̄L
[F̄ i

A]L , (318)

with the force terms being,

F̄0
A = γLρ̄e

∑
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[π̄A
j uj ]L + γLσ̄f

∑
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[π̄A
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2
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 , (319)

F̄ i
A = aα−1γL

[
ρ̄e

(∑
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i ]L
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+ σ̄f
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[uj π̄
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[F̄ij π̄
A
j ]L

)]
, (320)

where the label ‘L’ denotes some lattice version of the corresponding expressions, which we will specify for the
collocated, semi-collocated and staggered formulation in the following sections. Note that we have directly substituted
Ohm’s law [cf. Eq. (87)] for the current J̄Fl

µ in the gauge field kernel. The background expansion is sourced by both
the gauge field and the fluid, thus the kernel of the scale factor holds contributions from the fluid as well as from the
kinetic and gradient energy density of the gauge field,

Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

A
K , ĒA

G ] =
a2α+1

3

(
T 2
∗

ω∗mp
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2
Ēρ

Fl −
3

2
Ēp

Fl + (α− 1)(ĒA
K + ĒA

G)

]
. (321)

The volume averaged energy Ēρ
Fl and pressure Ēp

Fl density of the fluid, as well as the averaged kinetic and gradient
energy density of the gauge field, in terms of program variables, are given by,

Ēρ
Fl ≡

1

a4

〈(
1 + (1 + ω)γ2

La
2(1−α)u2

L

)
ρ̄L

〉
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〉
, (322)

Ēp
Fl ≡

1

3a2+2α

〈(
3ω + (1 + ω)γ2

La
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〉
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G =
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T 4
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〈(
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i Aj − ∇̄L
i Aj

)2〉
, (323)

where ⟨. . . ⟩ denotes a volume average over the whole lattice. The lattice derivative ∇̄L
i in the expression for the

gradient energy density ĒA
G needs to be replaced by the neutral derivative ∇̄(0,p)

i in the case where we work in the

collocated formulation or by the forward derivative ∇̄(+,p)
i if we work in the semi-collocated or staggered formulation.

For the fluid-gauge system the Hubble constraint and the Gauss law are,

b2 =
1

3

(
T 2
∗

ω∗mp

)2

a2(α+1)
(
Ēρ

Fl + ĒA
K + ĒA

G

)
, (324)

∑
j

∇̄L
j π̄

A
j = −γL

(
T∗

ω∗

)4
ρ̄e − σ̄fa

1−α
∑
j

[uj π̄
A
j ]L

 . (325)

In the following we present the discretized kernels of the gauge field in the non-compact formulation, as well as the
forces F̄0

A and F̄ i
A, in the collocated, semi-collocated, and staggered formulations. The fluid kernels Gpf

0 and Gpf
i , as

well as F̄µ
H remain unchanged with respect to the ones we have introduced in section 4. We use Eqs. (263a)–(265b)

for the collocated and semi-collocated discretization scheme, and Eqs. (266a)–(268b) for the staggered formulation.
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All-collocated implementation

In the all-collocated formulation we assume that all fluid components, as well as the gauge field, live at lattice sites n.
The discretized version of the gauge field kernel and of the additional contributions to the fluid kernels are then,
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∑
j

∇̄(0,p)
j (∇̄(0,p)
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) , (326)
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∑
j

ujF̄ j
A

 , (327)

GA
i [ρ̄, ui,Fµ

A] =
1− a2(1−α)u2

(1− wa2(1−α)u2)ρ̄

 2ω

1 + ω
a2(1−α)

∑
j

ujF̄ j
Aui − F̄0

Aui

+
1− a2−2αu2

(1 + ω)ρ̄
F̄ i

A , (328)

where the squared modulus of the velocity field is just defined by u2 =
∑

i uiui. The discretized versions of the two
force terms are given by,

F̄0
A = γ

ρ̄e∑
j

π̄A
j uj + σ̄f

[∑
j,k

π̄A
j (∇̄

(0,p)
j Āk − ∇̄(0,p)

k Āj)uk − aα−1
∑
j

(π̄A
j )

2

] , (329)

F̄ i
A = aα−1γ

[
ρ̄e
∑
j

(
(∇̄(0,p)

i Āj − ∇̄(0,p)
j Āi)uj − aα−1π̄A

i

)

+ σ̄f

[∑
j,k

(∇̄(0,p)
i Āj − ∇̄(0,p)

j Āi)(∇̄(0,p)
j Āk − ∇̄(0,p)

k Āk)uk +
∑
j

uj π̄
A
j π̄

A
i

− aα−1
∑
j

π̄A
j (∇̄

(0,p)
i Āj − ∇̄(0,p)

j Āi)

]]
, (330)

where ∇̄(0,p)
j represents the neutral derivative introduced in section 3.2. The gamma factor γ is obtained by inserting

the velocity field at lattice sites into the corresponding expression. The Gauss law, which has to be satisfied at every
time step is discretized as follows,

∑
j

∇̄(0,p)
j π̄A

j = −γ

(
T∗

ω∗

)4
ρ̄e − σ̄fa

1−α
∑
j

uj π̄
A
j

 . (331)

Semi-collocated implementation

In the semi-collocated formulation we assume that the gauge field lives at semi-integer values n+ ı̂/2, while ln ρ̄ and
ui live at lattice sites n. The discretized versions of the gauge field kernel and of the additional terms in the fluid
kernels are,

KA
i [Āi, π̄

A
i , ui, a] = aα−1

∑
j

∇̄(−,p)
j (∇̄(+,p)

j Āi − ∇̄(+,p)
i Āj)

+ γ+i

(
T∗

ω∗

)4
ρ̄e S(p)

i [ui] + σ̄f

(∑
j

S(p)
−j [(∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi)]S(p)
i [uj ]− aα−1π̄A

i

) ,

(332)

GA
0 [ρ̄, ui,Fµ

A] =
1

(1− ωa2(1−α)u2)ρ̄

(1 + a2(1−α)u2)F̄0
A − 2a2(1−α)

∑
j

ujF̄ j
A

 , (333)

GA
i [ρ̄, ui,Fµ

A] =
1− a2(1−α)u2

(1− wa2(1−α)u2)ρ̄

 2ω

1 + ω
a2(1−α)

∑
j

ujF̄ j
Aui − F̄0

Aui

+
1− a2(1−α)u2

(1 + ω)ρ̄
F̄ i

A , (334)
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where the squared modulus of the velocity field is just defined by u2 =
∑

i uiui. The forces that appear in the fluid
kernels are,

F̄0
A = γ

[
ρ̄e
∑
j

S(p)
−j [π̄

A
j ]uj + σ̄f

[∑
j,k

S(p)
−j [π̄

A
j ]S

(p)
−j,−k[∇̄

(+,p)
j Āk − ∇̄(+,p)

k Āj ]uk

−
∑
j

aα−1S(p)
−j [(π̄

A
j )

2]

]]
, (335)

F̄ i
A = aα−1γ

[
ρ̄e

∑
j

S(p)
−i,−j [∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi]uj − aα−1S(p)
−i [π̄

A
i ]


+ σ̄f

(∑
j,k

S(p)
−i,−j [∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi]S(p)
−j,−k[∇̄

(+,p)
j Āk − ∇̄(+,p)

k Āj ]uk

+
∑
j

uj S(p)
−j [π̄

A
j ]S

(p)
−i [π̄

A
i ]− aα−1

∑
j

S(p)
−i,−j [∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi]S(p)
−j [π̄

A
j ]

)]
. (336)

The Gauss law is discretized as follows,

∑
j

∇̄(−,p)
j π̄A

j = −
(
T∗

ω∗

)4

γ

ρ̄e − σ̄fa
1−α

∑
j

ujS(p)
−j [π̄

A
j ]

 . (337)

The forward/backward discrete derivative ∇̄(±,p)
j , as well as the semi-sums S(p)

i and clover averages S(p)
i,j to even order

p have been introduced in section 3.2. The gamma factors that appear in the above equations, i.e., γ+i and γ are
defined as,

γ2
+i ≡

1

1− a2(1−α)S(p)
i [
∑

j ujuj ]
, and γ2 ≡ 1

1− a2(1−α)
∑

j ujuj
. (338)

Staggered implementation

In the staggered formulation we assume that all vectors, i.e. Āi and ui, live at semi-integer lattice sites n+ ı̂/2, while
ln ρ̄ lives at lattice site n. The discretized versions of the gauge field kernel and of the additional contributions to the
fluid kernels are,

KAi
[Āi, π̄

A
i , ui, a] = aα−1

∑
j

∇̄(−,p)
j (∇̄(+,p)

j Āi − ∇̄(+,p)
i Āj)

+ γ+1

(
T∗

ω∗

)4
ρ̄eui + σ̄f

(∑
j

S(p)
−j [(∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi)S(p)
i [uj ]]− aα−1π̄A

i

) , (339)

GA
0 [ρ̄, ui,Fµ

A] =
1

(1− ωa2(1−α)S(p)[u2])ρ̄

(1 + a2(1−α)S(p)[u2])F̄0
A − 2a2(1−α)

∑
j

S(p)
−j [ujF̄ j

A]

 , (340)

GA
i [ρ̄, ui,Fµ

A] = S(p)
i

 1− a2(1−α)S(p)[u2]

(1− wa2(1−α)S(p)[u2])ρ̄

 2ω

1 + ω
a2(1−α)

∑
j

S(p)
−j [ujF̄ j

A]− F̄0
A

ui

+ S(p)
i

[
1− a2(1−α)S(p)[u2]

(1 + ω)ρ̄

]
F̄ i

A , (341)
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where S(p)[u2] ≡
∑

j S
(p)
−j [ujuj ]. The Lorentz force terms in the staggered formulation are given by,

F̄0
A = γ

[
ρ̄e
∑
j

S(p)
−j [π̄

A
j uj ] + σ̄f

[∑
j,k

S(p)
−j [π̄

A
j ]S

(p)
−j,−k[∇̄

(+,p)
j Āk − ∇̄(+,p)

k Āj ]S(p)
−k [uk]

− aα−1
∑
j

S(p)
−j [(π̄

A
j )

2]

]]
, (342)

F̄ i
A = aα−1γ+i

[
ρ̄e

(∑
j

S(p)
−j [(∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi)S(p)
i [uj ]]− π̄A

i

)

+ σ̄f

(∑
j,k

S(p)
−j [∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi]S(p)
i,−k[S

(p)
−j [∇̄

(+,p)
j Āk − ∇̄(+,p)

k Āj ]uk]

+
∑
j

S(p)
i,−j [uj π̄

A
j ]π̄

A
i − aα−1

∑
j

S(p)
−j [∇̄

(+,p)
i Āj − ∇̄(+,p)

j Āi]S(p)
i,−j [π̄

A
j ]

)]
. (343)

The Gauss law is discretized as follows,

∑
j

∇̄(−,p)
j π̄A

j = −γ

(
T∗

ω∗

)4
ρ̄e − σ̄fa

1−α
∑
j

S(p)
−j [uj π̄

A
j ]

 . (344)

The forward/backward discrete derivatives ∇(±,p)
j , as well as the semi-sums S(p)

i and clover averages S(p)
i,j to generic

even order p in accuracy have been introduced in section 3.2. The gamma factors, i.e., γ+i and γ are defined as,

γ2
+i ≡

1

1− a2(1−α)S(p)
i [S(p)[u2]]

, and γ2 ≡ 1

1− a2(1−α)S(p)[u2]
. (345)

5.1.3 Large conductivity limit on the lattice

Towards the end of section 2.4.1 we have discussed the large conductivity limit, also known as ideal MHD, where
the second-order differential equation for the gauge field [cf. Eq. (17a)] can be replaced by the induction equation
[cf. Eq. (102)], which is a first-order differential equation. In the following, we discuss the discretization of the
induction equation in both the conservation and the non-conservation form.

Conservation form

In the large conductivity limit, the set of equations describing the fluid-gauge dynamics [cf. Eq. (291)] are replaced by
the following set of first-order differential equations [cf. Eqs. (101) and (102)],

A′
i = KA

i [Ai, a, T̄
00
pf , T̄

0i
pf ] , (346a)

(T̄ 00
pf )

′ = G0
T [T̄

00
pf , T̄

0i
pf , T̄pf , a, b] = G0

pf [T̄
0i
pf ] + F̄0

H[T̄ 00
pf , H̄] + F̄0

A[T̄
00
pf , T̄

0i
pf , Āi, π̄

A
i , a] , (346b)

(T̄ i0
pf )

′ = Gi
T [T̄

0i
pf , T̄

ij
pf , Āj , a, b] = Gi

pf [T̄
ij
pf ] + F̄ i

H[T̄ 0i
pf , H̄] + F̄ i

A[T̄
00
pf , T̄

0j
pf , Āj , π̄

A
j , a] , (346c)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

A
K , ĒA

G ] , (346d)

b = a′ , (346e)

with the lattice version of the constraint equation that relates the current density to the magnetic field being [cf.
Eq. (101)]

J̄ i
Fl = −

(
ω∗

T∗

)4
aα−1

∑
j

[∇jFji]L − (1− α)a1−αH̄[A′
i]L

 . (347)

The kernels Gµ
pf , the force term Fµ

A, the Hubble friction terms Fµ
H, as well as the kernel of the scale factor remain the

same as discussed in the previous and current sections 4 and 5. The new gauge field kernel as well as the constraint
equation are discretized in the collocated, semi-collocated and staggered formulation as we present in the following.
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Collocated formulation

In the collocated formulation we have,

KA
i [Ai, a, T̄

00
pf , T̄

0i
pf ] =A[zc]

[
ρ̄eη̄diff

zc
zc + ω

T̄ 0i
pf

T̄ 00
pf

+
zc

zc + ω

∑
j

(
∇(0,p)

i Aj −∇(0,p)
j Ai

) T̄ 0j
pf

T̄ 00
pf

+ aα−1

(
ω∗

T∗

)4

η̄diff

√
1 + ω

zc + ω

∑
j

∇(0,p)
j (∇(0,p)

j Ai −∇(0,p)
i Aj)

]
, (348)

J̄ i
Fl =−

(
ω∗

T∗

)4
aα−1

∑
j

∇(0,p)
j (∇(0,p)

j Ai −∇(0,p)
i Aj)− (1− α)a1−αH̄[A′

i]L

 , (349)

where the (comoving) program magnetic diffusivity is defined by η̄diff ≡ 1/σ̄f . The lattice version of the z-function
zc ≡ z(r2c ) can be obtained by substituting the appropriately discretized expression of the r2-ratio into Eq. (230). The
prefactor A[zc] and the r2-ratio are here defined as,

A[zc] =

[
1 + (1− α)

(
ω∗

T∗

)4

a1−αη̄diff

√
1 + ω

zc + ω
H̄

]−1

, and r2c ≡ a2(1−α)
∑
i

T̄ 0i
pf T̄

0i
pf

[T̄ 00
pf ]

2
. (350)

Semi-collocated formulation

For the semi-collocated case, the lattice expressions can be written as,

KA
i [Ai, a, T̄

00
pf , T̄

0i
pf ] =A[zsc]

[
ρ̄eη̄diff

zsc
zsc + ω

S(p)
i

[
T̄ 0i
pf

T̄ 00
pf

]

+
zsc,+i

zsc,+i + ω

∑
j

S(p)
−j [(∇

(+,p)
i Aj −∇(+,p)

j Ai)]S(p)
i

[
T̄ 0j
pf

T̄ 00
pf

]

+ aα−1

(
ω∗

T∗

)4

η̄diff

√
1 + ω

zsc + ω
∇(−,p)

j (∇(+,p)
j Ai −∇(+,p)

i Aj)

]
, (351)

J̄ i
Fl =−

(
ω∗

T∗

)4
aα−1

∑
j

∇(−,p)
j (∇(+,p)

j Ai −∇(+,p)
i Aj)− (1− α)a1−αH̄[A′

i]L

 , (352)

where the (comoving) program magnetic diffusivity is defined by η̄diff ≡ 1/σ̄f . The lattice version of the z-function
zsc,+i ≡ z(r2sc,+i) can be obtained by substituting the appropriately discretized expression of the r2-ratio into Eq. (230).

The prefactor A[zsc] and the r2-ratio are here defined as,

A[zsc,+i] =

[
1 + (1− α)a1−α

(
ω∗

T∗

)4

η̄diff

√
1 + ω

zsc,+i + ω
H̄

]−1

, and r2sc,+i ≡ a2(1−α)S(p)
i

[∑
j T̄

0j
pf T̄

0j
pf

(T̄ 00
pf )

2

]
. (353)

Staggered formulation

Finally, in the staggered formulation we have

KA
i [Ai, a, T̄

00
pf , T̄

0j
pf ] =A[zs,+i]

[
zs,+i

zs,+i + ω
ρ̄eη̄diff

T̄ 0i
pf

S(p)
i [T̄ 00

pf ]

+
zs,+i

zs,+i + ω

∑
j

S(p)
−j

[
(∇(+,p)

i Aj −∇(+,p)
j Ai)

T̄ 0j
pf

S(p)
j [T̄ 00

pf ]

]

+ aα−1

(
ω∗

T∗

)4

η̄diff

√
1 + ω

zs,+i + ω

∑
j

∇(−,p)
j (∇(+,p)

j Ai −∇(+,p)
i Aj)

]
, (354)

J̄ i
Fl =−

(
ω∗

T∗

)4
aα−1

∑
j

∇(−,p)
j (∇(+,p)

j Ai −∇(+,p)
i Aj)− (1− α)a1−αH̄[A′

i]L

 , (355)
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where the (comoving) program magnetic diffusivity is defined by η̄diff ≡ 1/σ̄f . The lattice version of the z-function
zs,+i ≡ z(r2s,+i) can be obtained by substituting the appropriately discretized expression of the r2-ratio into Eq. (230).

The prefactor A[zs] and the r2-ratio are here defined as,

A[zs,+i] =

[
1 + (1− α)a1−α

(
ω∗

T∗

)4

η̄diff

√
1 + ω

zs,+i + ω
H̄

]−1

, and r2s,+i ≡ a2(1−α)S(p)
i,−j

[ ∑
j T̄

0j
pf T̄

0j
pf

S(p)
j [(T̄ 00

pf )
2]

]
. (356)

Non-conservation form

Similarly as in the conservation form, in the non-conservation form the two first-order differential equations describing
the dynamics of the gauge field are replaced by the induction equation. The resulting set of equations can be brought
into the following form,

A′
i = KA

i [Āj , uj , a] (357a)

(ln ρ̄)′ = Gρ[ln ρ̄, ui, Ai, a, b] = Gpf
0 [ln ρ̄, ui] + GH

0 [u2, H̄] + GA
0 [ln ρ̄, ui,Fµ

A] , (357b)

(ui)
′ = Gu

i [ln ρ̄, uj , Aj , a, b] = Gpf
i u[ln ρ̄, uj ] + GH

i [ui, u
2, H̄] + GA

i [ln ρ̄, uj ,Fµ
A] , (357c)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

A
K , ĒA

G ] , (357d)

b = a′ . (357e)

with the lattice version of the constraint equation being,

J̄ i
Fl = −

(
ω∗

T∗

)4
aα−1

∑
j

[∇jFji]L − (1− α)a1−αH̄[A′
i]L

 . (358)

The kernels of the fluid as well as the scale factor remain the same as discussed in the previous and present section.
The new gauge field kernel as well as the constraint equation are discretized in the collocated, semi-collocated and
staggered formulation as in the following.

Collocated formulation

In the collocated formulation we have,

KA
i [Āj , uj , a] =B[γc]

[
ρ̄eη̄diffui +

∑
j

(∇(0,p)
i Aj −∇(0,p)

j Ai)uj

+ aα−1

(
ω∗

T∗

)4
η̄diff
γc

∑
j

∇(0,p)
j (∇(0,p)

j Ai −∇(0,p)
i Aj)

]
, (359)

J̄ i
Fl =−

(
ω∗

T∗

)4
aα−1

∑
j

∇(0,p)
j (∇(0,p)

j Ai −∇(0,p)
i Aj)− (1− α)a1−αH̄[A′

i]L

 , (360)

where the (comoving) program magnetic diffusivity is defined by η̄diff ≡ 1/σ̄f . The prefactor B[γc] and the gamma-
factor are defined as,

B[γc] =

[
1 + (1− α)a1−α

(
ω∗

T∗

)4
η̄diff
γc

H̄

]−1

, and γ2
c ≡ 1

1− a2(1−α)
∑

j ujuj
. (361)

Semi-collocated formulation

For the semi-collocated case, the lattice expressions can be written as,

KA
i [Āj , uj , a] =B[γsc,+i]

[
ρ̄eη̄diffS(p)

i [ui] +
∑
j

S(p)
−j [(∇

(+,p)
i Aj −∇(+,p)

j Ai)]S(p)
i [uj ]

+

(
ω∗

T∗

)4

aα−1 η̄diff
γsc

∑
j

∇(−,p)
j (∇(+,p)

j Ai −∇(+,p)
i Aj)

]
, (362)

J̄ i
Fl =−

(
ω∗

T∗

)4
aα−1

∑
j

∇(−,p)
j (∇(+,p)

j Ai −∇(+,p)
i Aj)− (1− α)a1−αH̄[A′

i]L

 , (363)
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where the (comoving) program magnetic diffusivity is defined by η̄diff ≡ 1/σ̄f . The prefactor B[γsc] and the gamma-
factor being,

B[γsc,+i] =

[
1 + (1− α)a1−α

(
ω∗

T∗

)4
η̄diff
γsc,+i

H̄

]−1

, and γ2
sc,+i ≡

1

1− a2(1−α)S(p)
i [
∑

j ujuj ]
. (364)

Staggered formulation

Finally, in the staggered formulation we have

KA
i [Āj , uj , a] =B[γsc,+i]

[
ρ̄eη̄diffui +

∑
j

S(p)
−j [∇

(+,p)
i Aj −∇(+,p)

j Ai]S(p)
i,−j [uj ]

+

(
ω∗

T∗

)4

aα−1 η̄diff
γs

∑
j

∇(−,p)
j (∇(+,p)

j Ai −∇(+,p)
i Aj)

]
, (365)

J̄ i
Fl =−

(
ω∗

T∗

)4
aα−1

∑
j

∇(−,p)
j (∇(+,p)

j Ai −∇(+,p)
i Aj)− (1− α)a1−αH̄[A′

i]L

 , (366)

where the (comoving) program magnetic diffusivity is defined by η̄diff ≡ 1/σ̄f . The prefactor B[γs] and the gamma-
factor being,

B[γs,+i] =

[
1 + (1− α)a1−α

(
ω∗

T∗

)4
η̄diff
γs,+i

H̄

]−1

, and γ2
s,+i ≡

1

1− a2(1−α)S(p)
i [
∑

j S
(p)
−j [ujuj ]]

. (367)

5.2 Scalar-fluid dynamics on the lattice

We now turn to the case of relativistic scalar field-fluid dynamics on the lattice in an expanding background, whose
continuum formulation has been discussed in section 2.4.2. For the scalar field, the equation of motion is the Klein-
Gordon equation in an expanding background sourced by the fluid, as given in Eq. (134). For the fluid we have both
the conservation form, given in Eqs. (131), where the fluid degrees of freedom are T̄ 00

pf , T̄
0i
pf , and the non-conservation

form, expressed in Eqs. (148) and (149), where the fluid variables are chosen to be the temperature T̄ and the fluid
velocity ui. The fundamental variables are then the scalar field ϕ̄, its conjugate momentum π̄ϕ = ∂̄0ϕ̄ and either T̄ 0µ

pf

or ui and T̄ .

5.2.1 Conservation form

In the conservation form the fluid equations are the same as described in section 4.1 with additional source terms due
to the interaction between the fluid and the scalar field. The generic lattice version of the EOM of a scalar field-fluid
system in an expanding background can be written as

ϕ̄′ = π̄ϕ , (368a)

π̄′
ϕ = Kϕ[ϕ̄, π̄ϕ, T̄

00
pf , T̄

0i
pf , a, b] , (368b)

(T̄ 00
pf )

′ = G0
T [T̄

00
pf , T̄

0i
pf , ϕ̄, π̄ϕ, a, b] = G0

pf [T̄
0i
pf ] + F̄0

H[T̄pf , H̄] + F̄0
ϕ[ϕ̄, π̄ϕ, T̄ ] , (368c)

(T̄ 0i
pf )

′ = Gi
T [T̄

00
pf , T̄

0j
pf , ϕ̄, π̄ϕ, a, b] = Gi

pf [T̄
ij
pf ] + F̄ i

H[T̄ 0i
pf , H̄] + F̄ i

ϕ[ϕ̄, π̄ϕ, T̄ ] , (368d)

a′ = b , (368e)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

ϕ
K , Ēϕ

G, ĒV ] , (368f)

with

F̄0
ϕ = π̄ϕ

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, (369)

F̄ i
ϕ = −a2(α−1)∇̄L

i ϕ̄

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, (370)

δ̄ϕ = a1−αγLη̄ϕ

(
π̄ϕ +

[
T̄ 0j
pf

T̄ 00
pf + p̄

]
L

∇̄L
j ϕ̄

)
, (371)
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where the label ’L’ denotes some lattice representation of the corresponding object. The core kernels of the perfect
fluid Gpf

µ and F̄H
µ are the same as defined in section 4.2.‖ The temperature T̄ can be reconstructed as a function of

ϕ̄ and r̄2 ≡ a2(1−α)
∑

j T̄
0i
pf T̄

0i
pf /(T̄

00
pf )

2 by inverting Eq. (136). Moreover, the lattice version of the γ-factor is given

by γ2 = (T̄ 00
pf + p̄)/w̄, where p̄ and w̄ are expressed in terms of ϕ̄ and the reconstructed T̄ using Eqs. (116). The

discretized version of the kernel of the scalar field is given by

Kϕ[ϕ̄, π̄ϕ, a, b, δ̄ϕ] ≡ a−2(1−α)∆̄(p)ϕ̄− (3− α)
b

a
π̄ϕ − a2α−4

(
T 4
∗

ω2
∗f

2
∗

)(
V̄eff,ϕ̄ + δ̄ϕ

)
, (372)

where ∆̄(p) represents the Laplace operator introduced in Eqs. (206), while the function δ̄ϕ has a different form in the
collocated and staggered formulations, as we will show below.

The kernel of the scale factor a is given by,

Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

ϕ
K , Ēϕ

G, ĒV ] ≡
a2α+1

3

(
T 2
∗

ω∗mp

)2 [
2α− 1

2
Ēρ

Fl −
3

2
Ēp

Fl + (α− 2)Ēϕ
K + αĒϕ

G + (α+ 1)ĒV

]
. (373)

The volume averaged fluid energy Ēρ
Fl and pressure Ēp

Fl density contributions, the lattice expressions of the volume

averaged kinetic Ēϕ
K and gradient Ēϕ

G energy density associated to the scalar field, as well as the potential energy
density ĒV are given by,

Ēρ
Fl ≡

1

a4
〈
T̄ 00
Fl

〉
, Ēp

Fl ≡
1

3a2+2α

〈∑
i

T̄ ii
Fl

〉
, (374)

Ēϕ
K ≡ 1

2a2α

(
ω∗f∗
T 2
∗

)2 〈
π̄2
ϕ

〉
, Ēϕ

G ≡ 1

2a2

(
ω∗f∗
T 2
∗

)2∑
k

〈
(∇̄L

k ϕ̄)
2
〉
, ĒV ≡

〈
V̄0(ϕ̄, T̄ )

〉
, (375)

where ⟨. . . ⟩ denotes a volume average over the whole lattice. In the collocated discretization scheme the ∇̄L
k needs to

be replaced by the neutral derivative ∇̄(0,p)
k , while in the staggered formulation we use the forward derivative ∇̄(+,p)

k .
The Hubble constraint for the scalar-fluid system is given by

b2 =
a2(α+1)

3

(
T 2
∗

ω∗mp

)2 [
Ēρ

pf + Ēϕ
K + Ēϕ

G + ĒV

]
. (376)

Collocated implementation

In the implementation in which all fields T̄ 0µ, ϕ̄, π̄ϕ live at lattice sites, we have already shown in section 4 how to
discretize the fluid equations in the absence of a scalar field. Therefore, we only need to specify the kernel of the scalar
field and the additional scalar-fluid interaction terms that appear in the fluid equations. The additional scalar-fluid
interaction terms can then be expressed in the discrete version as

δ̄ϕ = a1−αγ η̄ϕ

π̄ϕ +

3∑
j=1

T̄ 0j
pf

T̄ 00
pf + p̄

∇̄(0,p)
j ϕ̄

 , (377)

F̄0
ϕ = π̄ϕ

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, (378)

F̄ i
ϕ = −a2(α−1)

[
∇̄(+,p)

i ϕ̄
] [∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, (379)

where γ2 = (T̄ 00
pf + p̄)/w̄.

Staggered implementation

In the staggered formulation we have T̄ 00
pf , ϕ̄, π̄ϕ living at lattice sites n, while T̄ 0i

pf (n + ı̂/2) lives in between lattice

sites. The pressure p̄ is written in terms of ϕ̄, T̄ , where T̄ can be reconstructed by inverting the relation [cf. Eq. (136)]

a2(1−α)

∑3
k=1 S−k[T̄

0k
pf T̄

0k
pf ]

(T̄ 00
pf )

2
≡ r̄2 = 1 +

p̄− ρ̄

T̄ 00
pf

− p̄ρ̄

(T̄ 00
pf )

2
. (380)

‖Another typical choice of the conjugate momentum associated to the scalar field is πϕ = a3−α∂0ϕ, such that the Hubble friction term
in the Klein-Gordon equation disappears. In the absence of scalar-fluid friction (i.e., ηϕ = 0), this choice leads to a scalar field equation
that can be solved using a symplectic integrator.
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The gamma factor is given by γ2 = (T̄ 00
pf + p̄)/w̄ [cf. Eq. (137)]. We then have

δ̄ϕ = a1−αγ η̄ϕ

π̄ϕ +

3∑
j=1

S−j [T̄
0j
pf ]

T̄ 00
pf + p̄

∇̄(0,p)
j ϕ̄

 , (381)

F̄0
ϕ = π̄ϕ

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, (382)

F̄ i
ϕ = −a2(α−1)

[
∇̄(+,p)

i ϕ̄
]
S(p)
i

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
. (383)

5.2.2 Non-conservation form

In the non-conservation form the fluid variables are the velocity ui and temperature T̄ , with the continuum fluid
equations given in Eqs. (148) and (149). The generic lattice version of the EOM of a scalar field-fluid system in an
expanding background can be written in terms of program variables as

ϕ̄′ = π̄ϕ , (384a)

π̄′
ϕ = Kϕ[ϕ̄, π̄ϕ, T̄ , ui, a, b] , (384b)

T̄ ′ = GT [T̄ , ui, ϕ̄, π̄ϕ, a, b] , (384c)

u′
i = Gu

i [T̄ , uj , ϕ̄, π̄ϕ, a, b] , (384d)

a′ = b , (384e)

b′ = Ka[a, Ē
ρ
Fl, Ē

p
Fl, Ē

ϕ
K , Ēϕ

G, ĒV ] , (384f)

with the fluid kernels in terms of generic lattice operators being

GT ≡ − 1

∂T̄ (ρ̄− a2(1−α)u2
L p̄)

[
w̄ ∇̄L

i ui + ui

[
∇̄L

i T̄ ∂T̄ + ∇̄L
i ϕ̄ ∂ϕ̄

]
(ρ̄− p̄) + 2a2(1−α)uiF̄ i

tot

−
(
F̄0

tot + F̄ 0
H)
(
1 + a2(1−α)u2

L

)
+ π̄ϕ∂ϕ̄(ρ̄− a2(1−α)u2

L p̄)

]
, (385)

Gu
i ≡ ui

w̄γ2
L

{
∂T̄ p̄

∂T̄
(
ρ̄− a2(1−α)u2

L p̄
)( w̄f ∇̄L

j uj + uj

[
∇̄L

j T̄ ∂T̄ + ∇̄L
j ϕ̄ ∂ϕ̄

](
ρ̄− p̄

)
+ 2 a2(1−α)ujF̄ j

tot

+ π̄ϕ ∂ϕ̄
(
ρ̄− a2(1−α)u2

L p̄
))

− ∂T̄ w̄

∂T̃
(
ρ̄− a2(1−α)u2

L p̄
)(F̄0

tot + F̄0
H
)
− π̄ϕ∂ϕ̄ p̄

}

− a2(α−1) 1

w̄γ2
L

[
∇̄L

i T̄ ∂T̄ + ∇̄L
i ϕ̄ ∂ϕ̄

]
p̄+

1

w̄γ2
L

(
F̄ i

tot + F̄ i
H
)
− uj∇̄L

j ui , (386)

where the label ’L’ denotes some lattice representation of the corresponding object, and u2
L =

∑
j [ujuj ]L. In the

above expressions ρ̄, p̄, and w̄ have to be written in terms of ϕ̄ and T̄ using Eqs. (116). Moreover, as F̄µ
tot was already

introduced in previous sections, here we only discuss the discretization of the additional terms F̄µ
ϕ . The scale factor

kernel is the same as in Eq. (373), with the contributions in Eqs. (374) expressed as

Ēρ
Fl ≡

1

a4

〈(
1 + (1 + ω)γ2

La
2(1−α)u2

L

)
ρ̄L

〉
, Ēp

Fl ≡
1

3a2+2α

〈(
3ω + (1 + ω)γ2

La
2(1−α)u2

L

)
ρ̄L

〉
, (387)

while the scalar field kernel is discretized in the same way as in the non-conservation form [cf. Eq. (372)].
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Collocated implementation

In the collocated implementation all fields live at lattice sites, hence the discretized versions of the kernels are

GT = − 1

∂T̄ (ρ̄− a2(1−α)u2 p̄)

[
w̄ ∇̄(0,p)

i ui + ui

(
∇̄(0,p)

i T̄ ∂T̄ + ∇̄(0,p)
i ϕ̄ ∂ϕ̄

)
(ρ̄− p̄) + 2a2(1−α)uiF̄ i

tot

−
(
F̄0

tot + F̄ 0
H)
(
1 + a2(1−α)u2

)
+ π̄ϕ∂ϕ̄(ρ̄− a2(1−α)u2 p̄)

]
, (388)

Gu
i =

ui

w̄γ2

{
∂T̄ p̄

∂T̄
(
ρ̄− a2(1−α)u2 p̄

)[ w̄ ∇̄(0,p)
j uj + uj

(
∇̄(0,p)

j T̄ ∂T̄ + ∇̄(0,p)
j ϕ̄ ∂ϕ̄

)(
ρ̄− p̄

)
+ 2 a2(1−α)ujF̄ j

tot

+ π̄ϕ ∂ϕ̄
(
ρ̄− a2(1−α)u2 p̄

)]
− ∂T̄ w̄

∂T̃
(
ρ̄− a2(1−α)u2 p̄

)(F̄0
tot + F̄0

H
)
− π̄ϕ∂ϕ̄ p̄

}

− a2(α−1) 1

w̄ γ2

[
∇̄(0,p)

i T̄ ∂T̄ + ∇̄(0,p)
i ϕ̄ ∂ϕ̄

]
p̄+

1

w̄γ2

(
F̄ i

tot + F̄ i
H
)
− uj∇̄(0,p)

j ui , (389)

with u2 =
∑

j ujuj . As in the collocated formulation of the conservation form, the discretization of F̄µ
ϕ leads to

F̄0
ϕ = π̄ϕ

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, and F̄ i

ϕ = −a2(α−1)
[
∇̄(0,p)

i ϕ̄
] [∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, (390)

and the discretized version of the δ̄ϕ-term, as well as γ2 are given by,

δ̄ϕ = a1−αγ η̄ϕ

π̄ϕ +

3∑
j=1

uj∇̄(0,p)
j ϕ̄

 , and γ2 ≡ 1

1− a2(1−α)
∑

j ujuj
. (391)

The fluid contributions to the scale factor kernel are given in Eq. (387) with u2
L → u2, γ2

L → γ2 and ρ̄L → ρ̄.

Staggered implementation

In the staggered implementation T̄ , ϕ̄, and π̄ϕ live at lattice sites, while ui(n+ ı̂/2) lives in between lattice sites. Hence,
we have

GT = − 1

∂T̄ (ρ̄− a2(1−α)S(p)[u2] p̄)

[
w̄ ∇̄(−,p)

i ui + S(p)
−i [ui]

(
∇̄(0,p)

i T̄ ∂T̄ + ∇̄(0,p)
i ϕ̄ ∂ϕ̄

)
(ρ̄− p̄)

+ 2a2(1−α)
∑
i

S(p)
−i

[
uiF̄ i

tot

]
−
(
F̄0

tot + F̄ 0
H)
(
1 + a2(1−α)S(p)[u2]

)
+ π̄ϕ∂ϕ̄(ρ̄− a2(1−α)S(p)[u2] p̄)

]
, (392)

Gu
i =

ui

S(p)
i [w̄γ2]

S(p)
i

{
∂T̄ p̄

∂T̄
(
ρ̄− a2(1−α)S(p)[u2] p̄

)[ w̄ ∇̄(−,p)
j uj + S(p)

−j [uj ]
(
∇̄(0,p)

j T̄ ∂T̄ + ∇̄(0,p)
j ϕ̄ ∂ϕ̄

)(
ρ̄− p̄

)
+ 2 a2(1−α)

∑
j

S(p)
−j

[
ujF̄ j

tot

]
+ π̄ϕ ∂ϕ̄

(
ρ̄− a2(1−α)S(p)[u2] p̄

)]
− π̄ϕ∂ϕ̄ p̄

− ∂T̄ w̄

∂T̃
(
ρ̄− a2(1−α)S(p)[u2] p̄

)(F̄0
tot + F̄0

H
)}

− a2(α−1)S(p)
i

[
1

w̄γ2

(
∇̄(0,p)

i T̄ ∂T̄ + ∇̄(0,p)
i ϕ̄ ∂ϕ̄

)
p̄

]

+
1

S(p)
i [w̄γ2]

(
F̄ i

tot + F̄ i
H
)
− S(p)

i,−j [uj ]∇̄(0,p)
j ui , (393)

where S(p)[u2] ≡
∑

j S
(p)
−j [ujuj ]. As in the staggered formulation of the conservation form, the discretized version of

F̄µ
ϕ can be written as,

F̄0
ϕ = π̄ϕ

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, and F̄ i

ϕ = −a2(α−1)[∇̄(+,p)
i ϕ̄]S(p)

i

[
∂V̄T

∂ϕ̄
(ϕ̄, T̄ ) + δ̄ϕ

]
, (394)

and the discretized versions of the δ̄ϕ-term, as well as of γ2, are given by,

δ̄ϕ = a1−αγ η̄ϕ

π̄ϕ +

3∑
j=1

S(p)
−j

[
uj∇̄(+,p)

j ϕ̄
] , and γ2 ≡ 1

1− a2(1−α)
∑

j S
(p)
−j [ujuj ]

. (395)

The fluid contributions to the scale factor kernel are given in Eq. (387) with the replacements u2
L → S(p)[u2], γ2

L → γ2

and ρ̄L → ρ̄.
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6 Initial conditions

In the following we discuss how to set the initial conditions for a scalar-gauge-fluid system in the continuum and on
the lattice. On the one hand, we will consider the possibility to initialize the different fields with fluctuations following
a given power spectrum on top of a homogeneous mode. This allows to describe for example turbulent velocity or
magnetic fields, or to mimic quantum vacuum fluctuations of scalar and gauge fields. On the other hand, one may also
initialize the fields with a given spatial profile. This can describe, for example, scalar bubble configurations from, e.g.,
a first-order phase transition, or laminar flows of velocity and magnetic fields in MHD with low Reynolds numbers.

6.1 Scalar fields

We first discuss the initialization of scalar field components from a given power spectrum describing their fluctuations
on top of a homogeneous mode. In the case of first-order differential equations, such as the fluid energy conservation
equation [cf. Eq. (17h)], this just requires an initial spectrum of field fluctuations, while for second-order differential
equations, like the Klein-Gordon equation for a scalar singlet (17e), one needs to provide a spectrum for the field
fluctuations as well as for those of its conjugate momentum. In the following we will discuss the latter case, in which
we need to provide two spectra (see also section 7 of the Art - I [1] and section 6 of the Art - II [2] for more detailed
discussions).

Setting the field fluctuations from an initial power spectrum means that the field amplitude in Fourier space is
sampled from a Gaussian distribution with vanishing mean and variance given by the power spectrum. To do this
on the lattice requires a lattice version of the power spectrum in the continuum, which we have previously derived in
Eq. (192). We describe the continuum variances of the field fluctuations f and their derivative f′ respectively as

⟨f2⟩ =
∫

d log k
(k/a)3

2π2
Ff(k/a) , and ⟨f′2⟩ = a2α

∫
d log k

(k/a)3

2π2
Gf′(k/a) , (396)

where we have adopted the prescription of The Art - II (section 6) [2], with the spectra being defined as Pf(k) ≡
a−3Ff(k/a) and Pf′(k) ≡ a2α−3Gf′(k/a), such that they only depend on the modulus of the physical momentum
p ≡ k/a. Using Eqs. (191) and (192), the lattice equivalent expressions for the fluctuations are then,

⟨|f(ñ)|2⟩ = 1

Υ|ñ|

(
N

δx

)3 Ff (k/a)

a3
, and ⟨|f ′(ñ)|2⟩ = 1

Υ|ñ|

(
N

δx

)3 Gf ′(k/a)

a3−2α
, (397)

where the multiplicity Υ|ñ| ≡ #R(ñ)/4π|ñ| was introduced below Eq. (192). In terms of program variables we may
then write

⟨|f̄(ñ)|2⟩ = C∗
Υ|ñ|

(
N

δx̄

)3 F̄f̄ (κ/a)

a3
, and ⟨|f̄ ′(ñ)|2⟩ = D∗

Υ|ñ|

(
N

δx̄

)3 Ḡf̄ ′(κ/a)

a3−2α
. (398)

where κ ≡ k/ω∗, and F̄ as well as Ḡ are dimensionless program power spectra. Depending on the field content,
these require a different rescaling. In the case of a singlet scalar field ϕ̄ = ϕ/f∗ they are given by F̄ϕ ≡ E∗Fϕ and
Ḡϕ′ ≡ Gϕ′/M∗, where E∗ and M∗ are two mass scales with [E∗] = [M∗] = +1. A standard choice is E∗ = M∗ = ω∗,
by which the factors in front of the spectra become C∗ = D∗ = (ω∗/f∗)

2 (see section 6.1 of The Art - II [2]). For the
fluid energy density ρ̄ or T̄ 00

pf , however, the dimensionless spectrum is given by F̄f ≡ K−5
∗ Ff for f = {ρ, T 00

pf }, with
K∗ being a mass scale with [K∗] = +1, and the prefactor becomes C∗ = K5

∗ω
3
∗/T

8
∗ .

With the expressions in Eq. (398) we are now able to initialize the fluctuations on the lattice. For given power
spectra of the field fluctuations δf and their derivative δf ′, we can initialize the Fourier amplitude of the fluctuations
at each reciprocal lattice site ñ as a sum of left- and right-movers,

δf̄(ñ) =
1√
2

[
δf̄1(ñ) + δf̄2(ñ)

]
, (399)

δf̄ ′(ñ) =
1√
2

[
δf̄ ′

1(ñ) + δf̄ ′
2(ñ)

]
, (400)

where each mover field is decomposed into real and imaginary parts, δf̄1,2(ñ) = R̄1,2(ñ) + Ī1,2(ñ), and f̄ ′
1,2(ñ) =

R̄′
1,2(ñ) + Ī ′1,2(ñ). At each site ñ we draw independent random realizations of the real and imaginary parts of each

mover, using Gaussian distributions with vanishing mean and variances given by 1
2 times the expressions in Eq. (398),

respectively.
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6.2 Vortical and compressional vector fields

We now discuss the initialization of vector fields fi in Fourier space from a given initial power spectrum. This can be
applied, e.g., to the vector components of the fluid velocity field ui or to the fluid stress-energy components T 0i

pf , but
also to other vector fields, such as the electric Ei and magnetic field Bi. We first discuss the continuum properties of
such initial conditions and then turn to how to set them on the lattice.

Let us first motivate why such initialization is relevant, e.g., in the case of fluid dynamics. In fluid dynamics a key
quantity characterizing the properties of the flow is represented by the Reynolds number, which measures the ratio
of nonlinear to viscous effects. Depending on its value, we can distinguish two completely different fluid dynamics
regimes [299]:

• the low Reynolds number, or laminar, regime, in which the motion is ordered;

• the high Reynolds number, or turbulent, regime, in which the motion is chaotic.

In order to account for both, we can think of two different strategies for initializing the fluid variables. For the laminar
case, one possibility is to initialize the latter with specific spatial profiles. For the turbulent case, instead, the velocity
field behaves as a random variable, but with well defined statistical properties.

In the continuum formulation, for a statistically homogeneous and isotropic helical random vector variable fi we
have the following decomposition of its two-point function in Fourier space, in terms of physical momenta (which here
we make coincide with the comoving momenta k, as we fix a = 1),

⟨fi(k)f∗j (k′)⟩ = (2π)3δ(k− k′)
[
A(k)Pij(k̂) +B(k) k̂ik̂j + i C(k) ϵijl k̂l

]
, (401)

where the projection operator Pij is given by

Pij(k̂) = δij − k̂ik̂j , (402)

with k̂i ≡ ki/k and k ≡ |k|. If we assume that the spectral functions A(k), B(k), C(k) are all proportional to each
other, we can write,

⟨fi(k)f∗j (k′)⟩ = (2π)3δ(k− k′) g2(k)
[
(1− q)(1 + ϑ2)Pij(k̂) + 2q k̂ik̂j + i 2ϑ(1− q) ϵijl k̂l

]
, (403)

where q ≡ q(k) measures the degree of compressibility and ϑ ≡ ϑ(k) the degree of helicity of the fluid, such that

q =

{
1 fully compressional

0 fully vortical
, ϑ =

{
0 non− helical

1 fully helical
. (404)

Both q(k) and ϑ(k) are, in general, scale dependent. In this case, we can initialize a velocity field fi describing
statistically homogeneous and isotropic turbulence with the following Fourier space profile,

fi(k) = gj(k) g(k)
[√

1− q (δij − k̂ik̂j) +
√
2q k̂ik̂j + i ϑ

√
1− q ϵijl k̂l

]
, (405)

where the spectral function g(k) can be chosen as desired, and the factor gj is a complex gaussian random number,
such that ⟨gi(k) gj(k′)⟩ = δ3(k− k′) δij .

The above description can be used to initialize vortical or compressional vector fields in the continuum. The
corresponding lattice implementation requires to replace the k̂i and the projection operator by the corresponding
lattice expressions. In particular, the momentum k needs to be replaced by the Fourier transform of the discrete
derivative operator that is used in the corresponding discretization scheme, i.e., by the lattice momentum kL, which
we have discussed in section 3.2.

In order to introduce the appropriate program variables, let us now consider a vector field fi with respective
dimensionless program variable f̄i = fi/F

p
∗ , where F∗ is a mass scale with [F∗] = +1, while the power p reflects the

mass dimension of the field fi, such that f̄i becomes dimensionless. For example, when considering the velocity field
ui we set p = 0, while for the vector component of the stress-energy tensor T 0i

pf we set F∗ = T∗ with p = 4, and when
we consider either the electric Ei or the magnetic field Bi we set F∗ = ω∗ and p = 1. It then follows that the spectral

function g(k) has to be rescaled as ḡ(κ) = ω
−3/2
∗ F p

∗ g(k).
One possible lattice initialization of a vector field in terms of program variables, characterized by a continuum

two-point function as in Eq. (403), is then given by

f̄i(ñ) = ḡj(ñ) ḡ(κ)
[√

1− q (δij − κ̂L,iκ̂L,j) +
√
2q κ̂L,iκ̂L,j + i ϑ

√
1− q ϵijl κ̂L,l

]
, (406)

where the program variables associated to the lattice momentum are given by κL,i ≡ kL,i/ω∗ and κ̂L,i ≡ κL,i/κ with
κ ≡ |κ⃗L|. The initialization of a vector field as in Eq. (406) allows to have as special cases a fully compressional
(curl-free) field or a fully vortical (divergence-free) field on the lattice respectively by choosing q = 1 or q = 0.
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Example: von Kármán Spectrum

For the cases of hydrodynamic and magnetohydrodynamic turbulence, a physically motivated choice for the spectral
function g(k) is given by the von Kármán spectrum. In the inertial range (i.e., between the energy injection scale k∗,
which is also the peak of the spectrum, and the dissipation scale kD) it follows the Kolmogorov spectrum

g(k) = Ck ϵ̄
2/3 k−5/3 (k∗ < k < kD) , (407)

while for larger scales it follows a different power law

g(k) = Ck ϵ̄
2/3 k

−5/3
∗

( k

k∗

)ξ
(k < k∗) , (408)

where we have ξ = 4 (also known as Batchelor spectrum) for a fully compressional (q = 1) or fully vortical (q = 0)
velocity or magnetic field, while ξ = 2 for a mixed case (0 < q < 1). In the above spectra Ck ∼ O(1) is a coefficient
and ϵ̄ is the constant rate of energy transfer (from large to small scales) in the inertial range.
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7 Gravitational waves

This section is dedicated to gravitational wave production in the context of scalar-gauge-fluid dynamics and its lattice
implementation. We first discuss GWs in the continuum, including their definition, equations of motion and the
description of the source terms, and then turn to the lattice formulation. Some of the results presented here will not
be demonstrated in detail. For a more complete treatment, with more in depth discussions, we refer to section 8 of
The Art II [2].

7.1 Gravitational waves in the continuum

Gravitational waves (GWs) are transverse-traceless (TT) tensor perturbations hij on top of the background metric,
which is, in the present context, the FLRW metric introduced in Eq. (13). Including these linear tensor perturbations,
the line element becomes,

ds2 = −a2α(η)dη2 + a2(η)(δij + hij)dx
idxj . (409)

Tensor field perturbations that are transverse and traceless fulfill the conditions ∂ihij = 0 and hii = 0. The dynamics
of the GWs is governed by the following EOM,

h′′
ij − a−2(1−α)∇2hij + (3− α)

a′

a
hij =

2

m2
pa

2(1−α)
ΠTT

ij , (410)

where primes denote derivatives with respect to α-time. The GWs are sourced through the transverse-traceless projec-
tion of the anisotropic tensor ΠTT

ij , i.e., the part of the anisotropic tensor Πij that fulfills the conditions ∂iΠ
TT
ij (η,x) = 0

and ΠTT
ii (η,x) = 0. The total anisotropic tensor is defined as,

Πij ≡ Tij − ⟨p⟩gij , (411)

where the background pressure ⟨p⟩ has been defined in Eq. (19) and the metric is understood to be the perturbed
FLRW metric, gij = a2(δij + hij). For convenience we introduce a class of effective anisotropic tensors Πeff

ij , such

that (Πeff
ij )

TT = ΠTT
ij . For a system that contains a fluid, as well as scalar and gauge fields, as defined in Eq. (1), the

effective anisotropic tensor is given by,

Πeff
ij = ∂iϕ∂jϕ− a−2αEiEj − a−2BiBj +Πeff,Fl

ij , (412)

where the electric and magnetic fields are here defined as Ei ≡ F0i and Bi = εijkF
jk/2 respectively. Πeff,Fl

ij represents

the relevant contributions from the anisotropic tensor stemming from the fluid. To Πeff,Fl
ij can contribute both the

perfect fluid stress-energy tensor T pf
ij [cf. Eq. (26)] and the deviatoric stresses δTij [cf. Eq. (59)] which constitute

TFl
ij = T pf

ij − δTij (cf. section 2.3.2). The imperfect fluid contributions Πeff,ipf
ij can be typically neglected in the early

Universe, given the smallness of the viscous transport coefficients [262], hence we focus on the perfect fluid contributions
in the following.

For example, when we consider a perfect fluid characterized by an equation of state ω (cf. section 2.3.1), the
effective anisotropic tensor can be written, in the conservation (C) and non-conservation (NC) form, respectively as

C : Πeff,pf
ij = a−2α ω

z + ω

T̃ 0i
pf T̃

0j
pf

T̃ 00
pf

, (413)

NC : Πeff,pf
ij = a−2α(1 + ω)ρ̃fγ

2uiuj . (414)

The transverse projection of the anisotropic tensor Πij can be obtained in both Fourier and coordinate space. In the
latter, this is a non-local operation. On the other hand, in Fourier space, the transverse-traceless part of Πij(η,k) can
be obtained quite easily by projecting the relevant components as follows,

ΠTT
ij (η,k) = Λij,lm(k̂)Πlm(η,k) , (415)

with the projection operator Λij,lm(k̂) being defined as,

Λij,lm(k̂) = Pil(k̂)Pjm(k̂)− 1

2
Pij(k̂)Plm(k̂) , with Pij(k̂) = δij − k̂ik̂j , (416)

where k̂i ≡ ki/k and k ≡ |⃗k|. By construction ΠTT
ij (η,k) fulfills the TT conditions, i.e., kiΠ

TT
ij (η,k) = 0,ΠTT

ii (η,k) = 0.
To obtain the TT projection of the anisotropic stress tensor one has to switch to Fourier space at every time step,
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which is a computationally expensive task. However, since ΠTT
ij (η,k) is obtained by applying a linear operator on

Πij(η,k), and the tensor perturbations follow a linear equation (see [2] for a more detailed discussion), we can express
the tensor perturbations hij as [300],

hij(k, η) = Λij,lm(k̂)vlm(k, η) , (417)

where the components vlm(k, η) are the Fourier transforms of the symmetric and traceless tensor vij(x, η), i.e., they
fulfill v33 = −(v11 + v22). Then we have that these components obey the following EOM,

v′′ij − a−2(1−α)∇2vij + (3− α)
a′

a
vij =

2

m2
pa

2(1−α)

(
Πeff

ij − 1

3
δijΠ

eff
kk

)
, (418)

which is sourced by the traceless part of the effective anisotropic stress tensor. Instead of solving Eq. (410) on the
lattice, one may then evolve the five auxiliary fields {v11, v12, v13, v22, v23} and recover at any time step the real tensor
perturbations hij by applying the Fourier transform to vij(x, η) and then the projection operation in Eq. (417).

Gravitational wave observables

Typical observables of interest are the volume averaged energy density ρGW and the energy density power spectrum
ΩGW of the GW background (see [2] for a detailed derivation of these quantities). The average energy density of the
GW background is determined by the time derivative of the tensor perturbations hij ,

ρGW(η) =
m2

p

4a2α
1

V

∫
V

h′
ij(x, η)h

′
ij(x, η) ≃

m2
p

4a2α
1

V

∫
V

d3k

(2π)3
h′
ij(k, η)h

′∗
ij(k, η) ≡

∫
dρGW

d log k
d log k , (419)

where we assume that the volume V over which we take the spatial average contains all wavelengths that yield relevant
contributions to the energy density. For stochastic processes one can replace the volume average by an ensemble average
over random realizations and we may write [2],

ρGW(η) =
m2

p

4a2α
⟨h′

ij(x, η)h
′∗
ij(x, η)⟩ =

m2
p

4a2α

∫
d3k

(2π)3
d3k′

(2π)3
e−ix(k−k′)⟨h′

ij(k, η)h
′∗
ij(k

′, η)⟩

=
m2

p

8π2a2α

∫
dk

k
k3Ph′(k, η) , (420)

where ⟨...⟩ represents an ensemble average. By assuming homogeneity and isotropy, the power spectrum of the time
derivative of the tensor perturbations, i.e., h′

ij , has been defined as,

⟨h′
ij(k, η)h

′∗
ij(k

′, η)⟩ ≡ (2π)3δ(3)(k− k′)Ph′(k, η) . (421)

The energy density power spectrum of the GW background is then given by,

dρGW

d log k
=

m2
pk

3

8π2
Ph′(k, η) , (422)

which, normalized by the critical energy density ρc ≡ 3m2
pa

−2αH2, gives the fractional GW energy density power
spectrum

ΩGW ≡ 1

ρc

dρGW

dlogk
=

k3

24π2H2
Ph′(k, η) . (423)

7.2 Gravitational waves on the lattice

To investigate gravitational waves sourced by scalar-gauge-fluid dynamics with lattice simulations, we need to discretize
the EOMs of the GWs and choose an appropriate evolution algorithm. As described in the previous section, we evolve
the five auxiliary fields that are part of the symmetric tensor vij(x, η) and only take the projection leading to the real
tensor perturbations hij when we want to measure some observables. Depending on whether we are working in the
collocated or semi-collocated/staggered formulation, the GWs can be interpreted as living at different locations on
the lattice. While in the former the vij live at lattice sites n, it is more convenient to place them in the middle of the
plaquette, at n + ı̂/2 + ȷ̂/2, in the two latter cases. This will play a relevant role in the discretization of the EOMs,
and in particular of the source term, as we will see in the following.
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As we have done for other fields in the lattice, it is convenient to study the fields vij in terms of rescaled variables
v̄ij . Furthermore, we rescale the effective anisotropic stress tensor Π̄eff

ij in the same way as the stress-energy tensor in

Eq. (220). Both of them, v̄ij and Π̄eff
ij , are then defined as,

v̄ij =

(
mp

T∗

)2

uij , and Π̄eff
ij =

Πeff
ij

T 4
∗

. (424)

To solve the EOMs of the v̄ij-fields on the lattice it turns out to be convenient to define the conjugate momenta as
(π̄v)ij = a3−αv̄′ij . This allows us to bring Eq. (418) into the form of a Hamiltonian scheme and write it in terms of
the following two first-order differential equations, v̄′ij = aα−3(π̄v)ij ,

(π̄v)
′
ij = Kv[v̄ij , a, Π̄

eff
ij ] .

(425)

The kernels of the v̄ij-fields are given by

KL
v [v̄ij , a, Π̄

eff
ij ] = a1+α

∑
k

∇̄(−,p)
k ∇̄(+,p)

k v̄ij + 2a1+α

(
T∗

ω∗

)2
(
[Π̄eff

ij ]L − 1

3
δij
∑
k

[Π̄eff
kk]L

)
, (426)

where the label ‘L’ represents some lattice version of the corresponding quantity, that has to be separately specified for
each discretization scheme. Before we provide the discretized versions of the kernel Kv in the different formulations, we
quickly discuss how these equations can be numerically advanced in time. This set of equations describes the evolution
of the five auxiliary fields {v11, v12, v13, v22, v23}. They have to be solved together with the remaining scalar, gauge
and fluid equations, for which we can use non-symplectic integrators such as the Runge-Kutta schemes, as discussed in
section 3.4. However, Runge-Kutta algorithms require one or more auxiliary fields for every degree of freedom, which
makes the evolution of the five auxiliary fields vij a memory consuming task. On the other hand, the GW degrees
of freedom are passive fields, i.e., they are sourced by the fluid and bosonic fields, but do not backreact on them.
This circumstance allows us to evolve the five fields contained in vij with a different algorithm, while the remaining
fields, together with the scale factor, are still evolved by a Runge-Kutta solver. Furthermore, since the kernels Kv

only depend on the field amplitudes (but not on the corresponding conjugate momenta), we can solve Eqs. (425) with
a second order accurate symplectic algorithm. These algorithms keep the deviations from exact energy conservation
bounded. A prominent example of a symplectic algorithm is the Leapfrog method described in section 3.4. Then,
we can evolve the scalar-gauge-fluid system with Runge-Kutta integrators, while solving for the gravitational waves
using the Leapfrog method, as long as the two algorithms are synchronized correctly, such that the information on the
anisotropic stress tensor and the scale factor are available at the relevant time steps for evolving the vij fields. This
procedure of combining two evolution algorithms has the advantage that the five auxiliary fields {v11, v12, v13, v22, v23}
can be evolved in a more memory efficient way, since no additional auxiliary fields are required.

To solve the EOMs of the vij-fields on the lattice we have to discretize the kernel KL
v , which has different realizations

in the three different formulations, which are the collocated, semi-collocated and staggered formulations.

Collocated formulation

In the collocated formulation the kernels of the v̄ij-fields become

KL
v [v̄ij , a, Π̄

eff
ij ] = a1+α∆̄(p)v̄ij + 2a1+α

(
T∗

ω∗

)2
(
[Π̄eff

ij ]L − 1

3
δij
∑
k

[Π̄eff
kk]L

)
, (427)

where ∆̄(p) denotes the Laplace operator to order p in accuracy introduced in Eq. (206). The lattice version of the
rescaled effective anisotropic stress tensor for a system that contains scalars, gauge fields and perfect fluid contributions
is given by,

[Π̄eff
ij ]L =

(
f2
∗ω

2
∗

T 4
∗

)
∇̄(0,p)

i ϕ̄∇̄(0,p)
j ϕ̄−

(
ω∗

T∗

)4 [
a−2αĒiĒj + a−2B̄iB̄j

]
+ [Π̄eff,pf

ij ]L . (428)

In the conservation form, the perfect fluid part of the effective anisotropic stress tensor is given by,

[Π̄eff,pf
ij ]L = a−2α ω

z + ω

T̄ 0i
pf T̄

0j
pf

T̄ 00
pf

, (429)
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where z, being a function of r2 ≡ a2(1−α)
∑

i(T̄
0i
pf /T̄

00
pf )

2, is obtained from Eq. (230) by replacing T̄ 00
pf and T̄ 0i

pf by their
lattice counterparts at lattice site n.

In the non-conservation form the discretized version of the effective anisotropic stress tensor of the perfect fluid
has the form,

[Π̄pf,eff
ij ]L = a−2α(1 + ω)γ2ρ̄uiuj , with γ2 =

1

1− a2(1−α)
∑

j ujuj
. (430)

Semi-collocated/Staggered formulation

In the semi-collocated (SC) and staggered (ST) formulations the kernels of the vij-fields become

KL
v [v̄ij , a, Π̄

eff
ij ] = a1+α∆̄(p)v̄ij + 2 a1+α

(
T∗

ω∗

)2(
[Π̄eff

ij ]L − 1

3
δijS(p)

i,j

[∑
k

S(p)
−k [[Π̄

eff
kk]L]

])
, (431)

with the lattice version of the rescaled effective anisotropic stress tensor for a system that contains scalars, gauge fields
and perfect fluid contributions being

[Π̄eff
ij ]L =

(
f2
∗ω

2
∗

T 4
∗

)
∇̄(+,p)

i ϕ̄∇̄(+,p)
j ϕ̄−

(
ω∗

T∗

)4 [
a−2αĒiĒj + a−2B̄iB̄j

]
+ [Π̄eff,pf

ij ]L . (432)

In the semi-collocated and staggered formulation of the conservation form, the discretized versions of the perfect fluid
part of the effective anisotropic stress tensor are given by,

SC : [Π̄eff,pf
ij ]L = a−2α ω

zsc,(ij) + ω
S(p)
i,j

[
T̄ 0i
pf T̄

0j
pf

T̄ 00
pf

]
, (433)

ST : [Π̄eff,pf
ij ]L = a−2α ω

zst,(ij) + ω

S(p)
j [T̄ 0i

pf ]S
(p)
i [T̄ 0j

pf ]

S(p)
i,j [T̄

00
pf ]

, (434)

where zsc,(ij) ≡ z(r̄2sc,(ij)) and zst,(ij) ≡ z(r̄2st,(ij)) can be obtained from Eq. (230) with the corresponding r2-ratios
being given by

r̄2sc,(ij) = S(p)
i,j

[∑3
k=1 T̄

0k
pf T̄

0k

[T̄ 00
pf ]

2

]
, and r̄2st,(ij) = S(p)

i,j

[∑3
k=1 S

(p)
−k T̄

0k
pf T̄

0k
pf

[T̄ 00]2

]
. (435)

In the semi-collocated and staggered formulation of the non-conservation form, the discretized versions of the effective
anisotropic stress tensor associated to the perfect fluid can be written as,

SC : [Π̄eff,pf
ij ]L = a−2α(1 + ω)γ2

sc,(ij)S
(p)
i,j [ρ̄ uiuj ] , with γ2

sc,(ij) ≡
1

1− a2(1−α)S(p)
i,j [
∑

k ukuk]
, (436)

ST : [Π̄eff,pf
ij ]L = a−2α(1 + ω)γ2

st,(ij)S
(p)
i,j [ρ̄]Sj [ui]Si[uj ] , with γ2

st,(ij) ≡
1

1− a2(1−α)S(p)
i,j [
∑

k S
(p)
−k [ukuk]]

. (437)

Tensor perturbations and gravitational wave observables on the lattice

To extract observables, such as the average energy density of the GW background ρGW or the energy density power
spectrum ΩGW, from the lattice, one needs to recover the tensor perturbations hij . To obtain the true tensor perturba-
tions hij , we need to Fourier transform the components of the vij-tensor and apply the transverse-traceless projection
as described in Eq. (417). Similarly, the time derivative of the tensor perturbations h′

ij can be obtained by projecting
the conjugate momenta. On the lattice this can be realized as follows,

hij = ΛL
ij,lmvlm =

(
T∗

mp

)2

ΛL
ij,lmv̄lm , (438)

h′
ij =

ω∗

a3−α
ΛL
ij,lm(πv)lm =

ω∗

a3−α

(
T∗

mp

)2

ΛL
ij,lm(π̄v)lm . (439)

The lattice version of the projection operator Λij,lm that has been introduced (415), has different realizations depending
on whether we use neutral (‘0’) or forward/backward (‘±’) derivatives, and depending on the accuracy of the derivative
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operator. Using the lattice momenta k0
L and k±

L that have been introduced in section 3.2, the lattice transverse-traceless
projection operators can be written as,

ΛL,0
ij,lm = PL,0

il PL,0
jm − 1

2P
L,0
ij PL,0

lm , with PL,0
ij = δij −

k0L,ik
0
L,j

|k0
L|2

, (440)

ΛL,±
ij,lm = PL,±

il PL,±
jm − 1

2P
L,±
ij PL,±

lm , with PL,±
ij = δij −

(kL,i)
±k±L,j

|k±
L |2

. (441)

After applying the TT-projection to the conjugate momentum of the vij-tensor, the average energy density of the
GWs on the lattice is given by,

ρGW =
m2

p

4a2αN6

∑
l

4πl2⟨h′
ijh

′∗
ij⟩R(l) =

∑
l

{
m2

pδx
6

8π2a2αL3
k3(l)⟨h′

ijh
′∗
ij⟩R(l)

}
∆ log k , (442)

where the summation goes over spherical bins centered at k(l) = kIRl with regular width ∆k ≡ kIR, such that the
approximate amount of points in bin l is given by #l = 4πl2 for l = 1, 2, 3, ... (for a discussion on different multiplicities
#l see [2]). Furthermore ⟨(...)⟩R(l) ≡ (1/#l)

∑
ñ∈R(l)(...) represents an angular average over the spherical shell R(l),

and ∆ log k ≡ kIR/k(l). The GW energy density power spectrum on the lattice is defined as,(
dρGW

d log k

)
(l) =

m2
pk(l)

3

8π2a2αL3

〈[
δx3h′

ij

] [
δx3h′

ij

]∗〉
R(l)

, (443)

which corresponds to the Type II lattice spectrum (for other spectra types see section 8.2 of [2]). Normalizing by the
critical energy density ρc ≡ 3m2

pa
−2αH2 we obtain the fractional GW energy density power spectrum

ΩGW(ñ, η) =
1

ρc

m2
pk

3(l)

8π2a2α
δx3

N3

〈
[h′

ij(ñ
′, η)][h′

ij(ñ
′, η)]∗

〉
R(ñ)

. (444)
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8 Summary and outlook

In the current era of precision observational cosmology we are witnessing an increasing necessity for accurate predictions
from non-linear field dynamics in early Universe scenarios. The numerical techniques to simulate such scenarios can
be referred to as Lattice Cosmology Techniques (LCT). While the basic aspects of LCT applied to scalar-singlet
and scalar-gauge theories have been presented in The Art-I [1], and extended to beyond canonical cases in The

Art-II [2], the current monograph, which we refer to as The Art-III, introduces fluid dynamics, with couplings to
both scalar and gauge sectors. This extension of LCT to fully coupled scalar-gauge-fluid dynamics allows for the
exploration of physical scenarios where the primordial plasma, modelled as a fluid, plays a fundamental role in the
overall dynamics. Primary examples of such scenarios include cosmological phase transitions in the early Universe,
and the magnetohydrodynamic (MHD) evolution of primordial magnetic fields across cosmic history.

In this monograph, we discuss lattice implementations of field dynamics in an expanding FLRW background,
including: (i) fully relativistic perfect fluid dynamics, describing a plasma of particles in local thermal equilibrium
(LTE); (ii) first-order imperfect fluids, including the leading order effects when considering deviations from LTE; (iii)
fully relativistic fluids coupled to a U(1) gauge field, including as a special case that of MHD, both in the finite
and infinite conductivity limits; (iv) fully relativistic fluids coupled to a scalar field, including both equilibrium and
first-order out-of-equilibrium interactions between the two sectors.

We now briefly summarize the content of the present work. In section 2 we introduce scalar-gauge-fluid dynamics
in the continuum, first in flat spacetime (cf. section 2.1), and then generalized to an expanding FLRW background
through minimal gravitational coupling (cf. section 2.2). We describe in detail first the case of fully relativistic
fluid dynamics, including both perfect (cf. section 2.3.1) and first-order imperfect fluids (cf. section 2.3.2), and we
then extend the treatment to include interactions of the fluid with IR bosonic degrees of freedom, covering the two
fundamental cases of the interactions with a U(1) gauge field (cf. section 2.4.1) and with a scalar field (cf. section 2.4.2).
We then review, in section 3, the basic lattice techniques required for the discretization of the scalar-gauge-fluid system,
starting with a basic introduction to the lattice (cf. section 3.1), and including high-order numerical schemes for both
spatial (cf. sections 3.2 and 3.3) and timestepping (cf. section 3.4) discretization. Sections 4 and 5 represent the core
of the monograph, respectively describing the lattice formulations of pure perfect and imperfect fluid dynamics, and
of fluid dynamics coupled to either a U(1) gauge field (cf. section 5.1) or to a scalar field (cf. section 5.2). The discrete
formulation of the scalar-gauge-fluid system is presented considering both the conservation and non-conservation forms,
in which the fundamental fluid variables are respectively the T 0µ

pf components of the perfect fluid stress-energy tensor
or the fluid velocity ui and, either the fluid energy density ρf or the temperature T . Moreover, considering scalar field
components as always living at lattice sites, while vector field components as living either at lattice sites or in between
lattice sites, we introduce both the collocated and staggered formulations, featuring different properties, and whose
implementations require different discretizations. In section 6 we briefly deal with how to set up initial conditions
in Fourier space for scalar and vector field components in the scalar-gauge-fluid system, considering a given power
spectrum and a given tensorial structure. Finally, in section 7, we deal with the main properties of Gravitational
Waves on the lattice, focusing on the source terms coming from the field content described in the present work.

The techniques presented in this monograph constitute the theoretical basis for the scalar-gauge-fluid module that
will be publicly released, after publication of the present monograph, as part of CosmoLattice v3.0. For updates
on this, please check the CosmoLattice website http://www.cosmolattice.com. Thanks to the recent developments
incorporated in CosmoLattice v2.0 [236, 237], which substantially extended the physics scope and computational
capabilities of the code (including, e.g., non-symplectic integrators and GPU acceleration), CosmoLattice v3.0 will
incorporate these upgrades, providing a user-friendly, powerful and modular C++ MPI-based code, fully prepared
to perform numerical simulations of perfect or imperfect fluids, in isolation or coupled to scalar or gauge fields, with
either CPU or GPU parallelization.
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A Derivation of the fluid equations of motion in flat spacetime

Here we provide a detailed derivation of the fluid equations of motion (EOM) in flat spacetime, which were presented
in section 2.1 [see Eq. (9)]. The total stress-energy tensor of the scalar-gauge-fluid system [see Eq. (7)] can be written
as a sum of contributions from the fluid, the gauge, and the scalar sectors

Tµν = Tµν
Fl + Tµν

U(1) + Tµν
SU(N) + Tµν

scalar . (445)

The contributions from the Abelian and non-Abelian gauge fields are respectively given by

Tµν
U(1) = −1

4
ηµνFλσF

λσ + FµλF ν
λ , (446a)

Tµν
SU(N) = −1

4
ηµνGa

λσG
λσ
a +Gµλ

a Gν
a λ . (446b)

For the scalar fields, we have a separate kinetic term for each of them and a common potential V0(ϕ, |φ|, |Φ|), which
can in principle include interaction terms between them. Hence, we can write the stress-energy tensor for the scalar
sector as

Tµν
scalar = Tµν

ϕ,kin + Tµν
φ,kin + Tµν

Φ,kin − ηµν V0(ϕ, |φ|, |Φ|) , (447)

with the kinetic terms respectively given by

Tµν
ϕ,kin = −1

2
ηµν∂λϕ∂λϕ+ ∂µϕ∂νϕ , (448a)

Tµν
φ,kin = −ηµν(DA

λ φ)
∗(Dλ

Aφ) +
[
(Dµ

Aφ)
∗(Dν

Aφ) + c.c.
]
, (448b)

Tµν
Φ,kin = −ηµν(DλΦ)

†(DλΦ) +
[
(Dµ

AΦ)
†(Dν

AΦ) + c.c.
]
. (448c)

The fluid EOM are computed from the conservation of the total stress-energy tensor as

∂µT
µν = 0 ⇔ ∂µT

µν
Fl = −∂µT

µν
U(1) − ∂µT

µν
SU(N) − ∂µT

µν
scalar . (449)

For clarity, let us separately compute the divergence of the stress-energy tensor from each bosonic sector. In first
place, for the U(1) Abelian gauge field,

∂µT
µν
U(1) = −1

4
∂ν(FλσF

λσ) + ∂µ(F
µλF ν

λ) = (∂µF
µλ)F ν

λ = −JλF ν
λ , (450)

where we have used the Bianchi identities, ∂µF νλ + ∂νFλµ + ∂λFµν = 0, together with the antisymmetry of the field
strength to obtain

−1

4
∂ν(FλσF

λσ) + Fµλ∂µF
ν
λ = −1

2
Fµλ∂

νFµλ + Fµλ∂
µF νλ =

1

2
Fµλ

(
∂µFλν + ∂λF νµ + 2 ∂µF νλ

)
=

1

2
Fµλ

[
∂µF νλ + (µ ↔ λ)

]
= 0 , (451)

from which Eq. (450) follows, once we include the Abelian gauge field EOM [Eq. (6a)], ∂µF
µλ = −Jλ. Let us follow

a similar procedure for the non-Abelian gauge fields,

∂µT
µν
SU(N) = −1

4
∂ν(Ga

λσG
λσ
a ) + ∂µ(G

µλ
a Gν

a λ) = −1

4
∂ν(Ga

λσG
λσ
a ) +Gµλ

a (∂µG
ν
a λ) + (∂µG

µλ
a )Gν

a λ

= −1

4
∂ν(Ga

λσG
λσ
a ) +Gµλ

a (Dµ)abG
ν
b λ + [(Dµ)abG

µλ
b ]Gν

a λ + fabc C
c
µ(G

µλ
a Gν

b λ +Gµλ
b Gν

a λ)

= −1

4
∂ν(Ga

λσG
λσ
a ) +Ga

µλ(Dµ)abG
νλ
b + [(Dµ)abG

µλ
b ]Gν

a λ = −J λ
a Gν

a λ . (452)

In the intermediate step we have used the antisymmetry of the SU(N) structure constants fabc and in the last one, we

have used the non-Abelian gauge field EOM [Eq. (6b)], (Dµ)abG
µλ
b = −J λ

a , and the corresponding Bianchi identities

for non-Abelian gauge fields, (Dµ)abG
νλ
b + (Dν)abG

λµ
b + (Dλ)abG

µν
b = 0, together with the antisymmetry of the field

strengths, leading to the following identity

−1

4
∂ν(Ga

λσG
λσ
a ) +Ga

µλ(Dµ)abG
νλ
b = −1

2
Ga

µλ(Dν)abG
µλ
b +Ga

µλ(Dµ)abG
νλ
b

=
1

2
Ga

µλ

[
(Dµ)abG

λν
b + (Dλ)abG

νµ
b + 2 (Dµ)abG

νλ
b

]
=

1

2
Ga

µλ

[
(Dµ)abG

νλ
b + (µ ↔ λ)

]
= 0 . (453)
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We now proceed with the scalar sector. For the singlet field ϕ, one gets

∂µT
µν
ϕ,kin = −1

2
∂ν(∂λϕ∂λϕ) + ∂µ(∂

µϕ∂νϕ) = (∂µ∂µϕ) ∂
νϕ = (∂ϕV0 − Ωϕ) ∂

νϕ , (454)

where we have introduced the scalar field equation of motion [Eq. (6c)]. For the U(1)−charged scalar field we have

∂µT
µν
φ,kin =

[
(DA

µφ)
∗(−∂νDµ

Aφ+ ∂µDν
Aφ
)
+ (∂µD

µ
Aφ)

∗(Dν
Aφ) + c.c.

]
=
{
(DA

µφ)
∗(−∂νDµ

Aφ+ ∂µDν
Aφ
)
+
[
(DA

µD
µ
Aφ)

∗ − i(Dµ
Aφ)

∗(gQφAµ)
]
Dν

Aφ+ c.c.
}

=
{
(DA

µφ)
∗(−∂νDµ

Aφ+Dµ
AD

ν
Aφ
)
+ (DA

µD
µ
Aφ)

∗Dν
Aφ+ c.c.

}
=
{
(DA

µφ)
∗(−Dν

AD
µ
Aφ+Dµ

AD
ν
Aφ
)
+ (DA

µD
µ
Aφ)

∗Dν
Aφ− igQφAν(D

A
µφ)

∗(Dµ
Aφ) + c.c.

}
=
{
(DA

µφ)
∗(−Dν

AD
µ
Aφ+Dµ

AD
ν
Aφ
)
+ (DA

µD
µ
Aφ)

∗Dν
Aφ+ c.c.

}
=
{
(DA

µφ)
∗[Dµ

A, D
ν
A

]
φ+ (DA

µD
µ
Aφ)

∗Dν
Aφ+ c.c.

}
=
{
−igQφF

µν(DA
µφ)

∗φ+ (DA
µD

µ
Aφ)

∗Dν
Aφ+ c.c.

}
= −2 g QφF

µνIm[φ∗DA
µφ] +

[(
1

2

∂V0

∂|φ|
φ∗

|φ|
− Ω∗

φ

)
Dν

Aφ+ c.c.

]
= Jµ

φF
ν
µ +

[(
1

2

∂V0

∂|φ|
φ∗

|φ|
− Ω∗

φ

)
Dν

Aφ+ c.c.

]
, (455)

where we have used the fact that −igQφAν(D
A
µφ)

∗(Dµ
Aφ) is real, that the commutator of the Abelian gauge co-

variant derivatives is [Dµ
A, D

ν
A] = −i g QFµν , the scalar field EOM [Eq. (6d)], and we recognize the current Jµ

φ =
2 g QφIm[φ∗Dµ

Aφ] introduced in section 2.1 [see Eq. (3)]. Similarly, for the [SU(N) × U(1)]−charged scalar field, we
have

∂µT
µν
Φ,kin =

[
(DµΦ)

†(−∂νDµΦ+ ∂µDνΦ
)
+ (∂µD

µΦ)†DνΦ+ c.c.
]

=
{
(DµΦ)

†(−∂νDµΦ+ ∂µDνΦ
)
+
[
(DµD

µΦ)† − i(DµΦ)†(gQΦAµI + g′Q′
ΦC

a
µTa)

]
DνΦ+ c.c.

}
=
{
(DµΦ)

†(−DνDµΦ+DµDνΦ
)
+ (DµD

µΦ)†DνΦ− i(DµΦ)
†(gQΦA

νI + g′Q′
ΦC

ν
aTa)D

µΦ+ c.c.
}

=
{
(DµΦ)

†[Dµ, Dν
]
Φ+

[
(DµD

µΦ)†DνΦ+ c.c.
}

= −2 g QΦF
µνIm[Φ†DµΦ]− 2 g′ Q′

ΦG
µν
a Im[Φ†Ta(DµΦ)] +

[
(DµD

µΦ)†DνΦ+ c.c.
]

= Jµ
ΦF

ν
µ + J µ

Φ,aG
ν
a µ +

[(
1

2

∂V0

∂|Φ|
Φ†

|Φ|
− Ω†

Φ

)
DνΦ+ c.c.

]
, (456)

where we have used the fact that the generators of SU(N) are hermitian (i.e., T †
a = Ta), that the commutator of the

U(1)×SU(N) gauge covariant derivatives is [Dµ, Dν ] = −i g QFµν − i g′ Q′ Gµν
a Ta, the scalar field EOM [cf. Eq. (6e)],

and we recognize the currents Jµ
Φ = 2 g QΦIm[Φ†DµΦ] and J µ

Φ,a = 2 g′ Q′
ΦIm[Φ†Ta(D

µΦ)] introduced in section 2.1
[see Eq. (3)]. Finally, we also have the following term

∂µ(V0 η
µν) = (∂ϕV0) ∂

νϕ+

[(
∂V0

∂φ

)
∂νφ+

(
∂V0

∂Φ

)
∂νΦ+ c.c.

]
= (∂ϕV0) ∂

νϕ+

[(
1

2

∂V0

∂|φ|
φ∗

|φ|

)
Dν

Aφ+

(
1

2

∂V0

∂|Φ|
Φ†

|Φ|

)
DνΦ+ c.c.

]
, (457)

where, due to the addition of the charge conjugate for the terms inside square brackets, the derivatives acting on the
charged scalar fields can be promoted to their gauge covariant counterparts.

The conservation of the total stress-energy tensor of Eq. (449) then leads to

∂µT
µν
Fl = JµF ν

µ + J µ
a Gν

a µ − (∂ϕV0 − Ωϕ)∂
νϕ− Jµ

φF
ν
µ −

[(
1

2

∂V0

∂|φ|
φ∗

|φ|
− Ω∗

φ

)
Dν

Aφ+ c.c.

]
− Jµ

ΦF
ν
µ − J µ

Φ,aG
ν
a µ −

[(
1

2

∂V0

∂|Φ|
Φ†

|Φ|
− Ω†

Φ

)
DνΦ+ c.c.

]
+ (∂ϕV0)∂

νϕ+

[(
1

2

∂V0

∂|φ|
φ∗

|φ|

)
Dν

Aφ+

(
1

2

∂V0

∂|Φ|
Φ†

|Φ|

)
DνΦ+ c.c.

]
= Jµ

FlF
ν
µ + J µ

Fl,aG
ν
a µ +Ωϕ ∂

νϕ+
(
Ω∗

φ Dν
Aφ+Ω†

Φ DνΦ+ c.c.
)
, (458)

where we recognize the fluid currents Jµ
Fl = Jµ−Jµ

φ −Jµ
Φ and J µ

Fl,a = J µ
a −J µ

Φ,a introduced in section 2.1 [see Eq. (4)
and Eqs. (6a) and (6b)]. Hence we recover Eq. (9).
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B Rescaling of the fluid equations of motion

In this section, we discuss convenient rescaling choices for the fluid stress-energy tensor that simplify the fluid EOM.
As presented in section 2.2, precisely in Eqs. (17h) and (17i), the fluid equations in an expanding FLRW background
with metric gµν = diag(−a2α, a2, a2, a2) are

∂µT
µν
Fl +

[
(4 + 2α)HT 00

Fl + a−2αHTFl

]
δν0 +

[
(5 + α)HT 0i

Fl

]
δνi = Fν

int , (459)

where we have isolated the trace TFl ≡ gµνT
µν
Fl = −a2αT 00

Fl + T
(3)
Fl of the fluid stress-energy tensor, α indicates the

choice of α-time (see discussion at the beginning of section 2.2), H is the (α-time) Hubble rate, and Fν
int represents

the forces acting on the fluid, introduced at the end of section 2.1.
Let us now consider a general rescaling of the fluid stress-energy tensor as

T̃µν
Fl = aβ Tµν

Fl , with constant β ∈ R . (460)

The fluid EOM for the rescaled stress-energy tensor then read

∂µT̃
µν
Fl +

[
(4 + 2α− β)HT̃ 00

Fl + a−2αHT̃Fl

]
δν0 +

[
(5 + α− β)HT̃ 0i

Fl

]
δνi = F̃ν

int , (461)

where T̃Fl ≡ gµν T̃
µν
Fl and we have rescaled the forces as F̃ν

int = aβFν
int. From the equations above, we see that there

are two rescaling choices that allow us to get rid of one of the Hubble friction terms,

β = 4 + 2α ⇒ ∂µT̃
µν
Fl + a−2αHT̃Fl δ

ν
0 + (1− α)HT̃ 0i

Fl δ
ν
i = F̃ν

int , (462a)

β = 5 + α ⇒ ∂µT̃
µν
Fl +

[
(α− 1)HT̃ 00

Fl + a−2αHT̃Fl

]
δν0 = F̃ν

int . (462b)

We see that both rescalings are equivalent for conformal time, i.e., α = 1, in which case they lead to the following
equations,

∂µT̃
µν
Fl + a−2HT̃Fl δ

ν
0 = F̃ν

int , for α = 1 , (463)

where T̃µν
Fl = a6Tµν

Fl and F̃ν
int = a6Fν

int. In Eqs. (462), we see that the only Hubble friction term remaining appears
in the temporal component, i.e., for ν = 0, and it is proportional to the trace of the stress-energy tensor. If we write
T̃µν
Fl = T̃µν

pf − δT̃µν with T̃µν
pf the stress-energy tensor of a perfect fluid and δT̃µν the deviatoric stress-energy tensor,

the Hubble friction term becomes

Ha−2T̃Fl = H a4(3pf − ρf )−H a−2δT̃ , for α = 1 , (464)

where we have used Eq. (26) for the perfect fluid component. Since, for α = 1, the Hubble friction is proportional to
the trace of the stress-energy tensor, which vanishes for perfect fluids (i.e., δT = 0) with a constant equation of state
corresponding to radiation particles, i.e., pf = 1

3ρf , the fluid EOM become conformally flat in this case,

∂µT̃
µν
pf = F̃ν

int , for α = 1 . (465)

This shows that both choices of rescaling β = 4 + 2α and β = 5 + α lead to conformally flat equations for a purely
radiation perfect fluid when described with conformal time. Moreover, as it can be seen from Eq. (461), any rescaling
choice β(α) such that β(1) = 6 leads to conformally flat equations for α = 1.

However, an advantage of the choice β = 4+2α, which is used in the main text, is that for a perfect fluid it yields

T̃ 00
pf = w̃fγ

2 − p̃f , T̃ 0i
pf = w̃fγ

2ui , T̃ ij
pf = w̃fγ

2uiuj + a2(α−1)p̃fδij , (466)

with ρ̃f = a4pf , p̃f = a4pf , and w̃f = a4wf respectively the rescaled fluid energy density, pressure, and enthalpy.
Hence we have a rescaling of the fluid variables with a factor a4 compensating for the decay of the physical energy
density of a purely radiation fluid due to the Universe expansion. This means that, within this choice, the rescaled
fluid variables always coincide, for a purely radiation fluid, with the comoving variables.
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