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Abstract

We discuss lattice methods for the simulation of fluid dynamics in the early Universe. This review represents a
third entry in the monographic series on lattice cosmology techniques, Refs. , which previously covered canonical
and non-canonical field theory dynamics. Here, we first review the continuum theory of fluid dynamics in flat
spacetime, and then in an FLRW background. We consider conservation and non-conservation forms of the equations
of motion for fluids in isolation or coupled to scalar and/or gauge fields, and either fully relativistic or subrelativistic
regimes of fluid bulk motion. After reviewing basic lattice concepts, we introduce detailed discretization schemes
for fluid dynamics in expanding backgrounds for: i) isolated perfect fluids, i7) isolated imperfect (viscous) fluids, %4i)
fluids coupled to gauge fields, and iv) fluids coupled to scalar fields. Our evolution algorithms accommodate self-
consistent expansion sourced by all scalar, gauge, and fluid sectors, preserving gauge invariance to machine precision
in some cases. We also review lattice methods to set up the initial conditions for fluids, and the implementation of
gravitational wave dynamics sourced by all scalar, gauge, and fluid degrees of freedom. This document represents
the theoretical basis for the scalar-gauge-fluid module that will be publicly released as part of CosmoLattice v3.0
after publication of this monograph, check http://www.cosmolattice.com for updates.
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Conventions and notation

Unless otherwise specified, we use the following conventions throughout the document:

e We use natural units ¢ = i = 1 and metric signature (—1,+1,+1,+1).

e We use interchangeably the Newton constant G, the full Planck mass M, ~ 1.22-10'? GeV, and the reduced
Planck mass m, ~ 2.44 - 10'® GeV, all related through Mg = 87rm127 =1/G.

e Latin indices 4, j, k,... = 1,2, 3 are reserved for spatial dimensions, and Greek indices «, 3, i, v, ... = 0,1,2,3 for
spacetime dimensions. We use the Finstein convention of summing over repeated indices only in the continuum.
Einstein summation is also assumed for both lower indices when dealing with 3D spatial vectors, which are
always identified with lower indices. In the lattice, unless stated otherwise, repeated indices do not
represent summation.

e We consider a flat FLRW metric with squared line element ds* = —a?*(n)dn? + a*(n) 6;; dz*dz? with o € R a

constant chosen conveniently in each scenario. For ae = 0, 1 denotes the cosmic time t, whereas for « = 1, 7
denotes the conformal time T = [ %. For arbitrary «, we will refer to the time variable as the a-time.

o We reserve the notation () for derivatives with respect to cosmic time with o = 0, and ()’ for derivatives with
respect to a-time with arbitrary a.

e The a-time Hubble rate is given by H = a’/a, whereas the physical Hubble rate is denoted by H = H|,=o-

e Our Fourier transform convention in the continuum is given by

1

f(X) = (27_(_)3

/ Pk f(k)et*>  —  f(k) = / d3x f(x) e~ x

e Given N lattice points per spatial direction, with n and n respectively indicating the configuration and reciprocal
space lattice sites, our discrete Fourier transform (DFT) is defined by

Z e IR f ()

n

f) = 5 Y eFI ) e f(@)

e A scalar field living in a generic lattice site n = (n,,n) = (n,, n1, n2, n3), i.e., ¢, = ¢(n), will be simply denoted
as ¢. If the point is displaced in the p—direction by one unit lattice spacing/time step, n + fi, we will then use
the notation n + p or simply by +u to indicate it, so that the field amplitude in the new point is expressed as

¢+/L = d)(n + ﬂ)

e When representing gauge fields on the lattice, it is usually understood that they live in between lattice points,
half step away from each lattice site, i.e., A, = A,(n+ %ﬂ) It follows then that, e.g., A, 4+, = A, (n + %ﬂ + 19)
In the case of gauge fields coupled to a fluid, however, it is possible to consider an alternative formulation where
the gauge fields are collocated, which means that they live at integer lattice sites A, = A, (n).

e Even though the lattice spacing dx and the time step 6t do not need to be equal, sometimes we may speak loosely
of corrections of order O(dz), independently of whether we are referring to the lattice spacing or to the time
step.






1 Introduction and purpose of this monograph

An early phase of accelerated expansion in the early Universe, inflation, represents the leading paradigm for resolving
the shortcomings of the hot Big Bang framework [319], while simultaneously providing a compelling mechanism for the
generation of the cosmological perturbations [10-14] observed in the cosmic microwave background (CMB) [15417].
In standard realizations, inflation is driven by a scalar singlet field, the inflaton, endowed with a suitable potential
capable of sustaining a sufficiently prolonged period of accelerated expansion. Subsequent to inflation, the Universe
must undergo a phase of reheating, during which the energy stored in the inflaton field is transferred into other particle
species, which are expected to rapidly approach thermal equilibrium. These daughter particles (or their decay products)
ultimately come to dominate the energy density of the Universe, forming a relativistic plasma. From this stage onward,
the standard hot Big Bang description—characterized by a thermal bath of relativistic particles governing the cosmic
expansion—becomes applicable.

The phenomenology of the early Universe is vast, often involving non-linear field dynamics. These include preheating
effects and other mechanisms of particle production [18431], the amplification of scalar metric perturbations [32-42],
which might collapse to form primordial black holes [43H47], magnetohydrodynamic turbulent motion in the primordial
plasma [48-60], and other phenomena like the formation of soliton-like objects like oscillons [61H82], the nucleation of
bubbles in first-order phase transitions [83192], or the creation of cosmic defects [934103|. These non-linear phenomena
can actually yield relevant cosmological consequences, like the generation of dark matter relics [104-108]|, the realization
of cosmological magnetogenesis |[109H136], or the baryon asymmetry of the Universe [137H149]. They can also affect
the post-inflationary equation of state, with implications for the CMB [150H162], and generate potentially detectable
gravitational wave backgrounds [163}219).

The non-linear dynamics of this high-energy physics landscape is often too complex to be captured accurately by
analytical methods. Developing numerical techniques to simulate nonlinear field dynamics becomes therefore essential
to gain a comprehensive understanding of the non-linearities arising in these scenarios. As validating numerical results
against analytical methods is often impossible (in the interesting non-linear regime), sanity checks of simulation
results must come from adherence to physical principles, such as, e.g., energy conservation or gauge invariance, and
from cross-checking the numerical outcome from different methods applied to the same given problem.

The use of numerical techniques to study the non-linear field dynamics has increased considerably, as reflected by
the number of specialized packages created over the last years [201}220-237]. Only by developing increasingly efficient
and reliable codes and techniques, we will achieve a solid foundation for the predictions of the early Universe. A new
field—Lattice Cosmology—has emerged on its own merits, thanks to its unique ability to capture the precise details
of non-linear field dynamics in the early Universe, and its potential to provide accurate predictions for the observables
of such dynamics. This latter point is of paramount importance in the current era of precision observational cosmol-
ogy. Lattice Cosmology Techniques (LCT) have established themselves as a clear pathway towards understanding
the early Universe, and we expect them to become increasingly influential in determining observational strategies to
probe the early Universe. It is precisely in this spirit that the package CosmoLattice [231] was originally created,
see http://www.cosmolattice.com. Contrary to standard codes focused on a given set of equations and observables,
CosmoLattice is rather a platform for the implementation of any field theory system characterized by partial differen-
tial equations suitable for discretization on a lattice [233]. Written in C++, CosmoLattice uses a modular structure
to separate technical details from the physics, establishing a unique symbolic language, wherein field variables and
their associated operations are defined in close resemblance to the continuum.

The release of CosmoLattice v1.0 in 2021 [231] was preceded by the publication of a monographic review on LCT:
The Art of Simulating the early Universe, Part I. Integration techniques and canonical cases |1]. This monograph,
which we will refer to, colloquially, as The Art - I, constituted the theoretical basis for the physics capabilities initially
released in v1.0 of the code: namely, canonical scalar-singlet and SU(2)xU(1) scalar-gauge theories in a spatially-
flat expanding background. In particular, The Art-TI presented symplectic explicit-in-time evolution algorithms for
theories with canonically normalized kinetic terms, with accuracies ranging from O(dt?) to O(dt'?), and with self-
consistent expansion of the Universe sourced by all the dynamical fields involved. The algorithms were designed to
simulate singlet scalar and/or Abelian U(1) and non-Abelian SU(2) scalar-gauge interactions, preserving the Gauss
constraint to machine precision, for either U(1) or SU(2).

The recent release of CosmoLattice v2.0 [236] was also preceded by another monographic review on LCT: The
Art of Simulating the early Universe, Part II. Non-canonical cases & gravitational waves |2] or, for short, The Art -
II. This second monograph served for a twofold purpose, on the one hand, constituting the theoretical basis for
the new modules added in CosmoLattice v2.0, and on the other hand, extending the discussion on LCT to new
physics cases beyond those considered in The Art-1I. In particular, The Art-II introduced lattice implementations
of non-canonical interactions, including scalars with a non-minimal coupling to gravity, ¢?R, non-minimal scalar ki-
netic theories, Gup({¢¢})8,0%0"¢*, and axion-like particle (ALP) interactions with Abelian gauge fields, ¢F,,, F".
It also discussed methods to set up special field configurations, like the creation of cosmic defect networks towards
scaling (e.g., cosmic strings and domain walls), field configurations based on arbitrary power spectra or spatial pro-
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files, and probabilistic methods as required, e.g., for thermal configurations. Furthermore, it extended the notion of
non-canonical theories to the dimensionality of space, discussing the discretization of scalar field dynamics in d + 1
dimensions, with d # 3. Finally, unrelated to non-canonical aspects, The Art-1II also discussed previous and novel
implementation(s) of gravitational wave (GW) dynamics on the lattice.

The Art-TI and The Art-II are the first and second monographic reviews in a series of dissertations on LTC that
were originally planned at the conception of CosmoLattice. The present document, The Art of Simulating the early
Universe - Part I1I. Scalar-Gauge-Fluid Dynamics, or for short, The Art-III, constitutes therefore a third entry in
the monographic series. It serves again for a twofold purpose: on the one hand, it extends previous discussions on
LCT, in this occasion to fluid dynamics; on the other hand, it constitutes the theoretical basis for new modules—
related to fluid dynamics— added in CosmoLattice v3.0, which will be publicly released after the publication of this
monograph. Eventually, we expect to complete the dissertation series with at least one more entry, The Art-IV, where
we will discuss lattice formulations of general relativity as sourced by all degrees of freedom, scalars, gauge fields, and
fluids.

Here, in The Art-1III, we present a discussion on lattice techniques for the simulation of fluid dynamics in a
(spatially-flat) expanding Universe. In section [2| we review in full detail the theory of fluid dynamics in the continuum.
We first discuss the dynamics on flat spacetime, and then on a Friedmann-Lemaitre-Robertson-Walker (FLRW) back-
ground. We consider both conservation and non-conservation forms of the equations of motion (EOM) governing the
dynamics of the fluid in either the fully relativistic or subrelativistic regimes of the fluid bulk velocity. We describe
the dynamics of an isolated fluid, considering perfect fluids in local thermal equilibrium (LTE), and then imperfect
(viscous) fluids, which present small deviations with respect to LTE. We extend our discussions to fluids coupled
to bosonic sectors, via Lorentz forces with gauge fields, or through derivative couplings to scalar field sectors. In
section [3] we review briefly some lattice concepts, including basic and higher-order lattice derivatives, lattice momenta,
program variables, and evolution algorithms to solve partial differential equations in a computer. Next, we dwell into
detailed discretization procedures for fluid dynamics on a FLRW background. In section [4] we present discretization
and evolution schemes for perfect and imperfect fluids, both for conservation and non-conservation forms of the EOM,
while not yet considering interactions with any external field. In Section [5, we couple the fluids to infrared (IR)—
i.e., long wavelength—bosonic sectors. We present both conservation and non-conservation forms of the lattice EOM.
Remarkably, all our evolution algorithms can be run for self-consistent expansion of the Universe, as sourced by all
scalar, gauge, and fluid degrees of freedom involved in the dynamics. In the case of gauge theories, we consider three
different discretization schemes: collocated, semi-collocated, or staggered, depending on whether gauge fields and (some)
fluid variables live at the integer (n), or semi-integer (n+14/2) lattice sites. Some of these formulations preserve gauge
invariance on the lattice (to machine precision) throughout evolution, whereas others allow for the implementation
of arbitrary higher-order derivatives. In section [6] we discuss methods to set up the initial conditions of fluids and of
bosonic fields on a lattice, and in section We discuss the lattice implementation of gravitational wave (GW) dynamics
sourced by fluids (together with scalar and/or gauge fields).

The applications of the techniques presented in this review are very relevant for a broad range of early Universe
situations, especially when a thermal distribution of particles is present. This is highlighted by the number of numerical
studies in recent years that focus on non-linear fluid dynamics of the early Universe primordial plasma. An important
example is the development of acoustic and vortical turbulence that can lead to the production of GWs, e.g., due to
the interaction of first-order phase transition bubbles with the primordial plasma [180L/200-203}238-248|, or due to
the nonlinear coupling of the plasma with a primordial magnetic field, described by magnetohydrodynamic (MHD)
turbulence [201}[202} 206} [207] [242}249,1250]. Some of these numerical studies consider the dynamics of the fluid-
scalar system in flat spacetime, e.g., |180,/188.[200}/239,]248|, or evolve only the fluid system in the so-called Higgsless
approach [243-246|, where the value of the scalar field is prescribed at every location in the simulation. On the other
hand, some numerical studies have focused on the production of GWs only by the fluid perturbations, assumed to be
either purely compressional [202}/240},/241/247] or purely vortical [202,/207,/242,/251]. The formulation of scalar-gauge-
fluid dynamics in the present work gives the possibility to extend these numerical studies to fully relativistic bulk fluid
motion in an expanding FLRW background, taking into account the dynamics of the fluid and its interactions with
both scalar and gauge sectors.

Note -. All the physics and technical aspects that we present here in The Art-III are implemented in
CosmoLattice v3.0, which will be publicly released after this monograph is published, check the CosmoLattice
website (http://www.cosmolattice.com) for updates. In any case, the presentation of the numerical techniques in
this monograph constitutes by itself a theoretical review on LCT for fluid dynamics on expanding backgrounds,
complementing our previous reviews on LCT on canonical and non-canonical field theories, The Art-1I and The
Art - II. The techniques presented here are therefore general LCT for fluid dynamics, which can be implemented
in any code.
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2 Continuum formulation

As a starting point, we consider a system with a large density of particles, corresponding to quanta of interacting
scalar, gauge, and fermion fields. We assume that the particle de Broglie wavelengths are much smaller than the
typical mean free path length scales of the problem, A\jp < L, so that the wavefunctions of the different particles
are widely separated, and hence quantum interference of their wave packages can be neglected. The particles can then
be considered as moving like classical particles, even if the collisions they sustain are set by interactions of quantum
nature. Due to their interactions, the particle ensemble is expected to reach thermal equilibrium, so that within a
certain volume element AV ~ [2 .. the system can be described in terms of averaged quantities, like the bulk velocity
@ = (u1,us,us), pressure p, energy density p, temperature T, or other macroscopic quantities that characterize the
particle ensemble. The consistency of this continuum description requires the element AV to be large enough to contain
a high number of particles (which is always the case if one requires lcont = lmfp), but small enough to guarantee that
the macroscopic quantities {q;} = {u1, u2, u3,p,p, T, ...} do not depend on AV. This ensemble, from now on, will be
referred to as the fluid. If the ensemble contains scalars and/or gauge fields, a macroscopic length scale L > lcont,
might also be present in the problem (more on this below). The fluid quantities {g;} = {u1,u2,us,p,p,T,...} are
then allowed to vary over scales comparable to L. The hierarchy of scales in the above description is summarized by
AdB K lmp K loont < L. Our intention is then to describe the system at scales A much larger than lcont, but which
could be either smaller, of the same order, and/or larger than L. In other words, as the scales of interest must fall
within a finite range, say A € (Amin, Amax), we will assume Apin > leont, and Apin < L < Apax-

We will naturally distinguish infrared (IR) and ultraviolet (UV) degrees of freedom (dof), as those corresponding to
modes k < 1/lcont and k > 1/lcont, respectively. The macroscopic scale L is typically introduced in the system due to
some mechanism in the bosonic sector, like for example the nucleation of scalar field bubbles of radius L = R > l.ont
in a first-order phase transition, or the cosmological correlation length L = lcop > lcons Of a magnetic field created
during inflation. Our aim is to describe a theory for the IR dof, where the UV dof are integrated out. The IR dof
include the macroscopic quantities {g;} that characterize the fluid, as well as bosonic fields with long wavelengths
ABos > lcont. We therefore consider a system with a fluid sector (Lg1) coupled to a bosonic sector (Lpesir). In
the latter, we allow in full generality for the presence of interactive singlet, Abelian U(1)—charged, and non-Abelian
[SU(N) x U(1)]—charged scalar fields, denoted respectively as ¢, ¢, and @, and correspondingly for the U(1) Abelian
gauge fields 4, and SU(N) non-Abelian gauge fields C),. Such a system is described by a Lagrangian like

1 1 1 i}
L= L~ Fu B — JGo,GI — 20,60"0 — (De) (Do) — (D) (D"®) — Vi (o, I, |2]) (1)

4

LBos, IR

where Vo(o, |¢|,|®]) is the tree-level potential, F,, = d,A4, — 0,4, the Abelian field strength, and Gf, = 9,Cp —
0,C + fabcCZCﬁ the non-Abelian field strength, with fu5. the totally antisymmetric structure constants of SU(N),
and a = 1,..., N2 — 1 the SU(N) “color” index. In Eq. , DI‘? =0, —igQA, is the Abelian gauge covariant
derivative, with g the U(1) coupling constant, and @ the U(1) charge of the scalar fields, Q, or Qs, respectively;
D,® = ID;‘}CD — 19 Q% Cf T,® is the non-Abelian gauge covariant derivative, with g’ the SU(N) coupling constant
and Q% the SU(N) charge of ®. Here Z is the N x N identity matrix, and T, are the N? — 1 group generators of
SU(N), which follow the Lie algebra [Ty, Tp] = i fapeTe-

In the following, we assume the presence of a fluid at finite temperature characterized by Ly, which is typically
divided in three terms: a perfect fluid contribution Ly that accounts for the equilibrium part of the particle distribution,
an imperfect fluid contribution L;p¢ that accounts for small departures from thermal equilibrium, and a fluid interaction
term L;yt that accounts for the coupling of the fluid to the long wavelength bosonic dof, characterizing the interactions
of the fluid with the IR scalar and/or gauge fields. Proper definitions of the perfect and imperfect fluid descriptions
will be presented in section [2.3] whereas the fluid-gauge and scalar-fluid interactions will be covered in section 2.4 At
this point, we simply anticipate that we will not provide a Lagrangian formulation for the aforementioned fluid terms,
as it turns out to be more practical to describe instead the fluid dynamics in terms of its stress-energy tensor.

2.1 Dynamics in flat spacetime

Assuming the fluid to be characterized by a finite number of macroscopic quantities {g; |j = 1,.. . Nt which
we do not need to specify yet, its interaction with the gauge and scalar IR sectors is expected to be expressed
throughout gauge-invariant terms depending on such fluid variables {g;}, as well as on the bosonic field amplitudes
{fiRY = {A,,C2,¢,,®} and their derivatives {0f %} = {0,4,,0,C%, 0,0, 8“g0,8f<1>}. The classical equations of
motion (EOM) can then be obtained from the total variation of the action S = [ d*z £, with the Lagrangian of the

system given by Eq. (1), and Lr = Lri({g;}, {fI?},{0fF}). Under these circumstances, the variation of the action



yields

it
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+ {(DND“@ - 0T>?T + Q@)(S(I)T + c.c.] + (0P + JF + Jg + J51)0A, + (Do) an Gy + T&.0 + Tira) 60;‘} , (2)

where, in the last step, we performed an integration by parts, set to zero the boundary terms, and collected all the terms
proportional to dg;, 0A,, 6C2, 66, p*, and @1, respectively. In the process, we introduced (D, )ap = 0460y — fabeCS,
an Abelian current (J}) associated to ¢, and Abelian (Jg) and non-Abelian (Jy ,) currents associated to ®, as

JE=29Q,Imlp*(Dhe)],  J§=29QeIm[®'(D*®)], and JE,=2¢ QpIm[®'T,(D"®)]. (3)

The variational process, led us naturally to define fluid current densities associated to the Abelian (Jf) and non-
Abelian (Jg; ,) gauge fields, as

0L _ 9 0L
o4, ~%a@,A,)

0Lk 0L
NS a = . Oy ) (4)
e = gCa 9(9,Ca)

m
JFI

as well as source terms, associated to the scalar field sectors, as

0. = OLp  , OLp 0 = oLy 9 0L _0Lpm 0L (5)
*T 09 TM9(0,9)° T 0 P B0.p7) *= 9T Mp(9,00)
From Eq. , the EOM for the IR bosonic sectors are obtained from setting 65 = 0,
-0, FM =Jv, with  J” = J2 + Jg + Jg, (6a)
_(D#)angW = ay ) with jay = j'g,a + jlz“jl,a ) (Du)ab = 0ap0y — fabcczf ) (6b)
A%
—B,ﬁ“qﬁ + % = Q¢ 5 (6(3)
—DADHo+ -2 =Q, with Do = (0, —igQ,A.)p, 6d
#PA2 % 3 Bl ol ~ wb = On=i9Qeds) (o0
10V, @
—D,D"® + iﬁ?\@ =Qp, with D,®=[T(0, —igQasA,) —ig QpCLT,]®, (6¢)

where we have defined a total Abelian current as J# = JE + Jh+Jh,, a total non-Abelian current as JF = Jg’a + T as

Vo _ Vo Olel _ 10Vy o and Vo _ OV O12| _ 10Vy &
ps = Bl Bpx = 2070l T A0 B3t = 5] a7 = 2 978] 9]

We note that we have assumed that Lg; only depends on the fields { f/®} and their derivatives {9f}F}. In general,
Egs. and could be generalized to include dependence with higher-order derivatives, though these terms are
likely to be suppressed. Furthermore, since the variation of the action has to be gauge invariant, in light of Egs.
and the source terms €, and )¢ must transform, under a gauge transformation, as ¢ and ®, respectively.
Equivalently J” must be gauge invariant and J” must transform as G#¥ (i.e., in the adjoint representation) under a
gauge transformation.

In order to solve the system, we still need EOM to solve for the fluid variables. While such equations are formally

represented by %;1 = 0, in practice, these conditions do not fix them, unless we provide an exact form for Lg;. As a

and made use of the relations



fluid is an emergent macroscopic description of the dynamics of a many-body system, instead of using a Lagrangian
description, we will rather describe the fluid dynamics in terms of some general properties of the system. As invariance
under spacetime translations is expected to hold on general grounds, conservation of the total stress-energy tensor T
of the system should be satisfied as 0,7*" = 0. Denoting the flat spacetime metric as 7, = n*¥ = diag(—1,1,1,1),
the total stress-energy tensor of the system can be obtained as

oL
m
= TE + 0" Lpostr + FIFY + GEGY\ + 0" 0" ¢ + [(D4o) (Dhy) + (Df@)T (D"®) +cc], (7)

T = gL -2

where we have defined the fluid contribution, formally, as

0Lk
m

TPI‘LIV = an L‘Fl -2

: (8)

Interestingly, we do not need to specify the explicit form of the stress-energy tensor of the fluid, 7%, in order to obtain
an equation describing its evolution.

Plugging Eq. @ into the conservation of the total stress-energy tensor, d,7#" = 0, leads to the following EOM
for the fluid (see appendix [A] for details),

OuTY =JNFY, + Tt Gh 4+ Q0" 6 + (U Dip + QL DY® +cc), (9)

where {Jf, T& 2206, Qp, Qo } are the same fluid currents and source terms that we already introduced previously in
Egs. and . Identifying the terms in the rhs of Eq. @[) as forces upon the fluid, we distinguish the Abelian and
non-Abelian Lorentz forces,

Foy =EIE"s Féowy) = TmaGaus (10)
and define new forces due to the interaction with the scalar fields as

Fy=Q40"0, Fo=Q, Do+ cc., (I”,EQ;D”(D—l—c.c.. (11)

The EOM for the fluid can then be expressed in the following way,

WT = Fine = Foy + Féuny + Fg + Fo + Fa, (12)

where F, represents all the forces acting upon the fluid, due to its interactions with the gauge and scalar fields of
the IR bosonic sector.
2.2 Dynamics in an expanding Universe

The background evolution is described by a homogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric, with line element

ds* = g, datdz” = —a®*(n) dn® + a*(n) 6;;da'da? (13)

where the spacetime coordinates are x# = (1, %), being 1 the a-time and z’ the comoving space coordinates. The
a-time is defined such that dt = a“dn, with ¢ the cosmic time and « a real constant parameter that can be conveniently
chosen for a given problem. By fixing o = 0, we recover cosmic time ¢, whereas a = 1 gives conformal time 7. The
EOM in a curved background are obtained by the following replacements of the metric and derivatives,

Nuv — Guv s auf?pﬁ — fo?,’? = 8;tf?£::' + Fﬁ,\f?ﬁﬁ'.' - F;);af;f +. (14)

where fo represents the gravitational covariant derivative, and Fgﬁ = %g’\”(aaggy + 989y — Ovgap) the Christoffel
symbols of the Levi-Civita connection. For an FLRW metric, the only non-vanishing Christoffel symbols are

FOOO = OéH, Foij = aQ(l_a)H(Sij 5 Fioj == ,Héij ; (15)

where prime denotes time derivatives with respect to a-time, ' = d/dn, and H = a'/a is the (a-time) Hubble rate.
The gravitationally covariant divergence of a vector (f*), and of rank-2 symmetric (7T#”) and antisymmetric (F*)



tensors, are given by

D fr = \%g@(ﬁf“) = 0,(g" £.) + (3 + a)Hf°

= a72°‘ |:—an0 + aiQ(l*Q)ajfj — (3 — Oé)HfO:| R (16&)
v 1 v v Lo v 17 174 g
DT = ﬁau(\/—g TH) +T%,TH = 0,T" + (3+ a)HT™ + 1%, T
= 0T + 0,77 + (3 + a)HT™ + (aHTOO + a2<1*a>7{5ﬂTﬂ) 8y + 2HTO6, (16b)

~1 )
DI = S0, (V=g F) = = 0(g"" 9" Fag) = (3 + )HFOF"

= a_2(°‘+1) |:<80F0i — a_2(1_a)6iji + (1 — Oé)HFQi> 5”» — (8jF0j)(5y0} ) (16(3)

7

where g = det(gu.) = —a?+9) Applying these prescriptions to the EOM in flat spacetime [cf. Egs. @], leads to the
following set of equations for an isotropic and homogeneous FLRW background,

OoFo; — a_2(1_a)8iji + (1 - Oé)HFOi ZGQQJZ‘ R (17&)
(Do)anG; — a= >~ (D))apGh; + (1 — ) HGG; =a®* T, (17b)
@-Fm = a2J0 5 (170)
(Di)angi = a2j0a ) (17d)
@' — a’Q(l’o‘)@ﬂqﬁ +B—-—a)Hd = — a2"‘aa—‘:; +a** Qy, (17e)
"o 72(17(1)52 . /1 2« 8V0 i 2«

o' —a e+ B -—a)He a*® —— +a"*Q,, 17t
A ( ) 2 8|<p| |SO‘ ® ( )

- oVy @
" —q20-0P%) £ (3 - a)H® = — La20 207 4 200, (17¢)

>0 ool
BTY + OTE + (3 + 20)HTX + a2 *HTE = FO, | (17h)
00T + 05 Ti + (5 + VM TR = Fiye (171)

where Tg’) = gijTl?ll = agéijTIf{ is the 3D trace, and the external forces on the fluid from the bosonic fields are

Fo o= — 7 2otD) (JZ-FIFOI- + Jfl’“Ggi) —a % [Q ¢ + (QZ‘O Do + Q; Dy® + c.c.)], (18a)
Fiy =072 (I Foi + T3 G) — o (T] Fyi 4+ TGS
+a %[ 0i6 + (U, D' + QL Di® + c.c.)] . (18b)

The evolution of the scale factor a(n) is determined by the matter content of the system through the Friedmann
equations, which in a-time read [1]

a 2 a2e a” a’e . <p> = _<900T > =a 2 <T >
# = (a) - 3m2 () a 6m2 (20 =1)(p) = 3(p)] with (p) = 1<T(3)>OO: 1,-25. .<Téé> » (19)
=3 3 ij\ L

where m, = (87G)~'/2 ~ 2.44 x 10'® GeV is the reduced Planck mass, (p) and (p) are the background energy
density and pressure of the different components of the Universe, and T) = gi;T% = a?8;;T". Here (...) denotes
volume averaging over sufficiently large regions that encompass well all relevant scales of the excited fields, so that a
well-defined notion of a ‘homogeneous and isotropic’ expanding background is recovered.

For the case where the matter content is completely determined by the field constituents, whose dynamics is
described by Eqs. , the stress-energy tensor is given by Eq. with the replacement 7, — g,

Ty =Tl + guvLiosir + F,) Fux + GoAGoy + 9,0 0,0 + [(D;?go)* (D2¢) + (D) (D, @) + c.c.} . (20)

The resulting Friedmann equations become



7\ 2 2c
(“) = o (a7 T + Ky + K, + Ko + Gy + Gy + Ga + Ky + ooy

3m

p
+ Ksuvy + Gsuny + Vo> , (21a)
a’ a?® j2a—1 1
—=— TR —73) (K, + K, + K
a 3m127< 9g2a 100 T 5FI + (o =2)(Ky + Ky + Ko) + a (G + Gy + Go)
+ (@ +1D)Vo + (@ = 1)(Ky) + Gua) + Ksuw) + GSU(N))> : (21b)

The different energy components of the scalar and gauge field constituents are given by

_ 1 2
KU(l) — 220+ Zi Fg;

2 Gy = 5|V
Ko = g/ " T |" o 2 Gu() = 341 i jei iy
K, = o= |Dif ol : G = az|Dadl : Ko = el 3 (G2 (22)
Ko = (ﬂ%‘DO(I)F Gy = %|D>(I)| SU(N) 2(112(1+04) a,i 012
Gsu(n) = 5q1 Za,i,j<i(ng)
(Kinetic — Scalar) (Gradient — Scalar) (Electric & Magnetic)

For completeness, we may also consider the case where the expansion is sourced by an external background
component with equation of state (EOS) wext = (p)/{p). For constant EOS, one obtains the following solutions to
Egs. for the scale factor and Hubble parameter, in arbitrary a-time [1],

H; 2

1 L
a(n) = a(n;) (1 + 27‘11‘(77 - 77;)) ) H(n) = m ) L= m ) (23)

where 7; is some initial time and H; = H(n;).

2.3 Fluid dynamics

In this section, we present the EOM describing the dynamics of an isolated fluid (i.e., not coupled to other dof) in an
expanding Universe. We first discuss perfect fluids in section which we consider in full generality for relativistic
velocities. We then consider viscous fluids in section [2.3.2] where viscosity is presented only in its subrelativistic
formulation. This section closely follows the description presented in ref. [60], where more in-depth discussions can be
found. The interactions of a fluid with gauge and scalar fields will be covered in section [2.4]

The perfect fluid description applies to an ensemble of particles in local thermal equilibrium (LTE) [252], i.e., when
considering scales that are much larger than the mean free path scale(s) of the particle ensemble, A > lg, (recall the
discussion at the beginning of section . A perfect fluid is completely characterized in its rest frame by its energy
density p; and isotropic pressure pf, which also determine its enthalpy ws = pf + py. In order to describe it in a
generic frame we need to introduce the fluid four-velocity U# = dx*/ds, with § being the proper time defined from
ds? = —ds?, which implies d5 = a®dn /. We then have

1 dz?
, and u; = —
/T = a2(0=2)| ]2 dn

We note that v in Eq. is the physical relativistic gamma factor, despite the appearance of a*(=®) in the denom-
inator. This is because one needs to distinguish carefully the three-velocity u; defined above with respect to a generic
a-time 7, from the physical or peculiar velocity u!, defined with respect to conformal time T,

dz? da?

— p
= u;

UF =~a™“(1,u;), where UMU, = —1, v = (24)

= = ub = a'" ;. (25)

The four-velocity in terms of the peculiar velocity is then given by U* = v(a™%,u} /a), and the gamma factor becomes
the more familiar expression v = 1/4/1 — |@P|2. The normalization condition of the four-velocity, U*U, = —1, is
satisfied either way. In the following we are going to consider the four-velocity as defined in Eq. (24]).

The total stress-energy tensor of a perfect fluid (pf) can then be written in a generic frame as

T = a7?*(wy® = pf) = a”** (pxin + py) 5
Ty = wsUU" +prg” = Toi = a=*(wpy*uws), (26)

T;% = a2 (wy uuj + a2(a’1)pf5¢j) ,
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where pyin, = w f72|ﬁp\2 is the bulk kinetic energy density of the fluid. To take into account deviations with respect to
LTE (see section , we need to go beyond the idealization of a perfect fluid, considering instead the dynamics of
imperfect (ipf) fluids. Indeed, due to interactions among the fluid constituents, or due to interactions with external
fields as for example the IR bosonic sectors of scalar and gauge fields introduced at the beginning of section [2| the
distribution of the particles that form the fluid may exhibit deviations with respect to LTE. The total stress-energy
tensor of an imperfect fluid can be written as T = T);" —6T"", where we refer to 07" = T/’ — Ty as the deviatom’
stress tensor [60L[253].

The fluid EOM on an expanding FLRW background [cf. Egs. and ] in general contain Hubble friction
terms proportional to H. However, as we describe in full detail in section it is possible, for any a-time choice,
to partially get rid of these terms by performing an appropriate rescaling of the fluid stress-energy tensor. In the
following, we rescale the total stress-energy tensor as

T = a2 (27)
The fluid equations for the rescaled stress-energy tensor then become
O TE + a2 NHTw 6%y + (1 — a)HTH 6%, = Flie (28)

where we have rescaled the external forces as f v = g4t2eFr - and introduced the trace

int»

Tr = g;wT Fl — QOOTFI + QUT;% = _amflg? + Tlg?) . (29)

The rescaled components of the stress-energy tensor are
T&O = Pxin + 0f — 6T Tg{ = Wy u; — 8T TI?I = Wy uuy + aQ(O‘_l)ﬁf@j — 0T | (30)

with gy = a*py, pr = a’ps, and Wy = a’wy the comoving fluid energy density, pressure, and enthalpy, respectively,
whereas pin = wy2a?1~9|i|? = wp?|i,|? is the comoving bulk kinetic energy density. The factor a* in Eq. (27)
compensates the decay of the energy density in an expanding Universe when the fluid is dominated by massless
particles, and the factor a® @ compensates for the a2 term from the product of four-velocities in Eq. . such that
T“ = wa“U” + a20‘pfg’“’ with UF = q®UF = ~(1, u;) the rescaled four-velocity. We note that in the rescaled fluid

EOM we have a term including the trace of T = T}ﬁ}” — 6T, which is given by

Te1 = g (T — 6T*) = Ty — 6T = a®* (3 — py) — 6T . (31)

Inspecting Eq. ., we observe that if the trace of the stress-energy tensor vanishes, i.e. . Ty =0, choosing conformal
time (o = 1) leads to conformally flat equations, i.e., 9 T#{' = .7-'mt This is partlcularly relevant for perfect fluids
composed of relativistic particles, as for them 67 = 0 and p;y = p;/3, so that the trace naturally vanishes. Fur-
thermore, in such cases, the comoving components are given by TH = oSTH | and their dynamics in conformal time
becomes explicitly independent of the scale factor a(7) [48,50,/60).

Plugging the decomposition T = T" — 67" in Eq. (28), and passing all Hubble friction terms to the rhs of the
equations allows to rewrite conveniently the EOM for the evolution of an imperfect fluid in an expanding Universe

sourced by the forces due to the fluid interaction(s) with other dof, precisely as

OTY = Fliy+ Fop+ Fr (32)

In this equation, the Hubble friction (for the perfect fluid part) is defined as
Fip = 0,T0 — a* P DITV = —a™*Toe MYy + (o — DR TS = (B — 3ps) H"y + (a — YH Ti6%; . (33)

pf

The force from the imperfect fluid term reads

Fre = a* T2 DGOTH = 0,6T" + a=2*6T 16"y + (1 — a)H 6T 6", , (34)

*In cosmology, the distribution of the dominant field species in the Universe is homogeneous and isotropic, and hence its stress-energy
tensor also takes the form of a perfect fluid, which at the background level must be at its rest frame, i.e., with vanishing background
velocities @ = 0. In cosmological perturbation theory, up to linear order in small metric perturbations |h. | ~ O(e), with € < 1, the perfect
fluid form is maintained, though the fluid variables (pressure, energy density, and velocity) are perturbed to O(e). If another contribution
I1,,, appears in the stress-energy tensor, on top of the (now perturbed) perfect-fluid form, this is referred to as the anisotropic stress tensor,
and it is expected to be also (at most) of O(e). Therefore, the anisotropic stress and the deviatoric tensor are, in general, not the same. For
example, if there are some subdominant species in the energy budget of the Universe and they behave as a fluid, the perfect fluid part of
their stress-energy tensor, given that in general it has nonzero transverse and traceless projection, will contribute to the anisotropic stress
tensor of the Universe.
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which receives contributions of 6TW = a**294T),,,, with trace 6T = gWéT“", from both the divergence of the rescaled
deviatoric stress tensor and Hubble friction terms.

Equations f are then equivalent to our previous Egs. and . The contributions of the fluid to
the total energy density and pressure that enter the Friedmann equations in Eq. are then given by the following
expressions

() Da 2T = a™H(puan + iy — 0T) , (352)
1 1, . oo o
() > 5(T5) = 50~ (pun + 3 — a >*0T). (35D)

In the following sections, we consider specific cases of Eq. (32): 7) dynamics of an isolated perfect fluid in an expanding
background, neglecting interactions with bosonic fields and/or deviations with respect to LTE, i.e., with F};, = F¥ ot =0
(section , i1) dynamics in an expanding background of imperfect (viscous) fluids due to deviations with respect
to LTE, ie., with F; # 0, thus allowing for a realistic increase of the entropy in the fluid (section , i11) fluid
dynamics in expanding backgrounds with electromagnetic (Lorentz) forces due to coupling of the fluid with Abelian
gauge fields, i.e., with F, = ]-"’ (1) =% 0 (section , and iv) fluid dynamics in an expanding background with
external forces due to interactions of the fluid with a binglet scalar field, i.e., with 7}, = F§ # 0 (section [2.4.2)).

In general, the number of fluid equations is insufficient to describe the dynanncs of the fluid variables. T is is the
case already for perfect fluids and first-order imperfect fluids (see section , for which we have 4 equations and 5
fluid variables (u1,u2, us,ps, py). Therefore, we need to introduce an equation of state (EOS) that relates the pressure
and the energy densit,

Py =wps- (36)
It is sometimes useful to describe the relation between pressure and energy density in terms of the speed of sound,

2= (37)
Ips |

where the subscript s indicates derivation while keeping the entropy constant, which happens in LTE. In general,
c? ;é w however, when the EOS is constant, both quantities are equal, e.g., for a pure radiation perfect fluid,
w = c2 = 1/3. In the case of couplings of the fluid with a singlet scalar field (see section , instead, it is not
pObblbie in general to have a constant EOS, as both pressure and energy density depend on the scalar field and
temperature. However, in those cases it is still possible to fully describe the fluid pressure in terms of the scalar field
and the energy density, allowing us to close the system.

2.3.1 Perfect fluid dynamics

Conservation form of fluid dynamics

In this section, we assume that the particle ensemble that forms the fluid can maintain LTE, so that we specialize the
EOM [cf. Eq. } for a perfect fluid in an expanding background, in the absence of external forces (7, = F; = 0).
The EOM then reduce to

BT + 0T = (py — 3p)H = i, (38a)
AT + 0,12 = (o — WHTY} = Fiy . (38b)

pf—

A possible strategy to solve this system is the so-called conservation form, in which {~0 }, with ¢ = 0,1,2,3, are
directly considered the dynamical variables to solve forE| Here we follow a similar approach to that described in Section
3.4 of ref. [60], by noting that in order to advance in time the temporal components T according to Egs. (38)), we
need to find a closed expression for Tp in terms of the former.

First of all, using Eq. . we can express the primitive ﬂuid variables, i.e., the energy density and the velocity of
the fluid, in terms of the perfect fluid temporal components Tk of » a8

TFor a general description of relativistic imperfect fluids or non-Newtonian fluids (i-e., fluids for which Navier-Stokes shear stress is not
a valid description), one needs additional constitutive relations or dynamical equations to describe all components of §T*¥ |252-254].

In the conservation form, the variables TS# evolve through external forces and the divergence terms 8[111? As a consequence, the

volume averages of Tgf” are conserved at the discrete level, in the absence of external forces and for periodic boundaries in the lattice, as
in the continuum.
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~ 1 =00 o Tgfi . 2
pf:;Tpf and u; = z+w@’ with z=(14+w)y* —w, (39)

where w relates the pressure and the energy density as py = wpy. Notice that, since ~% > 1, we have that z > 1 for
any value of w. This leads to construct Ti‘;f from Eq. as

70i707
Tij o z Tpf Tpf

pf — 700
Z+w Tpf

T %aﬂa*l)fgfoaij : (40)

which is expressed in terms of T but still depends on z (and, hence, on the velocity through 2 and on ¢ through
pf Y Pf
w). To obtain z in terms of our dynamical variables, we first write

2=y

K3

2
a2 = - il = B E— (41)

707
Toe

7700
1o

which implies that r? < 1 for physical |w| < 1. Inverting this relation, we obtain

z:ﬁ(l—w—k (1+w)2—4w7‘2), (42)

where we took the positive value of the radicand to ensure that z > 1. This then guarantees that the gamma factor,
recovered from y? = (2 +w)/(1 + w), actually verifies v > 1 for physical |w| < 1.

Plugging Eq. into Eq. allows to compute T;% in terms of our dynamical variables. However, in practice,
this trick is only useful if w is independent of the fluid variables. In that case, z only depends on r and w, and thus we
can directly advance the system of Egs. by plugging into them Eqs. 7. If we want to recover the primitive
fluid variables {1, U2, U3, Pf, ps}, we just need to use Egs. (36) and . Furthermore, if the EOS is constant (both
in space and time), the sound speed also becomes constant and equal to w,

2-w= br , if w = const. (43)

P
This is the case, for example, of a fluid formed by free relativistic species, for which w = ¢2 = 1/3. On the other hand,
when w depends on the fluid primitive variables, this procedure needs to be generalized and adapted in a case-by-case
basis. We will see an example of this when we introduce interactions of the fluid with a scalar field in section

Limit of subrelativistic fluid velocity

In the limit of subrelativistic fluid bulk motion we take |@,|?> < 1. Then, the variable z = (1 + w)y? — w reduces to
1. However, as shown in ref. (see Sec. 3.4 there), taking z = 1 directly in the relation between the stress-energy
tensor components [cf. Eq. } leads to the wrong subrelativistic limit of the EOM. This is due to the fact that
the time derivative of the Lorentz factor, dyy2, contains terms that are non-negligible in the subrelativistic limit. To
recover the correct limit, it is required to expand z up to first order in 72 ~ O(|,|?) using Eq. (42)),

7“2

z=1+ + O(|ip|*) . (44)

1+w

Then, the corrected expression to relate Tgﬁ to the dynamical variables TS# becomes

o 1 TOfZTOfJ 7‘2w ~ r2
li Tz] _ P~ P 1 2(a—1)T00 1— (51" ) 45
mpl\gél Pl 4w Y ( +(1+w)2>+wa pf 14w/ ™™ (45)
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Non-conservation form of fluid dynamics

We now proceed to find EOM for the primitive fluid variables gy and u; in the so-called non-conservation form of fluid
dynamics. In first place, we write the EOM, taking the temporal and spatial components of Egs. , explicitly in
terms of ps, Wy, and u,,

Ao (W) — Bopy + 0;(Wpy*u) = Fiy (46a)

W py? o+ u; 0o (Wyy?) + 95 (0 py usuy) + a2<a—1>aﬂaf = Fi. (46Db)
Taking Eq. multiplied by u; and subtracting it from Eq. , we find

Wy 0ou; + uiOoPy + Wy u,Oju; + a2(a71)8ﬂ§f = Fl —u; FY (47)
Then, contracting this equation with u;, and using the following identities,

doIny = a?1-%) [Y?u;0u; — (o — D)Hy?@?] (48a)

u;d; Iny = > 2uu;0;u, (48Db)

we find an evolution equation for =,

Wy (0o + u;0;) Iny = —|id,|* (Bops + .7}%) —w;0;p + |a® TV Fl — g (o — D)HA? |2 (49)

=0

Notice that using the explicit form of the Hubble friction force, Fi = (v —1)Hwsv*u;, the term inside square brackets
vanishes. However, we write this term explicitly in order to be able to trivially generalize the equations to include
external (interaction) forces FJ, in the following by replacing F} — Fi;,. We can now substitute Eq. into

Eqs. (46a) and , using 9gy? = 2720, Iny, to find

oy — | [*Bops = — wydyui — widi(py — by) + Fh (1 + [Gp[*) = 2 [* "V Fly —wp(a — DHA?|T@[? |, (50a)

=0
. 0;p Fi
i 0\ _,2(a—1) YiPf H_
( 0pf"_]:H) a @f72+@f72

w
doui +u;0ju; = — 11);72

(50D)

Taking into account that for the given form of the Hubble friction, the values in the square brackets vanish, the energy
conservation equation simplifies to

dopy — |itp|*00p; = — Wydiu; — widi(py — pr) + Foy(1+ |idp)?) . (51)

As in the conservation case, we need to provide an EOS to close the system. Assuming a constant EOS, w =
Dr/ps = const., we find the equations of conservation of energy and momentum in the relativistic regime of fluid bulk
motion [60],

(1 — i) 0010 g+ (1+)Bsus + (1 — wyusdy I oy = (1 — B)H(L -+ [pl2) (52a)
1 — |@,|? l—w 5
dow; + ujOju; = m wdju; + wmujaj Inps+ (Bw—1)H|u,
- 1JrLw(l —|@p)?) a* @V 9 In gy + (o — 1) Huy, for a constant w = ps/py . (52b)

In terms of the peculiar velocity u? = a'~®wu;, the Hubble friction ¥, combines with the time derivative, dyu; =

a® 19pul + a® (o — 1)Hu?, and the momentum equation becomes

1— |@,]? 1-w
douf + a® M ubojul = 1—<u|1_§|2 a®wdjul +a*w T wu;?aj Inps+ (Bw—1)H|u}
P
- 1:_}(”(17 |tip]?) a® 10 In g, for a constant w = py/py . (53)
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Limit of subrelativistic fluid velocity

The continuity and momentum equations for the energy density and peculiar velocity [cf. Egs. ], can be taken in
the subrelativistic limit of fluid velocity, |i,|* < 1,

| ll‘gl’l 180 lnﬁf = — (1 + w)&iui — (1 — w)ui&- lnﬁf + (1 - 30.))7‘[, (543.)
i |2<
. 1—w 5
\ﬁil\gilﬁoui = —u;0u; + uiw(ﬁjuj + mujaj lnpf> +Bw+a—2)Hu;
- HLwaﬂa*Uai Inpy, for a constant w = py/py . (54b)

From these equations, we find that a suitable choice to get rid of the Hubble friction in the momentum equation
[cf. EE1 (54b)] i a =2 — 3w. As mentioned above, if one takes v2 — 1 in the time derivatives, i.e., taking Tgfo — Py
and To; — wyu,; in Egs. to get to Egs. , the subrelativistic limit of the fluid EOM found is incorrect, see
ref. [60]. This is a consequence of neglecting the derivative of the Lorentz factor in the subrelativistic limit,

w
li Joylny = ——u;0;Inp fi tant w = 55
\ﬁpllggﬂ o In T3 o0 s, or a constant w = ps/py, (55)

which is of the same order as other terms appearing in the subrelativistic EOM, and omitted in previous work as, e.g.,
in ref. [48].
Alternative non-conservation form for relativistic fluid variables

An equivalent form of the fluid EOM is sometimes used in relativistic fluid dynamics [252,[256], where the EOM are
expressed for the relativistic energy density E= vps and the fluid momentum density Z; = T. This corresponds to
a non-conservation form with an alternative choice of the primitive fluid variables, E and Z;. To obtain the EOM for
the comoving relativistic energy density, E, we project the conservation equation for the perfect fluid stress-energy

tensor of Eq. in the parallel direction to U,,
~U,DSTY = Ur0ups +wgDGU" = Urdyupy + w0, U" + (3 + a)HU"
=a" W [0,(5,U") + pr0,U" + (3py — pp)HU’] = 0. (56)

Then, the EOM for E and for Z;, which can be obtained from the space components of Eq. , are

OE + 0;(Eu;) + by [0y + 0i(yu)] = (E — 3p7)H, (57a)
o0 Z;i + 0;(Ziuj) + a® @ Vop; = Fy . (57b)

As before, we note that neglecting « in E = Py or in Z; =W fvzui would lead to the wrong subrelativistic limits due
to the inconsistent underlying assumption that 0y is negligible.

2.3.2 First-order imperfect fluid dynamics

The perfect fluid description applies for fluids that are exactly in LTE, characterized by an equilibrium distribution
function feq, which can be the Bose-Einstein distribution for bosons, or the Fermi-Dirac distribution for fermions
[252/|257]. Both distributions reduce to the Maxwell-Boltzmann (or Maxwell-Jiittner for relativistic particle velocities)
in the classical limit. Perfect fluids, however, cannot account for dissipative effects since, as we will show in this
section, their entropy is conserved. Hence, the description of any realistic fluid requires to consider deviations with
respect to LTE.

Let us then consider the perturbative expansion around LTE for small (but non-zero) Knudsen number, which is
given by the ratio between the particle mean free path and the characteristic fluid scales A, Kn = I/, such that
the distribution function is

f=feq+tefi +0@E?),  where fi/feq~O(1), and e~ O(Kn) <1, (58)

$The value o = 2 coincides with the so-called choice of super-comoving coordinates in cosmological simulations with fluids formed by
non-relativistic species, for which w — 0 [604255].
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with feq the equilibrium distribution function. The perfect fluid description is recovered when ¢ = 0 (i.e., Kn = 0),
leading to the perfect fluid stress-energy tensor T:f" = weUMUY + pp g [cf. Eq. ] A small Knudsen number
corresponds then to a highly collisional fluid. The inclusion of d f = f — foq ~ €f1 leads to an anisotropic stress tensor
that is characterized by the deviatoric tensor 67", already introduced above Eq. (32), such that T} =T Ly =T

In order to deduce the form of §7"¥, we need to understand which quantities characterizing the fluid are small
in the limit Kn < 1, such that we can perform a perturbative expansion over them. In particular, as we will show
in the following, the transport coefficients describing dissipative effects are proportional to the mean free path of the
particles, hence the expansion over Kn = [y, /A corresponds to an expansion over transport coefficients o lp,g, times
gradients of the fluid variables (9,,|u|)/|d], (Oup)/p o< 1/A. Since for imperfect fluids the definition of the four-velocity
is not unique [258}259] (see also discussion in refs. [60,[252}254]), we restrict to the Landau frame in the following.
In this frame, the four-velocity is defined as an eigenvector of the stress-energy tensor, U, Th = —psU”. Hence, the
deviatoric tensor in the Landau frame satisfies U,6T*" = 0. This condition, together with a linear expansion around
a small Knudsen number, leads to the Navier-Stokes stress-energy tensor, corresponding to the most general rank-2
tensor that is linear in gradients of the velocity field [252/254],

STH = 7 + LR ST = 2vwyp o™ + Ewyp O R (59)

where v > 0 and £ > 0 are the transport coefficients corresponding to the kinematic shear and bulk viscosities;
T = 2vwy ot is the shear stress tensor with zero trace, m = g,, " = 0; h*¥ = g¥ + U*U" is the projection
tensor, orthogonal to U,, i.e., satisfying U,h*" = 0, with trace h = g, h*" = 3; 0 = DEU“ is the fluid expansion
scalar, and o"” is the traceless rate-of-strain tensor, defined as

1
ot = S — 0N, where SM =hpUADIUY) with S, =0. (60)

The parentheses indicate symmetrization, in the free indices, such that S*” = %(h“)‘DfU Y+ h’”‘D)CfU #). Notice that
o"” and 6 are linear in the gradients of the velocity, such that 0T*" ~ O(Kn) ~ df. Given that the trace of o*”
vanishes, only the bulk viscosity contributes to the trace of the deviatoric tensor 61" = g,,, 6T"" = 3&wy 0.

The Navier-Stokes description with positive viscous coefficients ensures that the entropy four-current s’; = syUH
satisfies the second law of thermodynamics 9, > 0 (in flat spacetime). To show this, we recast the equation of
conservation of energy for the fluid in the following way [cf. Eq. (56))],

—U,DSTY = Urdups +wy 0 = —U, DG STH . (61)
The rhs can be simplified using the following relation,
U,DG6T™ = D§(U,6T") = 6T* DU,y = —0T" S, = =7 S, — £ 6T'0, (62)

where we have used the Landau frame condition U,dT"” = 0 in the second equality. We now introduce the thermo-
dynamic relations from the first principle of thermodynamics for zero chemical potential, T'sy = wy and T'dsy = dpy,
in Eq. , to find the entropy evolution equation,

1 w
Dyislt = 0T Sy = 2L (200" 0, +£6%) 2 0. (63)
Notice that, as anticipated, for a perfect fluid the rhs is zero, hence entropy is conserved, i.e., Dfsljﬁ = 0. For an
imperfect fluid, instead, entropy increases, as it should from the second principle of thermodynamics.

As mentioned above, the transport coeflicients v and £ can be related to the mean free path of the plasma [,
as [60},/129}/260],

4 1 l
uzﬁlrjrf27 §=4(%—c§)1“:"w. (64)
In the early Universe, at temperatures larger than those of neutrino decoupling 7, ~ 1 MeV and smaller than the W
boson’s mass Ty ~ 80 GeV, the largest mean free path in the primordial plasma is that of neutrinos [55/60,129,261,262],
providing the dominant contribution to Eq. . For conformal theories with ¢2 = w = 1/3, the bulk viscosity and,
hence, the trace of the deviatoric tensor, vanish. At temperatures above Ty , neutrino interactions are no longer
suppressed and, hence, their mean free path is no longer the dominant contribution. The shear viscosity at these
temperatures is estimated to be v ~ ¢g~4T~1/Ing~! |262|, where g is the hypercharge coupling at the electroweak
scale. The bulk viscosity is estimated for the primordial plasma in ref. [263] to be & ~ ¢?T~!/Ing~!, such that, even
if it is not exactly zero, it is suppressed by the coupling constant g with respect to the shear viscosity, £/v ~ g% < 1.
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In general, for temperatures above Ty, but well below the Planck mass, the shear and bulk viscosities are orders of
magnitude smaller than the Hubble time 1/H. This is because, barring aside coupling dependencies, in radiation
domination they scale as vH ~ H/T ~ T/m, < 1. However, for temperatures below Ty ~ 80 GeV but above
T, ~ 1 MeV, again barring aside coupling dependencies, it holds that v oc T~°, and hence vH starts approaching
unity as the temperature decreases down to T, ~ 1 MeV (see, e.g., figure 3 in ref. [60]). This motivates to model the
primordial plasma at temperatures above neutrino decoupling as an imperfect fluid close to LTE. In particular, for
high temperatures, and as we approach the electroweak scale, we get closer to the perfect fluid limit. For a realistic
description of the fluid perturbations in the case of turbulence, however, dissipative effects need to be included even if
they are extremely small. This is due to the fact that non-linear fluid systems transport energy from large-scale eddies
into small-scale eddies. Hence, since viscous effects, at a given fluid length scale A, are proportional to v/, eventually
they become relevant, leading to dissipation of energy at sufficiently small scales, reached when the Reynolds number
is of order one, i.e., Re = Auy/v ~ O(1), with uy being a characteristic velocity of the flow at the scale A. Note
that the Reynolds number measures the ratio of the non-linear convective derivative u;0;u; ~ u3 /A to the viscous
Navier-Stokes stresses vV2u; ~ vuy/A\? in the momentum equation [253].

To incorporate the expansion of the Universe, we now define the rescaled components of the deviatoric stress tensor
in analogy to Eq. [7), 07" = a'*2*§T"". Since v and ¢ are proportional to T-! at large T > Ty, we define the
comoving viscous coefficients as

A
Il
R
S

-t ézgaila (65)

such that the decrease of a~! in time, compensates the increase of T~!. Notice that in the region T, < T < Ty, where
v and § scale as T' —5, the factor a~! does not decrease fast enough to compensate for the increase as T, hence U
and ¢ increase in time. Then, the comoving rate-of-strain and the comoving projection tensors are defined such that

OTH = 7 4 €y OB, with 7 =20 5" . (66)
This scaling implies the following ones for S*” and h*¥,

G = a2t 9 = 1 [OADGTY) — aHAOTV], with 6% = § — LR (67)

R = a?* Y = UFTY + a®@ g (67b)
The comoving trace of the rate-of-strain tensor, i.e., the comoving fluid expansion scalar is

6=ab = a*QO‘gWS'“” = G500 4 (-, S” =at [807 + i (yu;) + 37—[7] (68)
VV~e note that we have decided to define 8 differing from the trace of S#¥ by the factor a=2%, such that 67 = gW(ST‘“’ =
3&wys 6 a*>.
Conservation form of first-order imperfect fluid dynamics

Including the viscous force of Eq. to the fluid energy and momentum equations in Eq. , one finds

OuTY = Fiop+ Frp,  where Fip = 0,67 +a **6T 16"y + (1 — a)H 6T 5", (69)

ipf —

Using the rescaled deviatoric stress tensor of Eq. , the viscous four-force components are

lpffaowouawolﬂ (Jdp|? 00 + ui0;) (Exvy 0) + E by 0 [Doy* + 05 (V2us)] +3E s OH, (70a)
Fipt = 9o + 0; 7+ h u; (0o + u;0;) + a?e- D@‘] (éwf é) ét é[ Vug) + 5’1’(72%%‘)]
+(1—a) (7" + &y Oy *u))H, (70b)

where we have used 9,,(€ 1wy 0 h*) = B””@M(fwf 0) + 1wy 00, (U"U"). Since these components depend on the fluid
variables w¢ and u;, if we want to solve Eq. in the conservation form, we need to first reconstruct the primitive
fluid variables from the dynamical variables T Op using Eq. . Then, we can follow the same procedure as in
section [2.3.1] to solve this system of equations for a constant EOS. However, the viscous four-force components depend
on the fluid primitive variables and their spacetime first and second derivatives, making the time advancement of these
equations cumbersome. For this reason, we will restrict our description to the subrelativistic limit of bulk velocity,
for which 67% ~ O(|@,|?) and 6T% ~ 3a'~*EHwu; ~ 0, where the latter is neglected for small values of the
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bulk viscosity EH = alfag’H < 1. Hence, under these assumptions, fi’;f only depends on spatial derivatives of u;
and Wy (see Egs. . 78) below). Alternatively, when £H is non-negligible, we can instead advance TI%O o~ Tg? and

Tlgf TOZ — 0T ~ (42 — A) wWyu;, where A = 3a' =@ €H. Then, the fluid primitive variables can be expressed in
terms of the dynamical variables in a similar way as done for perfect fluid components in Eq. .
~ L %00 o Tbgf

Then, T can be reconstructed for a given value of z as

. . _ 2(z 4+ w) TUTY
TIZ)% — wf’YQUin +pfa2(a 1)51'3' — ( ) FI'F1

(z twa? T2

# T )

We can again write a polynomial equation to solve for z, by computing the ratio r2, as in Eq. ,
2

.
r2= Z Tot G2(-a) — (z +wa)? )2 = (z+wa)z-1
o - Tpf0 22 P z4+w 22

=22 =)+ 22 (wr? +1-2w4) + zwa(2 —wa) +wi =0. (73)

Note that when w4 = w, which happens for w = —1 or A = 0, this polynomial reduces to Eq. with the solution
in Eq. for . When A > 0, we always have wy < w for w > —1. Restricting to the physical values |w| < 1 we
also have r2 < 1 [see discussion after Eq. }, and using Cardano’s cubic formula, the generic three solutions can be
expressed as

2
s o] s o/ +1-2
Zk:ezkm/gg7g+\/5+672km/337%,\/37“”"3<r2—_1)‘”v4, k=0,1,2, (74a)

where
3(r2 — Nwa(2—wa) = (wr +1—2w,)°
. : g ) (74b)
3(r2 —1)
2 (wr? +1 = 2wa)” = 9(r? — 1) (wr® 1 — 2wa) wa(2 —wa) +27(r2 — 1)’
.- : . (74c)
27(r2 — 1)3

with the Cardano discriminant A = (%)2 + (g)B. Then, one needs to choose for z, on a case-by-case basis, a real
root satisfying z > 1. Since we are restricting to physical values of the EOS |w| < 1, which implies 72 < 1, such
root always exists and is unique for wy > —1. We have, in fact, that, for |w| < 1 and since w4 < w, the function
r3(z) = [(z + wa)?(z — 1)]/[(z + w)z?] takes values in [0,1) and is monotonous for z > 1 iff (14 w)(1 +w4) > 0,

which is satisfied if both w > —1 and w4 > —1, the latter requiring A =3¢ H < 1.

Non-conservation form of first-order imperfect fluid dynamics

To obtain the non-conservation form of the fluid EOM, we follow the derivation in section including the viscous
four-force components, ]-'i” We ﬁnd that the energy and momentum conservation equations are given by Egs. (50))

with the replacement F% — F% +

1pf7
Bopy — i [*00By = — Wpdius — widi(By — Br) + (Fpy + Fipg) (1 + |iip]*) = 20> Fle (75a)
— Ui ~ -0 2 a—1 3Zﬁf ]:lH + ]:iipf
Ooui + Ujajui = e (aopf +Fy + ]:1pf> ( )ﬁ)f'y2 + qu'yQ (75b)
Taking a constant EOS, we find the EOM for the fluid primitive variables in their non-conservation form,
(1 — w|@y|*) 3o n oy + (1 +w)dyu; + (1 — w)u;d; In py
W{Vﬁ+uf3m@HMLw%mf2fﬂwulﬁ} (76a)
1— |ii,[? 1— 1/~ 2w N
Qo + w05 = 7 w|£p|2 [wa YT St by - Pf(fi?’f 14w @ ]:ljpf)]
V@ samtyn g = Lz 1 — Jip|?
- 0;1 B — P (3w-—1 -1 i - 76b
T G np¢ ﬁf]:fpf + 1—w|ﬁp|2(w )+« Hu (76b)
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As mentioned above when we presented the conservation form of the EOM, the viscous force depends, in general, on
first and second-order time derivatives of the fluid variables. In the limit of subrelativistic fluid velocity and small bulk
viscosity, then ]-'i%f ~ 0 and F{; only depends on gradients of the primitive fluid variables Wy and u; [cf. Eqgs. (78])].

Limit of subrelativistic fluid velocity

Equation corresponds to the deviatoric stress tensor found after expanding the distribution function up to first
order for small Knudsen numbers, following Chapman-Enskog theory [264]. Therefore, the resulting expression is
linear in gradients of U*, describing first-order hydrodynamics, also known as classical irreversible thermodynamics
(CIT) [254,259]. This fluid description is known to suffer from causality violations due to the presence of diffusive
operators like V21 and, therefore, CIT needs to be extended to Maxwell-Cattaneo equations to account for finite
non-zero relaxation times over which the deviatoric tensor responds to changes in the velocity (see refs. [265,/266], the
review [254], and references therein). Since the extension to a causal relativistic description goes beyond the scope of
our current work, we restrict our presentation to Navier-Stokes viscosity to describe the deviatoric stress tensor and
we defer its extension to future work. We note that the introduction of the dissipative force F: ine in the rhs of Eqgs.
and (| allows to generalize our treatment to relativistic imperfect fluids beyond first-order hydrodynamlcs

At hnear order in the velocity perturbations, the comoving rate-of-strain tensor components are 500 ~ 0, S0 ~
a'~*Hu;, and SY ~ g1 [8(111] + "H(SU]. Hence, the comoving fluid expansion scalar is 6 ~ 20— 0‘)51] S~
a'=*(d;u; + 3H). In this limit, the components of the deviatoric tensor reduce to

lim 0T% =3HEwra' " u;, 77a
B £y (77a)
lim 6T =qa®? {2 U Oguy) + (5 20)(8iw) 6ij + 3EH 5”} Wy, (77b)
lip 2 <1
with 67% ~ O(|@,|?). Then, the viscous four-force components become
g hlgn L VY = 3H [wi0y(Edy) + 2€ oy Opu; + 3H vy (78a)
Up [+
; hlggdal @ Fie =300(a® M VEH by u;) + 05 [20 105 Oyuy | + 0; [(€ — 20) Wy Ojuy] + 3H i(Eaby) . (78b)

Under the assumption that the bulk viscosity is smaller than the Hubble time, é H < 1, the deviatoric momentum
density and, hence, the viscous energy dissipation vanish, i.e., 7% ~ 0 = ]-"gff ~ (0. On the other hand, when both
viscous coefficients and the EOS are homogeneous, we can express 0;Wy = W¢0; In p¢, and the viscous force becomes

. ipf ~ ~ nd
mp\2<il11,n§H<<1 @ wl; =10 0;0;u; + (% f) 0;0;u; + [21/8(iuj) + (§ % )(811”) ”}8 Inpy. (79)

In the limit of subrelativistic fluid velocity |i,|* < 1, the fluid EOM for a constant EOS, i.e., constant w = py/py,
are

li ol 1+ 81- i = 1-— 1811 D
., 9 npy = —(1+w)u; — (1 —w)u;0;Inpy
1z ~ —2(a— ying)
+ E [flopf + (1 — 30.))pr —2a 2 1)’LLZ' ipf] s (80&)
1-— 1 /= 2w
lim dou; = — u;05u; + u; |wojuj + w—— u@ln - — (R - a1 (")u]-'j )]
210 J { J T+w Pf pf( A ipf
1
1o (w a? @ Vg, Inpy — —.7-' ) + Bw+a—2)Hu, . (80b)

Since the viscous four-force components only depend on the fluid primitive variables p¢ and u;, and their gradients in
this limit when the bulk viscosity is negligible, this form of the EOM allows for a direct integration in time.
In order to express the work done by the viscous forces, u; Fi¢, we can use Egs. and 7 from which

Uy a=(420) F = U, DESTH = 5198, = —a~35T05% + 20~ GRGTOG0 _ g~ UHiasfigia (51
From this property, we can then compute a generic expression for wu;  Fi it

Y lpf = ’yaQ(a*l)]}gf — g3la=§T00500 | 9qa—lg0igoi _ pl-agTiiGii (82)
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Then, in the limit of subrelativistic bulk velocity, with §7%° ~ 0, §7°15% ~ 0, S¥ ~ a® 1 [duyy + Héijz), hil ~
aQ(O‘_l)éij, and 6 ~ at=*(dyu; + 3H), and with 8T and .ﬁ%f given in Eqgs. (77b]) and (78a)), respectively, we find

=3H w;0;(Ewy) — 20y (Dyuz) Ouuyy — (€ — 20)iwy(85us)? + O(|,[%) - (83)

2.4 Fluid dynamics with bosonic interactions

In the previous section, we have omitted the effect of gauge and scalar bosonic fields on the fluid dynamics, assuming
that F!;, = 0. In the following, we first consider the dynamics of a fluid coupled to an Abelian gauge field, FI., = ]—'[’}(1)
in section and coupled to a singlet scalar field, Fl, = ]-'g in section In the case of a fluid coupled to
electromagnetism, i.e., to the U(1) gauge field, we follow the description of ref. [60] Tor relativistic MHD in an expanding
Universe. We present the EOM for this system in a novel way, suitable to apply Runge-Kutta schemes in order to
perform the numerical integration in time, as described in section [3.4]

2.4.1 Gauge field-fluid dynamics

The dynamical system of a perfect fluid that carries charged particles coupled to a U(1) Abelian gauge field requires
the inclusion of the Lorentz force and the coupling to Maxwell equations. The latter are given in Eqs. (17a)) and (17d)),

80F()i — a_2(1_°‘)(’)iji + (1 — Oé)HFOi = CLZQJI‘ s &Fm = a2J0 5 (84)

where J, = JF +J, E +J E I corresponds to the four-current density from all charged particles, including charged scalar
fields ¢ (singlet) and ® (doublet). The dynamical variables are the electric field & = Fp; and the spatial components
of the gauge field A;,

BoA; = & + 0, A . (85)

This equation can be solved within a chosen gauge, e.g., temporal gauge (Ag = 0). The spatial components of the
Faraday tensor in Eq. are related to the magnetic field B;,

Fij = 81143 - (%Al = EijkBk 5 (86)

such that B=V x A.
The effective current induced by the charged particles in the fluid, Jf,, that appears in the rhs of Eq. , can be
described by the generalized Ohm’s law (267 )

Jb = pUH + o U, FH (87)

where p. and o are the electrical charge density and conductivity of the fluid. Note that the current induced from
the fluid conductivity corresponds to the linear response of the fluid to the gauge fields due to out-of-equilibrium
interactions, similar to the expansion described in section In general, we assume quasi-neutral fluids with
pe = 0, but we will keep the charge density in the equations for generality. The rescaled components of the current
density and the Faraday tensor are J+ = V—gJ" = a?t*J* and Frv — V—gF* = a3T*F*_ They are chosen to
make Maxwell equations conformally flat,

SDEF = -0, (Vg = 0 = =0, = 0,/ ) = Vg ) = (58)
which is always possible due to the Faraday tensor being an antisymmetric tensor. Note that the rescaled components
of the Faraday tensor are related to the comoving electric and magnetic fields when o = 1 , since F% = —gl=2¢;
and Fii = a“ 'e;;1B). Based on this scaling, the current density components are

T =7(pe — a*1 706 puiE5) (89a)
Jb =7 (Pews + 6 eijnu; By — 65E;) (89b)

where p. = a’p. and G = aoy are the comoving charge density and conductivity [48[501/60,[129).
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The system of EOM is given by Maxwell equations [cf. Egs. ] and the conservation of the fluid stress-energy
tensor [cf. Eq. (32)]. The interaction force of the gauge field with the fluid (Lorentz force) is given as Foay = JEI v

[cf. Eq. ] with comoving components }:[’}(1) = a4+20‘.7-'(’j(1

Fou :-al—a&jgl:—al—%[fsea-g Grii (€ x é)—af|5|2], (90a)
]:—[ij(l) = _&a—l(gijgl — 8ijkj}£16k)
= —a'er[(ﬁe —a?5, 0 E)E — pelixB)i+67(ExB) —a(i-B)B; +af|z§'|2ui] . (90b)

Since the Ohm’s law in Eq. introduces out-of-equilibrium dynamics, it is expected to yield entropy production.
Including the Lorentz force in the fluid EOM, the entropy evolution equation [cf. Eq. } becomes

ndlﬁ

J“

1 1
D} = —ZU, DT = 6T S, - U Foy = =2 H(2voro,, +67) + T2t e > 0, (91)

wef T w = pf
where the contribution from the equilibrium term in Ohm’s law vanishes, as it is proportional to p.U*U"F},, = 0.
The entropy production from electromagnetic dissipation is proportional to o U, F** U AR = ndlffJCOndJ cond ' wwith

naig = 1/0f the magnetic diffusivity, and indeed it only comes from the conduction component of the fluid current
density J!. = osU,F".

Conservation form of gauge-fluid dynamics

The resulting fluid conservation laws take the following form [cf. Eq. ],

0.TH = Fy + Fiop + (92)

which can then be solved evolving TI?{L and adding ]:—5(1) as a force term on the rhs. The reconstruction of Tg? and
of the fluid primitive variables is equivalent to the one described in section

Alternative conservation form of gauge-fluid dynamics

The stress-energy tensor associated to the Abelian gauge field is

1
Tgl(ll) = FMUFVU - ZgMVF)\UFAUa (93)

which has vanishing trace, Ty (1) = gWT{]“(jl) = 0. The comoving components of the electromagnetic stress-energy

tensor, TU(l) = q**t? o‘T(’J‘(l)7 become
T, = S0 B2 (940)
TU(l) = (5 x B)z” (94b)
Tllfj(l) = —Eif,'j — aQ(a_l)BiBj + a2(a_1)T8(()1)5ij . (940)

Extending the computation that yields Eq. @D [see also appendlx and, in particular, Eq. - to an expanding

Universe, one finds DGng'l) = —F7(1)- Therefore, since the comoving trace TU(l) = gWT” 1(’1) vanishes, in analogy to
Eq. ., one finds
0 Tzlju(ll (1- )H U(l Y= _]:[VJ(l) : (95)

Substituting this relation into Eq. , we can express the fluid conservation laws in the following way
T = Fiop + Fip + (a — 1) Ty MO, , (96)

where Ti“’ = T:f,, + Tg;’l). These equations remain conformally flat for a radiation-dominated fluid with py = ps/3
and zero bulk viscosity £ = 0 . The components of T' ?_” = TI?“ Tg’gl) associated to the perfect fluid and the
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electromagnetic fields, can be evolved using Eq. . To reconstruct ~j_j = ng (1) we again define, as in Eq.

(see section ,

~ .2 ~ ~ 2
TOz TOz_Tm -1
2= Y (0| 20 - § v | 200 _ GFw(z—1)
Co T " eI - 2 ) (97)
7 P 7

where the components T 51(’1) are computed from the solution to Eqs. and using Eqgs. (94)). From r2, one can
compute z and reconstruct T;j using Eq. for an EOS that does not depend on the fluid variables. Then, T
is computed by adding Tij + Tij(l), allowing us to evolve the system of equations in Eq. . The fluid primitive

variables p; and u; that are required to compute the Ohmic current components, J jEl [cf. Egs. ] and the imperfect
fluid force [see Eq. . are finally reconstructed using Eq. . This is an alternatlve approach to the one presented
above to solve the conservation form of the fluid equations.

Non-conservation form of gauge-fluid dynamics

The non—conservation form of the gauge-fluid EOM can be obtained following the same procedure as in sections [2.3.1
and [2.3.2f (see also section 6.4 in ref. [60]). In this approach, we evolve the primitive fluid variables 5; and u; instead of
the temporal components of the stress-energy tensor Tgf“ . The fluid equations of conservation of energy and momentum

with a constant EOS are equivalent to those in Eqs. , substituting Fi ¢ by .7-'t0t = ]-'lpf + ]}5(1),
(1 = w|i@p[*) o py + (1 + w)iu; + (1 — w)u;di In iy
1 ~ ~ — —« yg)
= E{ [ftoot + (1 - 3w)pf7-[] (1 + @ |*) - 20> )ui]:tot} ) (98a)
1 — i@, |? 1-— - 2w _ i
Joui + uj0ju; = T w|5p|2 {w@ uj + wl oy u38 Inpy — 5 (ftoot — mcﬂ(l a)uj]-‘got)] U;
L@ [ ga-) . = 1 — Jap|?
- 79,1 - = — P (3w -1 -1 i 98b
T+w wa npy p~f]:Zot + 1—w|up|2( w—1)+a Hu, (98b)

The components of the Lorentz four-force are computed from the gauge field and the fluid primitive variables using
Egs. , where Ohm’s law [cf. Egs. and } is also used, allowing us to close the system by providing the
relation between the peculiar velocity and the fluid current density J#I This system of equations can be generalized
by adding any external forces due to interactions with other fields to ]-" . as long as the EOS, w = p;/py, is a constant.

Limit of subrelativistic fluid velocity

In the limit of subrelativistic fluid velocity, the fluid EOM reduce to the analogous version of Eqs. (80) with the
replacement ]-' — .Ftot = f + .FU(I) Furthermore, the components of Ohm’s four-current [cf. Egs. (89)], up to
second order in |up|, reduce to

T = e+ Hap?) — a2 75w & + O, [), (99a)
jI’-L-T‘l = ﬁeui - 5’f 51(1 + %|ﬁp|2) + &fgiijjBk + O(|ﬂp|3) s (99b)

such that the Lorentz force components are [cf. Eqgs. }

a® ' Fpay = — Pewii + GolEP (1 + L)) — 65w Toy + Olip]?) (100a)
'O Fpay = = Pe(L+ 3lip]*)E + a® V5, (@ - €)Ei + pelt x B)i
6y Ty (14 3E2)) — 6 pui |BI? +64(i - B)B; + O(|ip|*) . (100b)

Large conductivity limit: Ideal and resistive magnetohydrodynamics

A common assumption in magnetohydrodynamics (MHD) is that of large conductivity, being the limit of infinite
conductivity known as ideal MHD. Ideal MHD corresponds to the limit when electromagnetic entropy production
vanishes, as seen in Eq. , and is applicable in many astrophysical and cosmological scenarios [269}[270]. In
particular, the limit of large but finite conductivity is applicable during the radiation-dominated era, when the fluid is
mostly composed by a thermal plasma of relativistic particles. Indeed, the value of the magnetic diffusivity ngig = 1/0

22



in the radiation-dominated era is several orders of magnitude smaller than one Hubble time (see figure 4 in ref. [60]),
justifying the assumption of ideal MHD for any relevant oscillations at large scales, i.e., A > nqig. In this limit, the
displacement current dy&; can be neglected and, hence, instead of a dynamical equation for the electric field, we get
a constraint equation from Eq. , directly relating the current density to the magnetic field,

-,

Joy=—JL = Joy+a* NV x B)i + (1 —a)a' " HE; . (101)

On the other hand, the evolution of the gauge field in Eq. reduces to a first-order differential equation,

ﬁdiﬁﬁeui + (ﬂ X g)l + (ﬁdiﬁ/’}/) [jl + jé) — (10‘71(6 X g)z]
OoA; = £ + 0; Ay, 102
0 1+ (1 — a)a = (faig/7)H 0 (102)

where we have used Ohm’s law [cf. Eq. ] to relate the electric field to the fluid variables and the magnetic field,
and we have defined the comoving magnetic diffusivity faig = 1/65 = a 'naig.

Equation is commonly known as the induction equation in MHD, due to the induction term @ x B that
drives the gauge field evolution in the limit of ideal MHD, n4;¢ = 0. Then, the induction equation is evolved together
with the fluid EOM, either in their conservation or non-conservation form. The Lorentz four-force components can
be computed using Eqs. (90). Finally, the Ohmic current density is substituted by Eq. to close the system.
Similarly, the components of the electromagnetic stress-energy tensor in Eqs. (94)) can be expressed in terms of the
magnetic field and the fluid variables in this limit, getting rid of one degree of freedom (the electric field) in the
dynamical equations.

Relativistic Alfvén speeds and Boris correction

The relativistic MHD equations in the limit of large conductivity discussed above present Alfvén waves that propagate
in the plasma and can be studied in the linear regime (see, for example, Sec. 6.5 in ref. [60]). The speed of propagation
of transverse Alfvén waves becomes

Bo

o VI +w)po

where By and po are the background comoving homogeneous magnetic and energy density fields and w = py/py is
the constant EOS of the fluid perturbations. Therefore, the electric and magnetic field perturbations propagate as
transverse waves with angular frequency kjva, where k) is the projected wavenumber along the direction of propaga-
tion. From this expression one finds that the Alfvén speed is not bounded by the speed of light and it can become
superluminal in regions of small energy density or large magnetic fields, independently of the amplitude of the peculiar
velocity uf. The solution to avoid unphysical superluminal Alfvén waves is to either drop the assumption of negligible
displacement current and evolve Maxwell equations for both the electric and magnetic fields or, alternatively, to in-
clude the Boris correction due to the displacement current in the Lorentz force [271] (see details in Sec. 6.6 of ref. [60],
where the Boris correction is applied to relativistic MHD in an expanding Universe). Applying this correction, the
propagation speed of transverse Alfvén waves becomes

(103)

Bo <1. (104)

vp = <
V(1 +w)po + By

2.4.2 Scalar field-fluid dynamics

In this section, we deal with the dynamics of a fluid coupled to a singlet scalar field. This system has been studied
numerically to describe the dynamics of first-order phase transitions in the pioneer work of ref. [180] and follow-up
work [184}188,2001|248], using the alternative non-conservation form for relativistic fluid variables in flat spacetime,
already generalized to an expanding background in Egs. , and which we discuss at the end of this section. Here
we present our own approach for the fluid equations, both in conservation and non-conservation forms, and in an
expanding background. As we will show later, our formalism naturally allows for a lattice implementation of arbitrary
higher-order accuracy of both timestepping (see section and spatial derivatives (see section .

The EOM of the scalar field-fluid system have already been presented in section precisely Eq. for the
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scalar field and Eqgs. (17h) and (17i)) for the fluid, as

¢ — a’Q(l’o‘)ﬁng +(3- a)’;'-ld)' = —a? aa—(; +a** Qy, (105a)
AT + 0T + (3 +20)HTY +a2*H T =F., (105b)
DT 4 0T + (5 + a)H T = Fie (105¢)

where, in the absence of gauge interactions, 7}/, = Fg= Qg4 0¥ ¢, with Qg given in Eq. (5)). Hence, in order to solve
the system we need to know the form of €4 in terms of scalar and fluid variables. For this purpose, we present the
EOM for the stress-energy tensor components, derived from Boltzmann equation. For simplicity, we first present the
computation in flat Minkowski spacetime and later recover the expansion of the Universe in Eq. by adding the

Hubble friction terms (recall section .

Scalar field-fluid dynamics in flat spacetime

In kinetic theory, the conservation of T is obtained taking the first moment of Boltzmann equation. In flat spacetime,
in the absence of external forces, we find [252}257]

v v v v &k bk
9TH =0,  with T _ZT;“, Th, = N/ 5 i (106)

where N; is the number of internal degrees of freedom for each particle species i, f; is their distribution function,
k* = (E, 12) the relativistic four-momentum, and F; = 4/ |l;:’|2 + m? the associated relativistic energy dispersion relation,

ie., ktk, = —m?2. In equilibrium f; = feq,is With feq; the Fermi-Dirac distribution for fermions and the Bose-Einstein
distribution for bosons,
U.k* — 1 -t
Jeq = (exp{ s T :| - (_I)F) ) (107)

where p and T are the local chemical potential and temperature, and (—1)r takes the value 1 (—1) for bosons
(fermions).

In LTE, it can be shown, introducing Eq. in Eq. and integrating by parts, that T}, takes the perfect
fluid form [cf. Eq. (26))],

T = wgU'U" +pygh”, (108)

where U* is the (bulk) four-velocity of the particle ensemble, and the energy density and pressure of the fluid in LTE
are defined as

ZN/ Ry O Z / dgk W feasi - (109)

The enthalpy is given by the sum of the energy density and pressure ws = ps +py. Combining the energy density and
the pressure defined in Eq. (109)), again assuming LTE and integrating by parts, one finds the following thermodynamic
relation,

a3k
+ png, where ny = ZNi / erq,i . (110)
I i

Based on the baryon-to-photon ratio measured at present time ng = ng/n, ~ 6 X 10710 [2721273], the chemical
potential can usually be neglected at high T, since we expect p/T ~ np at T > m, ~ 0.5 MeV [274,275]. Therefore,
from now on, we neglect u/T < 1, such that the enthalpy can be expressed as

0
lim wr=T—= by

111
n/T<1 oT (111)

We can reach a deeper insight on how the above description is affected by the presence of mass corrections due
to interactions of the relativistic primordial plasma with the scalar field by studying the relations between the fluid
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variables and the free energy density of the system, §. For a system composed by fermions and bosons, this is [276(278]

§ =10(0)+TY (-1 FN/ F og[1 — (<1)p e~ /7]

+T4ZJB,Z-<T;}> +T4ZJFJ<”1?>, (112)

i€B i€F
where the subscripts B and F stand for bosons and fermions. In the limit of high temperatures, i.e., m; /T < 1 for each
species, the leading terms in the expansions of the functions Jp r(m;/T') are respectively Jg(m;/T) = fg—;JrO(m? /T?)
and Jp(m;/T) = —5% O(m?2/T?). Defining the effective potential as the free energy density in this limit, we find
2

Ver(6.T) = Jim §=V(6) = 55 9(6.T) T* + Ve (6.T), (113)

<l

where the thermal correction Vi to the effective potential is defined as the contribution from the higher-order terms
in the expansion over m/T of the Jp r functions, identically zero only in the limit of infinite temperature or zero
mass, when the T term dominates. In the expression above, the number of relativistic degrees of freedom, g(¢,T) =
Y ieNi + %Z%F N;, and the thermal potential, Vp(¢,T), are written as a function of ¢ and T, since we assume
that the particles in the plasma may become massive through a Higgs-like mechanism characterized by the scalar field
o.

For a fluid composed of fermions and bosons in LTE, integrating Eq. by parts, we find the relation between
the free energy density and the fluid pressure,

§— %(¢) = TZ(_I)FNi/dk;;; log[l —(-)F e—Ei/T]

T 3 —ru &BF K
= fg Z(fl)FNi dkﬁak log[l — (71)1:* e = Z 271‘ o3 E, feq7 . (114)

Hence, in the high temperature expansion, we can write the fluid pressure as

2

1 s
pr=—Veg + Vo = Praa — V1, where praq = gUdofT4 and  ogof = %g(d),T), (115)

with the radiation pressure p,,q representing the leading-order term in m/T. Then, we find praq = Wrad — Prad =
T(dpraa/dT)| gy — Prad = 0aorT?, which yields the EOS w = prad/prad = % considered in section for a relativistic
radiation fluid. For a non-zero Vr(¢,T') or varying dof, this EOS changes, and we can no longer treat w = ps/ps as a
constant. The fluid pressure, energy density, and enthalpy become

pr($,T) = praa — Vr, (116a)

_ lalnadof 5VT

py(¢,T) —prad(1+3 ST ) Ve =T (116b)
. 1 81H0’d0f aVT

U)f((b,T) wrad<1+ Z OnT ) -T aT - (116C)

When the particles in the plasma interact with a Higgs-like scalar field, their masses depend on the expectation
value of ¢. To incorporate this interaction, the conservation law of the stress-energy tensor [cf. Eq. (106))] is modified
due to the interaction force F§ [279-284],

LV v v d?ﬂl2 d3E 1
aMT}I?l = ]:qs =—(0 ¢)ZN1' do (27r)3 ﬁf&

" dInm; d*k m _ dlnml
- qb);N’LW @) E Z Ty, (117)

where Ty ; = gWTP’ffi is the trace of the stress-energy tensor associated to the species 1.
We now consider perturbations around LTE, such that f; = feqi+0f;. The rhs of the stress-energy tensor evolution
equation can then be split as

. dInm, a3k mf dInm; 3k m?
f; = Q¢ al/gb’ Wlth Q¢ = — [ (Z NZW (271_)3 E feq ’L) (ZN (2 ) 5f2> ‘| . (118)

LTE contribution out-of-equilibrium contribution
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We note that Eq. is equivalent to the one found in Egs. and , which allows us to identify the term €,
directly from kinetic theory.

The LTE contribution to the scalar interaction term {14 can be expressed as a derivative of the pressure pj
with respect to ¢ [281]. This can be shown using the fact that the only dependence on ¢ in py is through the
dependence of E; on m;(¢) and of feq; on E;, hence we can use the chain rule for deriving with respect to ¢, such
that d(feqi/E:)/d¢ = (dm?/d¢)(dE;/dm)(d(feq/ E) /A Es),

opy 1 dm? d*k |/;;|2 Ofeqi  feqsi
oo _GZ:M dp | @2r)3 E2\ 0E; E; )’ (119)

Since the only dependence on k of feq,i is through its dependence on E; = |l;/:|2 +m?2(¢), we can write O, feqi =
(O, k) (Ok feq,i) = (Ei/k) Ok feq,i- Then, spherical symmetry of the integrand, and integration by parts of the term
including Oy, feq,i, yield the following result,

opy dInm; a*k mZ dlnml
(97(]5 = EZ:NZTQS (27‘[’ 3 E; feqz Z pfzv (120)

where Ty¢; = guvaf ; is the perfect-fluid contrlbutlon to the trace Tr ;. Moreover, we define the integral corresponding

to the out-of-equilibrium contribution in Eq. ( as [279,283,284]

dlnml B3k m?2
= —L0f;. 1
by = ZN Ak (121)

Hence, substituting the equilibrium and out-of-equilibrium contributions, respectively given in Egs. and ( .7
into Eq. -, we find

0 A% dlno
DL 5y = =T 4 prag 2t
0¢ 0¢ 0¢

In particular, in the case in which the masses are proportional to the Higgs field, m; o< ¢ (hence dIlnm;/d¢ = 1/¢),
the LTE contribution to the scalar interaction term becomes

opy dInm; a3k m? B a3k m? B 1
R R el e 3 AT DI ] G B e = T 12

where Tpe = >, Tpt,; is the sum of the traces of each species i. We note that Eq. (123]) provides a consistency relation
on the T and ¢ dependence of the thermal corrections to the effective potential,

8VT 8VT 1 Oln Odof Oln Odof
- S5 T =4
£ = 3p D — Pf = ¢ 5‘¢) + Vr + 3prad( 81H¢ olnT

8])]0 T

Vo0 =T

(124)

Regarding the out-of-equilibrium component, following the pioneer work of ref. [279], the phenomenological description
(5¢ = 77¢U“8H¢, (125)

based on the Lorentz invariant © = U*0,¢, has been used in the literature. For example, numerical simulations of the
scalar-fluid system considered a constant 1, [180}(184,2001248]. Recent work identified, in the limit of large amount of
collisions, the scalar damping coefficient as 74 = A, ¢* /T |284}1286], A4 being a constant that depends on the particle
content of the plasma. Hence, in the following, we allow 14 to be a function of ¢ and T.

The entropy production that has been studied for an imperfect fluid in section [cf. Eq. . and with fluid-
gauge field interactions in section [Cf Eq. ( . can be considered for the scalar ﬂuld system by including the
external force U, F), = Qy U,0V¢ = Q¢

1 1
DGsf = T(?T“”SW + 2670 — (Qy — Ogpy) O©) = T(2wa oo, + Ewy 67 +0y07) >0, (126)

where we have again defined the fluid entropy sy = wy/T = Or pys, and used the definition of the deviatoric stress
tensor given in Eq. .
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Scalar field-fluid dynamics in an expanding Universe

The extension of Eq. (118]) to an expanding Universe trivially follows from the derivation of section In fact,
from Eq. , we have

0 T;‘f” = F“ + f”f + Fy, (127)

where, as in previous sections, we introduce the rescaling Fg= a*t2eF e and we have an analogous rescaling for the
stress-energy tensor and all forces in the rhs,

.7:"2 = a4+2°‘}"£ = —Qumy, ]}; = a4+2a]—"é = az(o‘_l)Q¢ 0;¢, where Qg = a*Qy. (128)

Note that we have defined the scalar field conjugate momentum as 7w, = ¢’. Since we do not rescale the scalar field ¢,
the rescaling on Q, implies that Vo = a*V and d4 = a*d,. Moreover, the rescaled perfect fluid stress-energy tensor,
defined as in previous sections T = a*T>* T, is given by

T = agUr0" + pya®® g™ (129)

where the comoving fluid enthalpy and pressure are given by

~ B 190Inogor - OVrp N . ~ . ~ 4 4
Wf = Wrad (1 + 1 9l T? ) - ar Pf = Prad — V1, and Wrad = 4 Prad = go'dofT ) (130)

where T = aT represents the rescaled temperature.
In summary, the EOM of the scalar-fluid system can be written explicitly as [cf. Eq. (127)],

8
aon+8 pf—fo—i_-]:pf—i_f?_[:ﬂ-(z)( 3¢+§¢)+]:1 (f—?)pf)H (131&)

80 + 0, Tz] _ + ]:pf + ]:z — g2(a= 1)( 0;0) ( 90 5¢> +]:1pf + (o — l)wf'y Hu; (131Db)

where the components of the Hubble friction and imperfect four-force are respectively given in Egs. and .
In particular, since the rescaled deviatoric tensor can be expressed as in Eq. (66]), the rescaled imperfect four-force is

[cf. Eq. ]
Fie = 0,7 + 10, (R a2*6T) + a >*6THS"y + (1 — a)HST"6"; (132)

where the rescaled variables describing viscosity and the rate-of-strain-tensor components have been introduced in
Eqgs. 7, and the comoving trace of the deviatoric tensor is a 2*6T = 3&ws 6. Finally, the rescaled scalar
damping term is given by

b =a'dy =140, with 7jg = a’ny, and O = a® = a' " “y(my + w0 ) - (133)

Once we have identified Qg = Oppy — 6 from the scalar-fluid interactions, we can express the EOM of the scalar
field, given in Eq. (1054), as

Vet
¢

¢ — a_Q(l_a)ﬁﬂtb +(B—-a)H¢ = —a*® — a6y, (134)

where we recall that Veg = Vo — py, defined in Eq. (113)).

Conservation form

As in previous sections, we can solve the system of Eqgs. for the variables Tgf . However, in this case, we cannot
set the EOS w = py/py to a constant, bince w depends on the values of the scalar field ¢ and the temperature T
Therefore, solving the system of Egs. in the conservation form requires computing the temperature of the fluid
at each step in order to compute the T components as well as the forces F, tot = Fg + F ine and Fv % . Since 7" and

8T are linear in first-order spacetime derlvatlves of the velocity field, Fv ipf contains up to second-order time derivatives
of the velocity field. Therefore, the total four-force components cannot be directly reconstructed from the dynamical
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variables (i.e., W, u;, ¢, my) and their spatlal gradlents Only in the limit of subrelativistic fluid velocity and small

bulk VIbCOblty, ¢H < 1, the force FY, = ]-' + ]-' , does not depend on time derivatives of the dynamical variables
[cf. Eq. ( . We will restrict the descrlptlon of the imperfect fluid forces in the fluid-scalar system to this limit
when we describe the conservation form of the equations in the lattice in sections [4| and [5] such that F: ipf can be

reconstructed after advancing the dynamical variables, TO“
For the perfect fluid stress-energy tensor Components given in Eq. . the following relations hold

a?OTUTO = (T + py) (T — pr) = (T9)> + T By — py) — brhy - (135)

Defining 72 = a?1=2) 3", (TOZ/TOfO)2 as in Eq. (41)), this relation becomes

2 Dr—Pf _ DrPy

Tt =14 == - = . (136)
T

Using the expressions of py and py = wy — Py in terms of (j) and T from Eq. (I30)), this equation allows us to

reconstruct the temperature from the dynamlcal variables T%, 72, and . Let us assume for the moment that we

pf ’ =
can invert Eq. (136) for a given VT ,T), such that we can reconstruct p ,T) and w¢(¢p,T). In order to close the
f f

system, we still need to express T o Wi and 2 in terms of T 15‘, é, and T,

0407 =04 =00 ~
Fij TprTpf 2(a=1)5.5.. o Tpfz d 2 Tpf + Dy
pf — 00 +a Pfoij , U; = =00 ~ an - = . (137)
Tpf +pf Tpf +pf wyg

Let us now focus on inverting the relation in Eq. in order to express the temperature in terms of the fluid
and scalar field variables. If we restrict ourselves to renormalizable power law effective potentials, which are typically
found in the Standard Model and several extensions of it at high temperatures (see, e.g., refs. [277,287], and ref. [28§]
for a recent review), we can write

Vi(¢,T) =T? $* Cy + T ¢* Oy (138)

where C; for ¢ = 1,2 are dimensionless constants. As an example, in the Standard Model’s electroweak theory, the next-
to-leading order term, proportional to m?/7? in the effective potential, yields C; = —(2m3;, + m%,)/(4n¢3) and Cy =
(2m3,+m%+2m?)/(8¢3), with mw, mz, and m; respectively being the W and Z bosons, and the top quark masses, and
¢y being the Higgs vacuum expectation value in the broken phase [289]. In extensions of the standard model one would
have in general Cy = — 3 m (6)+ 30y mi (6)]/(4m6%) and Cs = [3g m3(6)+3 5y m2 (6)+6 X m2 (6)] /(2462),
with mg, my, mp respectively being the ¢-dependent masses of the scalar, vector and fermionic fields in the theory
[278]. Introducing Eq. into Eq. (136), we find that the solutions for the temperature become the roots of an

eigth-order polynomial Z .Z'JT] #®~9 = 0, with the following coefficients:

T8 = 50801 5 z7 =0, ~ w6 = —30%040iC2
5 = —0qoraCh, T4 = %Udof( /¢4) + a4c22 y I3 = a‘iCng, (139)
=0, o1 = C (T %), zo = (T /¢")*(r* — 1),

where we have omitted the temperature dependence of oqo¢. In general, from Abel-Ruffini theorem, since we have a
polynomial of order > 5, there is no algebraic solution for the roots, but they can be found numerically for each value
T 09/¢* and 72, and then one can select the relevant solutions (real and positive) for T
A particular choice C1 = 0, gives the following polynomial,

V(¢ T) =T?¢*Cy = asT® + x6T%¢% + 24T " + 20¢° = 0. (140)

This choice applies to theories predicting second-order or crossover phase transitions, which respectively correspond
to the C; = 0 and |Cy| < A limits [290], with A being the coefficient of the quartic term in Vog D A ¢*. As an example,
this approximately describes the Standard Model electroweak case at high temperatures, in which |Cy] < A [289].
Then, the coefficients of the eigth-order polynomial become

ws = 303, @6 = —30°0a0iC2, T4 = 30a0t(TF /¢*) +a*C3, wo = (TR /¢*)2(r? — 1). (141)

The roots of this polynomial can be found analytically using Ferrari’s quartic solution.

Another relevant case corresponds to the toy model used in lattice simulations of the scalar-fluid system [200,248].
Within this toy model, again under the assumption that o4of does not depend on 7" during the phase transition, the
effective potential is parameterized as [200}[248}291],

Verr = Vo(¢) — 5000t (9)T" = Vo(9) — 500T" + AVo((bb)T [3(6/6w)* = 2(6/ )" | (142)

c
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where ¢y is the vacuum expectation value of the scalar field in the broken phase and AVy(¢p) = Vo(0) — Vo(¢s). In
this model, the thermal corrections to the effective potential are encapsulated in the leading-order term %Jdof(¢)T4
with V7 = 0. Notice that in this case we have py = %O’dofj:"l and w = py/ps = 1/3, as expected for a plasma composed
of relativistic massless particles. Therefore, the eigth-order polynomial becomes

_ _ xrg = %O’ﬁof(d)) )
2sT® + x T+ 29 =0, with Ty = %?’dof(gb)TOO (143)

Solving this polynomial, we find that the temperature is

CaotT* =T 4—3r2-1), 144
4 1??\/72

where we choose only the positive root. We note that from this expression we can reconstruct 72 using Eq. (137),
which yields the same expression as what we found in Egs. and taking w = %, as expected,

T T Ao o1 12 1—r2 2(1 — 12

Therefore, the only difference with the system studied in section with w = 1/3, is the appearance of the imperfect
fluid viscous forces [cf. Eq. (79)], and of the scalar-field force in the EOM,

2

o_124VA-37 1 2+VA-3)(VE-32+1) 1 )(1_;r2+ 1-37). (145)

T ~ v 1 v
Fo = (04pf) 0" = §T4(3¢Udof) 9"¢. (146)

Non-conservation form

The energy and momentum conservation equations were found in terms of generic py and py for a perfect fluid in
Eqgs. , and trivially generalized to imperfect fluids in Eqs. (75). Extending the energy equation to also include the
scalar interaction force, i.e., Fi, = F§ + Fi;, we have

a0:5}" - |ﬁp‘28013f + ﬁ’faiui + uiai(ﬁf *ﬁf) = (ftoot + ]'—Ig)(l + ‘ﬁp|2) - 202(1ia)ui-ﬁ€ot . (147)

In this case, the EOS depends on T and, hence, w = Dr/ps cannot be taken as a constant as we have done in previous
sections. Taking into account that both p; and p; are functions of the temperature and of the scalar field, we can
rewrite Eq. (147)) as a dynamical equation for T,

T =~ [0 (51 = 1o 257)] {0y Oui + ws[(OT) 0+ (816) ) (55 — By) — (Flow + Fhy) (14 [ ?)

+ 2020w Floy + s 095y — 1To/%) } (148)

where we have used the property 9,X = (GMT) 07X + (0,0)04 X, which holds for both X = p¢,py.
The momentum equation was given in Eq. (75b)) with external forces Fipe- Extending this equation to include
and substituting Eq. (148)) in it, we find

external forces .7}5Ot = ]}(Z + Fines

u; 9P _ ~ . —a j
L (wf Dju; +u;[(0;T) 07 + (0;0) 0] (57 — Br) + 20>~ Vu; F,

ou; + u;0u; = — = o~
T gy { 07 (ps — |p|*py)

O=w ~ N
+71'8ﬁ—’172]5 _ ~Tf _ ]:00_1_]:0 —778]5
6 O (P — || f)) af(pf—\up|2pf)( wotr +Fir) — me0gPf
1 . 1 - _
_g2(a=1) = ) . ) = i i
a oy [(8;T) 07+ (0:9) 0| By + o (Fioe + Fhr) - (149)

As mentioned above, in the rhs of the dynamical equations for the fluid variables T and wu;, the imperfect four-force
includes terms that also depend on first and second-order time derivatives of the fluid variables. We have shown in

section that, at leading order in the fluid velocity |i,| < 1, and neglecting the bulk viscosity, { H < 1, ]-'i%f ~0
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[cf. Eq. - and the resulting Navier-Stokes force ]—'Zf only depends on spatial gradients of the fluid variables.
Indeed, for homogeneous viscous coefficients, we find [cf. Eq -

11—«

0! Fipp 2 200; [0 dup)| + (€ = §7) 0 (5 05u;) - (150)

Then, the system of Egs. (148) and (149) can be directly solved integrating the lhs in time and then evaluating the

total forces F{,, = ]:lpf + F§ under these assumptions.

Non-conservation form in terms of a generalized sound speed

Introducing the speed of sound ¢Z,, = 9,/7/9,.p s, which generalizes the definition of Eq. along different directions
zH, as

2 _ Oupr _ (97P4) Oy T) + (995) (9u9) (151)

Y Oubr (0555 (0uT) + (Dpr) (0p9)

the equation of energy conservation [cf. Eq. (147)] becomes

(1= 2olitp|*)00 In oy + (1 + w)djui + > (1 — €2, )u;0i In jy

%

Lz F - —a), Fi
= =Bl P01+ 1) — 2020 | (152)

For the case studied in section we have Vp = 0 and constant EOS, such that 052, p=w= constant. Hence, the
equation of energy conservation reduces to Eq. . Note that for the generic case in which both py and py depend
on T and ¢, this equation cannot be directly advanced using explicit integrators, since the speed of sound depends on
the local variable 9,7, which needs to be approximated from py and ps at earlier times. For this reason, Eq. is
advantageous when applying explicit numerical time-stepping schemes.

In terms of the speed of sound defined in Eq. , the momentum equation Eq. becomes

3u,+u,3.u,:% 2 3,u,+0570 (1 -2 )u;9;Inj
(] j Vgt 1—C§O|Up|2 S0 T L L sj /Wi f

1 (14, = ~ 2¢2 —o) i
o p ( e Bl Fi) = s P )
1= |, |*

1, -, .y
2 @2 Vg Inpr — — (FL 1. 153
1+w |:csza 7 npf ﬁf (]:tot +]:H):| ( )

As before, if we take a constant EOS, we recover the momentum equation given in Eq. (76b)).

Alternative non-conservation form for relativistic fluid variables

The scalar-fluid system of equations can also be written expressing the fluid equations in the alternative non-
conservation form for relativistic fluid variables, already discussed at the end of section 1| [cf. Egs. (57)]. This
formulation has been used for simulations of phase transitions in flat spacetime (see, e.g., refs --,.-
where the EOM are expressed for the relativistic energy density E = s and fluid momentum density Z; = T,

To obtain the dynamical equation for the comoving relativistic energy density, E, we project the fluid equations

DETI‘)‘;’ = FL. [cf. Egs. (17h) and (17i)] in the parallel direction to U,. The projection in the parallel direction of

foTlff is given in Eq. (56,

~U,DSTYY = o U [U 0,55 + 070,U" + (3p5 — ﬁf)HUO] : (154)
while the projection of the total four-force, Fo = Fy + Fi, i

U,FL, =a W00, Fr (155)
Hence, the EOM for the rescaled variables become

Urupy + w0, U" + Ty HU® = —a™ U, (FL + Flip) - (156)
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The projection of the force due to the interaction of the fluid with the scalar field, ]}5’ = Q¢ a’* 9,4, with Q¢, =
04Pf — 0p, and g4 given in Eq. (133)), is

Ca T, F = 0,000 — (5 _ ‘9@”)@ _ .02 Prg (157)
o¢ ¢
The imperfect fluid force can be expressed using Eq. as,
—a UL Fly = a= 6T S, . (158)
Then, we find
O E + 0i(Bu;) + py 007y + 0i(ywi)] = (E — 3ppy)H +a”“6T" S, — 91 4 g1 71407 . (159)

d¢

The resulting equation for the fluid momentum density Z; is obtained from the space components of Eq. ,

. 9%
0 Z; + 0;(Ziuj) + a* " Vapp = (o — 1)7—[ % 4 ]-"pf + g2~ (;qf — fgat "%y [my + ujﬁjqﬁ])@iqﬁ. (160)

These equations generalize the scalar-fluid system considered, for example, in ref. |[180] (see their Egs. (5) and (6)),
to first-order imperfect fluids and to an expanding Universe. As before, we note that neglecting v in £ = Py or in
Z; =W f’yQui would lead to the wrong subrelativistic limits due to the inconsistent underlying assumption that 0y is
negligible.

Unlike the previous formulations of the fluid equations (conservation and non-conservation forms), this system of
equations, without further manipulations, cannot be directly solved following the time integration schemes that we
will present in section In fact, although one could relate v, u; to E Z; and have a system of four equations in four
variables, the presence of time derivatives of both E and ~ in Eq. (159 - does not allow to apply explicit Runge-Kutta
integrators to this system. However, the system can be evolved using operator splitting methods, where each term
is advanced at different intermediate time steps [256]. In our numerical implementation, we focus on the systems of
equations given by Egs. or Egs. , corresponding respectively to the conservation and non-conservation forms
of the equations of motion for relativistic perfect fluids and their respective generalizations in the case of imperfect
fluids and interactions with scalar and gauge fields. These systems are readily available in a suitable form to apply
Runge-Kutta time-advancing schemes, as we explain in section

Non-conservation form in the limit of subrelativistic fluid velocity

In the subrelativistic limit |,|> < 1, the fluid equations [cf. Egs. (148)) and (149))] reduce to the following,

lim 8T*— !

¥ 21 . T - X ~ = 0 _ 10
‘up‘2<<1 aj'vﬁf {wf a'LUz + uz |:(87T) 3T + (&gb)f%} (pf pf) ‘Ftot ‘FH

+2a2(17°‘)ui}:fot + 7y 8¢ﬁf} , (161a)

a~ e ~ .
|”h|£2<1 Oou; = uJ(? U; + — { aTif (d)f O;u; + uy; [(&T) 8T~ + (&qb) 8¢] (ﬁf — ﬁf) + 2a2(1_“)ui]:§0t + 7 6¢;3f)
p I

- 5 B ~ o ;

5 L (P + 7)) - 7T¢5¢>Pf} 020D [(0,1) 07 + (0:6) 04 s + = (J:tot +Fjr). (161b)
TPf wy

2.5 Summary of the equations

In this section, we provided the generic system of equations of motion for a fluid that interacts with an Abelian gauge
field A, and with a singlet scalar fields ¢ in a FLRW expanding Universe.

We consider a perfect fluid with small deviations with respect to local thermal equilibrium (LTE), such that its
stress-energy momentum tensor can be expressed as

Ty =Ty — 6T, (162)

31



with
Tl =weU"UY + prgh” and 0T =2vwyp ot +Ewys O A (163)

respectively corresponding to the perfect fluid stress-energy tensor, and to the deviatoric stress tensor for first-order
imperfect fluids. In the above expressions wy and p; are the perfect fluid enthalpy and pressure, U* = va~*(1,u;) is
the four-velocity, with u; = da?/dn, v and £ are the shear and bulk kinematic viscosity coefficients, o#¥ = SH* — %Gh‘“’
is the traceless rate-of-strain tensor, with S* = h*PADFUY) and 6 = S, and " = UFUY + g"¥ is the projection
tensor orthogonal to U*.

The fluid equations of motion are obtained from the conservation of the total stress-energy tensor, which, in an
expanding Universe, can be recast in the following way [cf. Eq. ],

aTW ftyot—i_va with ftot*ﬁnt+ﬁ

= (164)

pf>

with the rescalings T = a**2*T"" and FY,, = a*T2*F%,. The effect of the Universe expansion is absorbed in the
Hubble friction [cf. Eq. (33)]

Fir = (by = 3B )HS"y + (a = H T, (165)
while the viscous forces due to deviations with respect to LTE are [cf. Eq. ]
Fre = 0,07 + 38wy OH + (1 — a)H 6T"6"; . (166)

In the expressions above, §TH = g4t2e§TH = 20w oM + éuvf Oh with 6 = a6, € = a '€, 7 = a~'v, while the

fluid variables are rescaled as pf/ps = pf/ps = Ws/ws = a*.

In section [2.4.1} we considered interactions of the fluid with an Abelian U(1) gauge field and in section with
a singlet scalar field ¢. The resulting interaction forces are

Flie = -7:-5(1) JF]:—(Z: (167)

where the components of ]:'5(1) are given in Egs. ,

Fouy = - al—%[ﬁea’-g— Gri-(ExB)— &f|§|2] , (168a)

Figy = —a*” [(P —a?0"5, i E) & — pe(ii x B)i+6,(E x B); — (- B) B, + &¢|B| uz} : (168b)
and the components of ]}g in Egs. 7

79 :7r¢( % L4y fig (g + ui z¢)> (169a)

Fy= a0, ¢>( D (Tt s m)) (169b)

They depend on the fluid velocity w;, the Lorentz factor v, and, respectively, also on the U(1) gauge field, A4, the
scalar field ¢, and their time derivatives & = Fy; = 0pA; — 0;Ap and my = 0p¢p. The fluid equations of motion are
then coupled to Maxwell equations [cf. Eqs. (84)],

OoFoi + a_2(1_a)8jFij + (1 — Oé)HFOi = CLQaJZ-Fl R 0;Fo; = (J,Qng R OA; =& + 0; Ao, (170)

and to the equations of motion of the scalar field [cf. Eqs. (134))],

90 OVert

8071'¢ = afz(lfa‘)?%,b — (3 — Oé)H Ty — ¢

(¢7 ) GQQ% 7(7T¢ + ulal(rb) ) 80¢ =T¢, (171)

with Veg = Vo — py. We consider the large-temperature extension of the equilibrium distribution function, such that
the enthalpy and the pressure of the fluid are

D Brad (T [ ~ Na . Olno - OV,
Dy :prad(T) — VT((f), T), Wy = br dof _T T

— 4 P,aa(T) + I !
T pad( ) DPrad olnT T

(6,1, (172)

32



where praq = %Udoff‘l = g—; g(T) T4, with T = aT being the rescaled temperature, and we assume that the effective
potential only depends on the temperature and the expectation value of the scalar field ¢. In the limit when the
radiation term dominates (VT — 0), we recover the constant ultrarelativistic equation of state (EOS), py = %ﬁf,
where py = Wy — Pg = 3Praq is the radiation energy density.

We have considered two main approaches to solve the equations of motion of the fluid. In the conservation form,
we evolve the temporal components of the stress-energy tensor of the perfect fluid Tr?fu , while in the non-conservation
form, we evolve the fluid primitive variables p; and u;.

Conservation form of the fluid equations

The system of equations in Eq. (164)) already provides us with the fluid equations of motion in their conservation form.
The remaining step is to reconstruct the stress tensor T %, the velocity field, and the Lorentz factor that appears in

the interaction forces, as a function of the dynamical variables Tgf" . This can be accomplished using Egs. ,

T i T 4
ot = m%fipi +a® @ Vp,6 Ui = %, and 2o (173)
Ty + oy Tot + Dy v

However, ps and wy still depend on the temperature T. The temperature can be computed by substituting a particular
choice of the thermal corrections to the potential, Vr(¢,T'), in the following relation [cf. Eq. (136])]

a*POTUT = (T + p)(TX — pr) = (T + TS (B — pr) — Brhy » (174)

and solving numerically for the value of the temperature T as a function of ¢, g(T'), Tgfo, and 7?2 = @?1-) 3", [TOz / T0f0]2.

In particular, in the limit V7 — 0, the EOS becomes a constant w = pr/ps = 1/3. Then, defining the variable
z = (14 w)y? — w, it can be computed as a unique function of the squared ratio r2, as in Eq. ,

z:ﬁ(l—w—t (w+1)2—4wr2), (175)

allowing us to reconstruct the fluid variables in the following way,

7007707 504
T = ad % + Yg2a- 1)T ¢ 0ij s u; = & & ) V2= e (176)
p Z+w Tgfo z z+wT£f0 1+w

Non-conservation form of the fluid equations

On the other hand, the non-conservation form of the energy and momentum equations are expressed in terms of the
fluid primitive variables gy and wu;, respectively. In the general case, since the EOS w = ps/ps is a function of the

temperature, we convert the equation of conservation of energy into a dynamical equation for the temperature T. The
fluid EOM are then given by Egs. and .,

aT = —[07(py — li@pBs)] {wfauz +uz[(a T) 07 + (9:0) 0] (B — Br) — (Finy + Fir) (1 + |iip]?)

+20* 0 Flo 4wy 0y (55 — iy pf)} (177a)
Botts + u;05u; = — Orps (uvf dju; + u; [(0;T) 8z + (9;0) 0] (5 — Br) + 20> 1=, F)
V] ,u"}f,.yZ af([)f _ |ﬁp|2ﬁf) J ] 7 J T J J J 7Y tot

i i Ol 5 . . i

+ 7y 05 (pr — |tip|*py) ) — e (o + Fit) — w0

1 . 1
_ 42(a—1) . - 7

@D 53 [OD)0r + (0:0) dolps + 5 (Flow + Fii) (177b)

Again, in the limit V7 — 0, we recover the EOS w = 1 /3, and the non-conservation form of the fluid equations can
be recast in terms of the energy density py and the velocity u; [cf. Egs. ]

33



(1—w|iip|*) don s + (14 w) diwi + (1 — w)u;0; In py

1 ~ -
= = ([P + (= 30pM (4 1) — 2070wy ) (178)
!
1 — i, |? l—w _ 1 /= 2w o) i
Goui + ujOjui = T w|5 E [waj“j o i npr - F (-Ftoot “Txo +wa2(1 )uj}—t]ot>:|ui
1 - |ﬁp‘2 2(a—1) ~ L = 1 - |@_[1)|2
S 1 -9 Inps — — Il 3w —1)+a—1)Hu. (178b
T G d;Inpy ﬁfﬂot + l—wﬂp|2(3w )+ a Hu; . (178b)
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3 Introduction to the lattice

In this section, we provide a basic introduction to lattice techniques. The basic notions related to the lattice and
definitions of discrete power spectra are given in section [3.1] Lattice derivatives and lattice momenta are covered in
section We then deal with more complex lattice derivative operators in section |3.3| and introduce, in section |3.4]
higher-order accurate time evolution algorithms for a system of differential equations. Several of these concepts have
been reviewed in The Art I 1] and IT [2], which the reader may consult for more detailed discussions. Readers who are
already familiar with lattice techniques, may directly jump to section [d where we discuss the lattice implementation
of the fluid EOM.

3.1 The lattice

We counsider a cubic lattice in three spatial dimensions that has side length L and number of grid points N (i.e., number
of lattice sites) per dimension. The total number of points is then N3 and each lattice site can be identified by the
following vector,

n = (ny,ng,ng), with n;=0,1,..,. N—-1, ¢=1,23. (179)

The distance between two lattice sites along one dimension, which represents the minimum distance that can be
resolved on the lattice, is given by the lattice spacing,

dr=— . (180)
The value of any continuum function £(x) can be represented by a discrete lattice equivalent f(n), such that they hold

the same values at the discrete positions x = ndx. We impose periodic boundary conditions, i.e., f(n+2N) = f(n)
for any 72 = 1,2, 3. Here, 7 represents the unit vector for each spatial direction,

1=(1,0,0), 2=(0,1,0), 3=(0,0,1). (181)
We can define a reciprocal lattice in momentum space, where we label each point by a vector n,
N N N N
n = (A1, ne,ng), with 7, =——+1,—-——+2,..,-1,0,1,..,——-1,—, i=1,2,3. (182)
2 2 2 2
The discrete Fourier transform (DFT) is defined as
1 2% fin = ~ 2% ni
f) =5z 2 V0 e f@)=) ¥ (m), (183)
and
D TR = N3y (184)

By imposing periodic boundary conditions in real space it follows that Fourier transformed functions are periodic in
the reciprocal lattice, such that f(i 4 iN) = f(n). Due to the discrete nature of the lattice we can only represent
momenta between an infrared (IR) and an ultraviolet (UV) cut-off. The smallest momentum that we can capture on
the lattice is given by

21 21
ST Nee (159)
while the largest one along each spatial dimension by,
N T
kuyv = —kr = — . 1
UV = 5 RR = (186)

The maximal momentum k.« that can be represented on the lattice lies in the 3D diagonal and is given by,

N
kmax = \/gkUV = ﬁ?klR = \/551 . (187)
xr

The reciprocal lattice captures a range of discrete momenta,
k = kir (71, 2, 7i3) - (188)

The modulus of the momentum will be denoted by k = k(7) = kir|d| = kir (R} + 73 + 73)/2.
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Power Spectrum

The power spectrum Ag (k) of a function £(x) in the continuum is defined through its ensemble average (£2) by,

k‘3
(€)= [dlogh() . Adb)= 5Pl (Bt = 250k~ K)Pe(E) (189)
where k = |k| denotes the modulus of the momentum in the continuum. To obtain an equivalent lattice expression,
the ensemble average is replaced by a volume average over the whole lattice,

o3 1
<f2>V:7Zf2(n):ﬁZf2(n) : (190)
Applying the discrete Fourier transform we obtain,

(P2 = 5 3 Alog k(B) K(R) oo # a1 (W) ) ey (191)

5]

where Alogk(fi) = kir/k(fh). Moreover, with ((...))r@m) = (1/#r(m)) Zaverm)(--) we have introduced the angular
average over spherical momentum shells R(11), where each shell contains all reciprocal sites with radius |0’| € [|n|, 0]+
An), with A7 being a chosen radial binning. The multiplicity # ) gives the number of reciprocal lattice sites of
each spherical shell. This leads to the following expression for the lattice power spectrum,

n) oz 3(n z\*
A7) = 2 Tt 1 @) Py = "5 T () (7P (192)

27?2

where we have adopted the notation of The Art-II [2] and defined Y5 = #r)/ 4rln|?. A frequently used approx-
imation is # p(a) ~ 47[n|?, such that T|5 = 1. We note that in CosmoLattice, the former is referred to as Type — I,
while the latter as Type — IT power spectrum.

3.2 Lattice derivatives and lattice momenta

The continuum derivatives that appear in the equations of motion need to be replaced by lattice derivatives. These
finite difference expressions are defined such that they reproduce the continuum limit to a certain order p in accuracy in
the lattice spacing or time step, when expanded around a given location. In the following, we discuss different types of
lattice derivatives: the neutral (or central) VLO’p ) and a set of charged derivatives, which consists of the forward Vﬁ"p )

and the backward fo’p ) derivative. While in fundamental field dynamics it is usually sufficient to consider lattice
derivatives up to second order, hydrodynamical systems often require higher-order expressions (i.e., more accurate
for a given lattice spacing) [230,/292294]. Lattice derivatives can be easily constructed to any order of accuracy
(see, e.g., [295] for the general expressions and [296] for tables of finite difference coefficients). In the following, we
provide first the general expressions followed by examples up to sixth order in accuracy, the latter representing a good
compromise between computational cost and effectiveness in capturing the properties of computationally demanding
physical cases as, for example, shocks [230].

Neutral derivative

P)

The neutral (or central) derivative Vgo accurate to order p = 2m for any m = 1,2,..., is given by
1 m
0,2m ~ A m
[v{®2m) f) = o S Gt CD) — fn—0-)] — Of(2)],_ ., +O0z>") . (193)
=1

with the coefficient c?_rm being defined as,

(m!)?

Um—0)(m + 0!

G = (1) (194)

where dx is the spatial spacing. On the rhs of the arrow we denote around which location on the lattice the discrete
expressions need to be expanded in order to recover the continuum limit to the respective order p of accuracy. The
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first three cases that are accurate to order p = 2,4,6 are

gnd . [VEOQ)f] :f(n—f'i)ngf(n - 'Z) N 8if(95)’x£m;x + O(5$2>, (195&)
4th [V§04)f] 8f(m+1)— f(n—i—%iz—i(—s;”(n—%) —8f(n—1) L Ot | o + 06, (195D)
th . 1 o(0,6) ;o A5f(H41) —9f(n+20) + f(n+32) — f(n—37) +9f(n—2i) —45f(n — 7)
"= vl = 600
— Ot (x)|, _ 4. +O(02°). (195¢)

Charged derivatives

We can also define a set of charged lattice derivatives, the so called forward VgJﬁp ) and backward ng’p ) derivatives.
Compared to the neutral derivative, the forward and backward derivatives are sensitive to dx, i.e., the smallest possible
distance captured by the lattice. These charged derivatives have the disadvantage that they are asymmetric, and when
expanded around the lattice site n, they only recover the continuum limit to order O(daP) for p = 1,2,3,..., while
p + 1 stencils are needed (see, e.g., [296]). However, we can also define a set of charged derivatives living in between
lattice sites (i.e., to recover the continuum limit we expand the derivative operator around the point = (n +i/2) dz
instead of x = ndx), which have the same accuracy as the neutral derivative. They are,

m

[VE2™ f] = == chm fk i) = fF 4D — O @), (s + OO . (196)
=1
with
+ 41 (Qm!)2
Cton = (=D 24m=2m12(20 — 1)2(m — £)!(m + £ — 1)! (197)
The first three example cases that are accurate up sixth order are then,
N ) f(n+1) — f(n
ond . (w2 ) :% — 0 @)], i jyge T O67%) (198a)
g, [y £ 20) £ 27f (kD) 27f(n) 4 f(n T )
e 240x
— Oif(x ’z: (nti/2)52 + O(6z), (198Db)
6t : [V vl 6)f] 9f(n=+3i) —125f(n £ 27) + 2250f(n +7) — 2250 f(n) + 125f(n F i) — 9f(n F 27)
19206z
— 0E(@)], Z (nri/2)5 + O0(62°) . (198¢)

On the other hand, we can also assume that the field itself lives in between lattice sites at n £ i/2. For example, in
the discretization of gauge field theories it is typically assumed that the gauge field lives at A, (n + i/2), where fi
represents the unit four-vector (see, e.g., |1]). Assuming such a vector field f," = f;7(n’) with n’ = n ¥ /2, we can
apply the above introduced charged derivative operators,

[V £ = ZCM 7O £ -0) = [T F 0 i0)] > 0], 2 e jos oy T O™, (199)

where we assume that the spacing is the same in all directions. The derivative operator now has to be expanded
around the location z = (n F j/2 +7/2)dz to recover the continuum limit to order O(dz?™). The first three example
cases that are accurate to p = 2,4 and 6 are,

fF@ £9) - [F ()

n +,2 . .
ond . [V fF) = — — 0], _ g yass e + 0077 (200a)
b [ ] —fF (0 £20) +27fF (0’ £4) — 27/F (n') + fF (0 F i)
BRI 246
4
— aifj(x)|r5(nﬁ/w/2)5m + O(62), (200Db)
gt g0 7 0 F7 (0 £ 30) — 125f7 (' + 20) + 2250 f7 (0’ £ i) — 2250f7 (n’)
HIVETST = 19200z
125f; (0’ F1) — 9f7 (' F 21) ]
+ j 05t (z)| _ (nxi/241/2)5w T 0(6z°) . (200c)

19206z
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Lattice momentum

The discrete Fourier transform of the above mentioned spatial derivatives allows us to associate a so-called lattice
momentum ki, to each of them,

[Vif](n) = —ike(n) f(n) , (201)

with each spatial component indicated as (ki,); = ki ;-

Lattice momentum for the neutral derivative

The lattice momentum associated to the neutral derivative of order p = 2m, denoted as k¥, can be obtained by

evaluating Eq. (201) with Eq. (193)),

1 & N 2(m!)? (207,
kgﬂ‘:%;(_l)“ am%!(?nw!sm( N ) ' (202)

The explicit expressions for the lattice momenta associated to the neutral derivatives of order p = 2,4, 6 [cf. Egs. (195)],
are given by

in(27n; /N

ond ., j0 sm(;r# ’ (203a)

’ x

4sin(27n;/N)  1sin(4nn;/N)

gt g0 = = - = 203b

Li ™3 oz 6 oz ’ (203b)
3sin(2wn;/N) 3 sin(4dnwn;/N) 1 sin(67n;/N)
th, 0 _ 2 i _ 9 i L smbmni/IV) - 9
R s 10 oz 30 oz (203¢)

Lattice momenta for the forward and backward derivatives

We can also associate a lattice momentum to the forward (+) and backward () derivatives, which we will label by
kf. For the derivative operators that live at lattice site n 4+ 7/2 we use Eq. (196) to evaluate Eq. (201]), for which we
obtain,

_ 1 & (2m!)? . [ (20 = 1),
+ _ _ = _1\¢+1 %
b=k = 5 2 () s B e O T 7T ( N ' (204)

=1

The explicit expressions for the lattice momenta corresponding to the charged derivatives of order p = 2,4,6 [given
by Egs. (200))] are

(e /N
okt =k = 275m(7;7;/ ) (205a)
_ 9sin(mn;/N) 1 sin(3wn;/N)
gt = =2 . 5051
Li =M T 1T 5y 12 o (205b)
_ 75 sin(7wn; /N) 25 sin(37n;/N) 3 sin(57n;/N)
6t kit =k = D ST 29 2 . 205
Li = "Li = 397 §g 192 oz 320 oz (205¢)

3.3 Higher derivatives, semi-sums and clover averages

In this section, we present higher-order finite-difference operators and semi-sums, first for the general cases and then
for a few concrete examples up to sixth order in accuracy. We will see in sections [d] and [f] that higher derivative
operators are in general required for the lattice implementation of the scalar field EOM and the viscous contributions
to the fluid equations. Semi-sums on the other hand appear frequently in the staggered discretization scheme of the
scalar-gauge-fluid system. In the following, we adopt, when dealing with long expressions, the short hand notation
fap=fm+a-p)and foupw =f(n+a-p+0-0).

Laplacian

The discrete Laplace operator acting on a field f(n) can be constructed by consecutive application of forward and
backward derivatives and summing over all spatial directions d, i.e., A f(n) = Zj VH[V; f(n)]. For the case of
d = 3 dimensions the expressions are

3 m
ACTA = 2530y Bc%m (f+00) = fn =) = )| —> AL@)],_y, + O™ . (200

1=1 ¢=1
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The explicit expressions for the discrete Laplace operator of second, fourth, and sixth order in accuracy are,

3 ~ A

gt (a@g) =3 TOED =W IWD ey, + 06, (207a)

1=1
N 223: —f(n+2i) +16f(n + 1) —fggagl) +16f(n — i) — f(n — 20)

1=1

— Af(z)| __ +O(0z"), (207Db)
6+ [AO) f] = 23: 2f(n+3i) — 27f(n —&-12;())5—;227Of(n +14) — 490f(n)

1=1

n 270f(n — i) 7271g%13;221) +2f(n — 30) Af(x)’wznéw + O, (207¢)

where we have assumed that the lattice spacing dx is the same in each direction.

Bidiagonal scheme for cross derivatives

On the lattice, cross derivatives of the type 0% f/0x0x7 with i # j (that appear, e.g., in the viscous contributions to
the fluid equations) can be evaluated by the consecutive application of lattice derivative operators in the directions i
and j. However, these operations are typically computationally expensive to perform (in particular for higher-order
accurate derivatives) and it is useful to consider more efficient schemes. One such scheme for fields that live at lattice
site n is the so-called bidiagonal derivative scheme,

MG = i Y gych | Fn e £G40) — fn= €= 3) — fln-+6-5) + f(n— (i +5)
=1
— 0:0;f(x)| __s +O(0z7") . (208)

The cases of second, fourth and sixth order in accuracy are given by

fig— fi—j— f—ij+ foi—j

A2 f] = G s 00E@)|, _, +0(032), (209a)
[A(4)f] :_fQi,Qj + f*Qi,Q‘j + 16f17‘7 — 16f774’] — 16f1)7] + 16f*i,*j —+ f2i,72j —_ f*Qi,*Qj
Y 48622
— 00;£(x)|, _ 5, + O62"), (209b)
[A(E?)f] _ 2fsi3j — 2f-3i85 — 2Tf2i25 + 27 2i2j +270fi,; — 270f_i
Y 720022
+ —270f;,—j +270f s —j + 2T f2i—2j — 2Tf i, —2j — 2f3i,—3; + 2f_3i,—3;
72002
— 00;£(x)| _ 5, +O(62°). (209¢)

Semi-sums and clover averages

Given a field that lives at lattice site n, the value of the field in the middle point of the two lattice sites f(n + i/2)
can be obtained to order p in accuracy by taking the semi-sum Si(p ). Tt is defined as,

SIS = Y eme [fO+ L0+ f— i 4] —> £@)],  oys/pe + OO, (210)
=1

with the ¢, ¢ coefficients being,

(2m!)?
24m=1(20 — 1)m2(m — £)!(m + £ —1)!

emye = (1)1 (211)
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For the cases p = 2,4 and 6 the explicit expressions for semi-sum operators are,

ond s s@f) zw — f(x)\xz(nwz)ém +0(02?), (212a)
4th . Sf4)[f] ng(n"’—gf(n)—’—i) _16f(n+2i) —f(l’l—i) N f(x)‘zg(n+g/2)5r+o(6x4)7 (212b)
Gth - S(G)m _150f(n) +150f(n + 1) — 25f(n + 22) — 25f(n — i) + 3f(n + 3i) + 3f(n — 29)
C - 256
— f£(x)], _ (nti/250 T 0(6x9), (212¢)

where the subindex ¢ denotes the direction in which the semi-sum is taken. Conversely, for a field that lives in between
lattice sites (i.e., at n’ = n +i/2), the field value f(n) can be obtained to order p, by taking the semi-sum in the
opposite direction, i.e., Sj(Fpi) [f(n")] = £(2)|s=nsz + O(d2P).

For a field f that lives at lattice site n, we can obtain its field value at the position n+%/2+ j/2 (sometimes referred
to as the center of the plaquette) to order p in accuracy, by applying the so-called clover average. This average is
given by the consecutive application of semi-sums in the i and j directions Si(s) [f] = Sj(p ) [Si(p ) [f]]- The clover average
to arbitrary even order of accuracy is then given by

m m

S = chm,kcm,e[f<n+e-i+k-j>+f<n+M—(k—1>-j>+f<n—<f—1>-i+k-j>
k=1 /=1
+ f(n—(€—1)~i—(k—1)-j)] — f(z)|$z(n+i/2+j/2)5w+(9(5x2m), (213)

where the ¢y, ¢ and ¢, 1, coefficients have been defined above in Eq. (211). The explicit expressions to second, fourth
and sixth order in accuracy are,

nd . @ _ L fHfri | vt fria 5
2 85 =5 < 5+ : 5 ) 2@, 2 a2 T O077), (214a)
99f +9f4i — fooi — i | 9 9 + 94t — Sroeins — f-isg
4th . Dy =2 + a J 7+ J T+
Sm Lf] 16 16 + 16 16
19S50 + 9405 — froiqos — foigoy 19+ 905 — faei— — foi
16 16 16 16
4
— f(w)|x5 (n+i/245/2)s0 T O(éa7), (214b)
150f + 150 f15 — 25 f12; —25f_; + 3 fy3i + 3f 2
6 : SO =51 +
w 1=, 256
— £(z)] + O(629). (214c)

z = (n+i/2+7/2)6x

3.4 Evolution algorithms

In this section we present numerical algorithms for the time evolution of the equations governing the scalar-gauge-fluid
dynamics in an expanding background. The EOMs of the fluid and bosonic field variables [cf. Eqgs. in terms of
the physical variables, and section for a summary of the fluid EOMs written in terms of the rescaled variables],
together with the second Friedmann equation [cf. Eq. ], represent a system of coupled first and second-order partial
differential equations. Furthermore, in section[7} we will discuss gravitational waves, which are governed by a wave-like
equation [cf. Eq. ], and add them to the system of equations that we are interested to evolve on the lattice. While
we will focus on the spatial discretization of these equations in the following sections in great detail, here we address
the issue of advancing them in time. In the following, we will denote the amplitudes of the fluid variables (i.e., the
temporal components of the stress-energy tensor in the case of the conservation form, or the fluid velocity and either
the energy density or the temperature in the non-conservation form) by g¢;, whereas the different scalar and gauge field
variables, as well as the gravitational wave amplitudes will be represented by f;. The conjugate momenta associated
to the bosonic fields f; and the scale factor a will be denoted by 7; and b = m,. Assuming that all derivative operators
in the rhs of the equations have been discretized (i.e., written in terms of field variables at different lattice points),
our system of EOM can be brought into the following form of coupled first-order ordinary differential equations,

mi(x,n) = Dilfi(x,n),a(n), ma(n), {f;;m)} {fi(x, 1)}, (215a)
mx,n) = Kilfi(x,n), mi(x,1),a(n), ma(0), {520} {7260 F {g(x,m) 3 5 (215b)
gi(x,n) = Gilgi(x,n),a(n), ma(n), {g52:(x, M}, {filx, )}, {m(x,m)}] (215¢)
ma(n) = d(n), (215d)
mo(n) = Kalan), Eg(n), ER(n), Bv(n), Ex(n), Ec(n)], (215¢)
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where primes represents the time derivative with respect to a-time. The drift D; defines the conjugate momentum
of the respective scalar or gauge field, whereas the so-called kernels G; and KC; dictate the evolution and interaction
of the fluid and bosonic field constituents. The kernel of the scale factor &, is given by the rhs of Eq. and only
includes the volume averaged energy and pressure density components of the fluid, as well as the kinetic, gradient and
potential energy of the remaining fields, defined by [cf. Eq. and Egs. (22)]

D Au,.. G Au,s..
Bf = a® (TY), Eb =~ <T}(;f)> , Bx= Y (K), Be= > (G). Ev=(V). (216)

% i

We will see in section [7] that, by construction, the gravitational waves do not backreact onto the system, and therefore
do not affect the evolution of the scale factor. At any time step, the Hubble constraint [cf. Eq. }, as well as the
Gauss constraints [cf. Eqgs. and } for the gauge fields, need to be satisfied, which requires appropriate spatial
discretization and time-integration schemes.

The kernels KC; and G; of our system of Eqgs. depend on the conjugate momenta of the corresponding bosonic
fields and fluid variables. A natural option to evolve such systems of equation in time, is represented by non-symplectic
integrators, like the Runge—Kutta methods (see The ArtI [1] for a detailed review). These schemes typically involve
intermediate sub-steps in time, and thus require additional auziliary fields to store the necessary information at each
sub-step. In the following, we will discuss the so-called low—storage Runge—Kutta algorithms [297,298|, which are
methods that require a minimal number of auxiliary fields. Among other Runge-Kutta algorithms with the same
order of accuracy, these schemes represent, in fact, the most memory-efficient integrators.

We will see in section [7] that the gravitational waves are passive degrees of freedom. This allows us to either evolve
their EOM with the same Runge-Kutta scheme as the remaining variables, or with a symplectic evolution algorithm
up to second order in accuracy, with the time stepping appropriately synchronized to the Runge-Kutta scheme that
is used to evolve the other fields. This procedure provides the possibility to evolve the gravitational waves in a more
memory-efficient manner than with the Runge-Kutta method, since it requires no additional auxiliary fields, while the
accuracy is kept to O(6n?), which is typically sufficient for a wave-like equation [1,2] (see sectionlﬂ for a more detailed
discussion). In the following we will also discuss the Leapfrog method as an exemplary case of a symplectic integrator.

Runge—Kutta methods

We first discuss the low-storage Runge-Kutta schemes that can be used to solve the EOM of the scalar-gauge-fluid
system, together with the second Friedmann equation, as well as the gravitational wave equations. We assume that
the following initial conditions at some initial time 7y are given,

10 {0, 7V, g2, a®, 7O} at ny.

To evolve the system by one time step n — 7 + o7, we introduce s intermediate sub-steps. Each sub-step comes
with a pair of coefficients A, and B,, with p = 1,...,s. With the help of the following set of auxiliary fields

{Afi(p), AT, Aggp), Aagp), Am(zp)} the Runge-Kutta scheme can be written as,

Afi(p) _ ApAfi(p—n_’_(Snwzgp—l)7 fi(p) _ fi(p_l)—FBpAfi(p)
AP = APV P = 74 B,AxP)
Agr = AagT Vg = " = g7+ BAgY — (217)
Aa® = ApAa(p*l)_|_5777TL(1P—1)7 a® = a®P=Y 4 B Aa®
A = A APV oY, o= e pan |
firo = £
Ti+0 = 71'1(5)
= gi+0 = 958) ; (218)
ayo = al
Ta,+0 = WL(zs)

where 40 refers to the advancement of the fields by one full time step, i.e., n — n+dn. A specific Runge-Kutta scheme
is completely characterized by the coefficients A,, B,,, and the number of intermediate sub-steps s. For example, the
coefficients A, = {0, —1} and B, = {1,1/2} characterize a second order scheme, which reproduces the fields at the
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next timestep with an error of O(d1?), and is known as the modified Euler method. For fluid dynamics, a frequently
used low-storage scheme, is the third order accurate Williamson scheme [297]. It has one auxiliary field per dof,
and is characterized by the coefficients A, = {0, -5/9,—153/128} and B, = {1/3,15/16,8/15}. The coefficients for
higher-order low-storage algorithms are provided, e.g., in [297,298].

Leapfrog method

As mentioned above the gravitational wave degrees of freedom can also be evolved with a symplectic evolution scheme,
while the fluid and bosonic degrees of freedom are evolved by a non-symplectic algorithm. In the following we present,
as an example algorithm, the Leapfrog method. For a broader overview on the topic of symplectic evolution algorithms
with a range of further examples, such as the Verlet schemes, we refer to section 3 and 2 of The ArtI [1] and II [2]
respectively.

In the following, we distinguish between the field amplitude and conjugate momenta that are evolved by the
leapfrog method (e.g., the gravitational waves), labeled by Ay, and (7p,)1m, and the ones of the remaining fields, which
we continue to name f; and ;. Since these remaining fields and the fluid are evolved by the Runge-Kutta schemes,
the f; and g;, as well as m; live at integer times. In case of the Leapfrog algorithm the field amplitudes h;,, and their
conjugate momenta (7, )y, are separated by a half time step. Thus, the gravitational waves can only be evolved with
the Leapfrog method if the two algorithms are synchronized correctly. We set the field amplitude hy, to live at integer
times and the conjugate momentum (7,);, at semi-integer times, which we denote by the subscript +0/2. The initial
conditions to evolve the gravitational waves by one time step are: the field amplitudes hy,, fi(o), ggo) and the scale
factor a(®) at the initial time step 79 (where the latter three are the same initial conditions as for the Runge-Kutta
scheme that has been explained above), the conjugate momenta ()i, at minus half a time step 1_g /2, as well as the
scale factor ayo at the advanced time step 1.4¢.

1
10 (b £7.,9" '} at mo, {(W)im,—0/2} a6 1-0/2 =m0 — 500, and {aso} at no = no + .

By choosing the canonical momentum as (73,)im = a®9ghym the Leapfrog scheme can then be written in the following
form,

(Wh)lm,+o/2 = (Wh)lm,—o/Q +dm ’Clm[hlmv fi(o),gfo)»a(o)] s
yo/2 = (al” +a49)/2, (219)

Rim,+0 = him + a;§/26n (Th)im,+0/2 »

where 8 = 3 — « for gravitational waves (see section [7] of this manuscript, or section 8 of The Art-II [2] for more
details).
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4 Lattice formulation of fluid dynamics

In this section we discuss the lattice formulation of the EOM of pure fluid dynamics in an expanding FLRW background,
as discussed in section including first-order imperfect fluid effects (i.e., viscosity). In sectionwe will then discuss
the interactions with gauge or scalar fields. In the following, we will first introduce a set of so-called program variables
associated to the fluid variables. We then deal in section With the conservation form, where the dynamical degrees
of freedom of the fluid sector are the components TI())fo and Tgfi of the stress-energy tensor. In section we consider
the non-conservation form, where we solve for the perfect fluid energy density p; and the velocity field u;. In both
cases we will assume that the fluid has a constant EOS. We will first present the case of a perfect fluid, as described
in section Then, we turn to imperfect fluids that have been discussed in section |2.3.2] restricting our treatment
to the subrelativistic description of the viscous contributions. In all the cases, the lattice equations will be presented
using two different discretization procedures: the collocated and staggered formulations. Moreover, when describing
the perfect fluid EOM, we will, for clarity, explicitly show the convergence to the continuum of the lattice expressions.
All the discrete versions of the kernels will be presented with derivatives of generic order p accuracy, however, these
will always refer to the even order p = 2m lattice operators introduced in section [3]

Program variables

In the following we will work with rescaled dimensionless fluid and spacetime variables, which we refer to as the
program variables and label by a bar. We follow the same prescription as in The Art I [1] to rescale the spacetime
variables 6z% and 7. Depending on whether we work in the conservation or non-conservation form, we have to rescale
the components of the stress-energy tensor T:fy, or the energy density py and velocity field u;. In both cases we are
expressing the conformal fluid variables in terms of program variables, such that,

Y ~
07 = wydn = a “w,ot, 6% = w,oxt, and Tgf” = TL‘i , or p= T—Z ,u =, (220)
where w, and T, are two mass scales with dimension [w,] = [Ti] = +1. The values of a, wy, and T} are chosen such

that the dynamics of the system under consideration is represented well on the lattice (for a more in depth discussion,
see the box on pages 32/33 of The Art I [1]). Note that the velocity field u; does not require any rescaling, since it
is a dimensionless quantity. We will see in the following that, in the non-conservation form, we typically evolve the
logarithm of the fluid energy density In p as a dynamical variable. Moreover, both the pressure and the enthalpy will
be rescaled as p = py/ T w=w ¢/ T2. From the rescaling of the spacetime variables, it follows that the derivatives
are rescaled as D, = D, /w, and the Hubble parameter becomes H = H /w,.

The forcing terms that appear in the conservation equations and stem from the Hubble friction and the out-of-
equilibrium effects are rescaled accordingly,

NH N.”
FE = T and FF = Fipt
H 0, Th et ™, T4

(221)

The deviatoric tensor §7#¥ that provides the imperfect fluid contributions has to be rescaled in the same way as T;‘f”
and is given in terms of program variables by,

T = —— =20wa" + Ewon, (222)

*

where the rescaled enthalpy w, the traceless rate-of-strain tensor ¥, the rate-of-strain tensor S** and its trace 6 are,

oy T S ~ 0

w:Tf’ at :7*7 SM:T*, and 9:;* (223)
Consequently, the shear and bulk viscosity are rescaled as,

U= w, and E=w.. (224)

From the above rescaling prescriptions it follows that the traces of the conformal stress energy tensor 7, bf = gm,f’gf”

as well as the deviatoric stress tensor 67 = gwdff“’ are rescaled in the same fashion as the full tensors,

_ Ty _ T
Tpf = Tij} 5 and 0T = Tif} . (225)
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4.1 Conservation form

In the conservation form the dynamics of the system is described by the energy and momentum conservation equations
of the fluid introduced in Eq. . The background expansion on the other hand is governed by the Friedmann
Eqgs. (19), where we use the first one as a constraint equation and the second one to evolve the scale factor. The
degrees of freedom we are solving for are the rescaled conformal program variables T and Ty, defined in Eq. (220),
as well as the scale factor a and its conjugate momentum b = a’. The conservation equations together with the second
Friedmann equation can be brought into the following form of coupled first-order differential equations,

(T;())fo)/ = gO[ngv T;?fzv 5T/Wa a, b] = ggf [Tgfl] + f:% [Tpfv 7:[] + ﬁ(;)f [&Z’WO’ 5T, H] ’ (2263)
(Tp?fz)/ = gi [T;?’ T;E)fzv 5T;u/’ a, b] = ;i)f [ng] + f;—t [Tgfl? 7'2] + ]i—iipf [5TIU7 7-2] ’ (226b)
V = Kala, Efy, ER, (226¢)
a =hb. (226d)

where Ty = Tpf/Tf and 6T = (ST/T;1 , with Tpf = gu,,TI’ff" and 0T = gW(STW respectively being the perfect fluid and
deviatoric stress energy tensor traces, H = H/w, = a’/a is the Hubble parameter in terms of program variables, and
primes denote derivatives with respect to a-time in program units. The above set of equations is written for a system
with self-consistent expansion, which means that the volume average of the fluid energy and pressure density, as given
in Eq. , source the evolution of the scale factor. In case the expansion of the background is sourced by other
sectors as well, the kernel I, will depend on additional contributions. Of particular interest is the case of an external
background fluid with constant equation of state dictating the expansion of the Universe. In that case the evolution
of the scale factor is described by Eq. and we do not need to explicitly evolve Eqs. and .

The fluid kernels G* depend on the different components of the stress-energy tensor and on the choice of constant
equation of state w [cf. Eq. ] In the second equality we have split the total fluid kernels into core kernels ng
associated to the perfect fluid, that do not depend on the Hubble parameter H (and fully describe, for o = 1, the
conformal dynamics of a pure radiation perfect fluid), and additional forces describing the Hubble friction ]:'7’; and the
viscous effects ]—'i’;f. This separation allows us to discuss first the case of a perfect fluid in an expanding background,
and then add the imperfect fluid contributions. Moreover, in section [5| we will be able to discuss the fluid-gauge and
fluid-scalar interactions by just adding additional force terms. The fluid equations written as in Egs. and
can in principle be solved by using non-symplectic integrators, an example of such algorithms being the Runge-Kutta
method, which we have discussed in section [3:4}

4.1.1 Perfect fluid

We first discuss the case of a perfect fluid, which corresponds to setting .E’;f = 0 in Egs. (226a)) and (226b). The
discretized versions of the kernels of the energy and momentum conservation equations, as well as the Hubble friction
terms are given by [cf. Egs. (38)]

GoplTot] = = > VITH Lot == ViTi, (227)
i J
Foroe i) = L3 gm0 E 0 ) = (o - )HTY (228)
HILpf s = P pf > H L pfs =\« pf

where ?? and zy, denote the lattice versions of the derivative and the z-function introduced in Eq. , which have
different forms when using different discretization schemes. The purely spatial part of the stress-energy tensor T;j, as
well as z, can be expressed in terms of T and T [cf. Eqs. and ([42))]

T — AL TgfiTSg 1 q2(a=1) ¥ 005 (229)
pf 2L +w T&O 2, PET
1
=—(1-— 1 2 — Jwlr? ) 230
AL 21— [r21) ( w+ V(1 +w) wlr?L ), (230)

where [r?];, denotes the lattice version of the ratio r? = a2~ Y (T% /T3)? [cf. Eq. (I)]. The kernel of the scale
factor only depends on the volume averaged energy and pressure density of the perfect fluid itself, and is given by,

o 1 T2 N o [20-1_, 3.
ICa[aaEgﬁng]?)(W) a®* [zngQng} ; (231)
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with the energy density and pressure contributions defined as
EP = 1 70 d FP = 1 i (232)
pf = 44 (Tor an pf = 3,242 > Tt )
i

where (...) denotes a volume average over the whole lattice. When we evolve the above set of Egs. (226a])—(226d)),
the Hubble constraint, given by

q2(e+1) T2 \? _
b2 = * E’. | 233
3 (w*mp) pf (233)

has to be preserved up to the accuracy of the chosen integrator.

Collocated formulation

In the collocated formulation the fluid variables T}())fo and T}()in (as well as Tg ) are assumed to live at lattice site n.
The discretized versions of the energy and momentum conservation equations are then obtained by replacing the con-

tinuum derivatives by the neutral derivative ?Z(-O’p ), introduced in Eqgs. (195a)—(195c|). The spatial-spatial part of the
stress-energy tensor T and z1, are obtained by simply substituting the lattice field components T3 (n) and Ty (n)

into Egs. (229)) and (230)).

Energy conservation equation

The core kernel ggf and the Hubble friction term ]:'% of the energy conservation equation are then,

GOITY) = =Y VOITY s 5T imnss + O(77), (234)
—0 0 1-3w) - -
Aurg. = S, (235)

where the z-function is obtained from Eq. (230) by simply replacing Tgfo and Tgfi by their lattice counterparts. The
expressions on the rhs of the arrows indicate to which order the continuum expressions are recovered.

Momentum conservation equation

The core kernels Qéf and the Hubble friction term ]?f}_[ of the momentum conservation equation are given by

T ==Y VOPTI s 8Tk |s=nss + O(627) , (236)
J
FalTot, H] = (o = DHT (237)

where in Eq. (236) T' ;)f has to be replaced with its expression in Eq. (229)). Since we are applying the neutral derivatives

to order p, the terms including the spatial derivatives, @-Té’f , are recovered up to order O(0zP) in accuracy at lattice
site n.

Staggered formulation

In the staggered formulation, we follow a similar approach as for the discretization of gauge theories presented in
The ArtI [1] and II [2], and we assume that scalar and vector fields live in different locations on the lattice. The
(scalar) temporal component of the stress-energy tensor T}?fo(n) lives at lattice sites, while the (vector) temporal-spatial
component T&i (n + i/2) lives in the middle of two lattice points. As a consequence, the spatial-spatial part of the

stress-energy tensor naturally lives in the middle of the plaquette, hence it is defined as Té{(n +1/2+4 j/2). In the
staggered formulation a particular difficulty arises from the fact that one has to ensure that all terms appearing in the
same rhs of the EOM live at the same location on the lattice — at lattice site in the case of the energy conservation
equation and in between lattice sites in the case of the momentum conservation equation. This makes the discretized
kernels more involved in comparison to the collocated formulation. The advantage of this formulation, however, is that
we can use forward/backward derivatives in our discretization procedure, which (contrary to the neutral derivatives),
are sensitive to dx, i.e., the smallest resolvable distance on the lattice. Note that the consecutive application of
forward /backward derivatives, semi-sums and clover averages can typically be done in more than one way. Thus, the
discretization scheme of the fluid kernels we provide in the following is not the only possible realization.
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Energy conservation equation

The core kernel and the Hubble friction term ]370{ of the energy conservation equation are discretized as follows,

~SOVEPTY s 8 T% |smnss + O(0T7) (238)
_ 1—3w) - - 1—3w)
FLITo H = (ZiWHT}?fO — (T“’)HT]%? +O(6zP), (239)
(S Z=ndT

where V(™" denotes the backward derivative accurate to order p [see Eq. ([199)]. The z-function z, = z(r2) is
evaluated by just substituting the r*-ratio into Eq. (230). However, the T components that appear in the r-ratio
need to be shifted by a half lattice spacing,

3 S P OkTOk]

T0k 2
2 =4 2(1— a)z 00 2(1 a)z [00‘|
T
k=1

where S() denotes the semi-sum to order p [given in Eq. (210))] applied to the components T ka.

+ 0577, (240)

T=noT

Momentum conservation equation
The core kernel of the momentum conservation equation and the Hubble friction term }:“it are discretized as follows,
LT = Z VERTH — 9T +0(6z"), (241)
z=(n+i/2)0z
Full] = (a—DHTY — (a— DHTta=mri/2)60 » (242)

where, again, ?5.7’1) ) denotes the backward derivative to order p. The expression of T;? requires special care in the
staggered formulation and is discretized in the following way,

(») 17041 o(®) (704
T — gP) m ) 5o [Tpf,]sfj [Ty 1 q2(a=1) ¥ p00s
pf 2] 2m + W Tgfo 2 pf Yij

— Tihlze=(mri/2+i/2)00 + O(6F) (243)

such that ng itself lives at n 4 7/2 + 7/2. The z-function, here defined as 2, = z(r2), can be evaluated according to
Eq. (230). However, the r?-ratio requires the application of a semi-sum on the Tgfk components,
s®) [TORTOK)
2(1—a) —k"pf "pf = _ 7
a ; O —  Fla=nsz + O(0Z7). (244)

2
m

Pure radiation fluid in the subrelativistic limit

A case of particular interest represents a pure radiation perfect fluid in the subrelativistic limit, i.e., a fluid that has
constant equation of state w = 1/3 and |@,|* < 1. With the convenient choice of a = 1, the full kernels of the fluid
EOM then reduce to ggf and G;. The spatial-spatial part of the stress-energy tensor can be evaluated in the collocated
formulation by just substituting Tgﬂ Tgf into Eq. and 72. In the staggered formulation the lattice expression for

i
Tpf becomes,

f — S(P)
P

(p) (041 o (P) (705

3SHTHISTT 3 o1 12

’ [ 1100 5 [T (1 n Tz) +a2(a1)T§fo<3 B r:ln) 5| (245)
pf

with r2 given by Eq. (244)).

4.1.2 Imperfect fluids

In the conservation form imperfect fluid effects can be incorporated by simply adding the forces .?Ei’;)f to the perfect
fluid equations, such that we end up with the system of equations given by Eqs. (226a)—(226d)). In the following we
will only focus on the case of imperfect fluids in the subrelativistic limit, since it allows us to describe the deviatoric
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stress tensor through Navier-Stokes viscosity. In the limit of small fluid velocities, i.e., |L_Zp|2 < 1, and small bulk
viscosities compared to the Hubble parameter, i.e., a' = £ H = £ H < 1, the discretized imperfect fluid friction terms

become [cf. Eq. (79)],
2o~ 0 (246)

ipf

2(1 T¥ z T 5
i —2(l-« Z PRV Y = 1 f | o =
it =@ ( )(1+w) Z {Vz{VjVj<z+wn)]L+(3V+g) z [ViVj<z+wrj>}L
L

_ . _ (TR
4 AR - , 24
Vi (z—l—wrj)v z . (247)

where the label ‘L’ denotes a discretized version of the respective object that has to be separately specified for each
discretization scheme. For convenience we have defined the ratio 7; = a'=*T /T%. In the above equations we can see
that in the subrelativistic limit the imperfect fluid forces do not depend on time derivatives of the dynamical variables.
This circumstance allows us to solve the imperfect fluid equations in the form given by Egs. and by
applying non-symplectic algorithms, as discussed in section

In the following we discuss the discretization of f"fpf in the collocated and staggered formulations. The remaining

£ €3

parts of the total fluid kernels, i.e., ggf and ]-";_‘[, are discretized in the same way as presented in section The
scale factor kernel obtains additional contributions from the out-of-equilibrium effects as well. The evolution of the
scale factor is now dictated by,

- 1/ T2\ 5oq[2a—1 3
Kala, Egy, Efy] = 3 <w*mp> a**t { 5 Egy — E%] ; (248)
with the total fluid energy density and pressure components given by

_ _ _ 1 o -

— 00 — 77 i1

Ep = o (Tof)  and B = 3a2 100 <Z( pt =0T )> ; (249)
where (...) denotes a volume average over the entire lattice. In the subrelativistic limit §7°° ~ 0, thus E%, does not
obtain any additional contribution.
Collocated formulation

In the collocated formulation, all field components live at lattice site n and the additional imperfect fluid forces 1pf
are obtained by replacing the relevant dynamical variables with their lattice counterparts and the derivative operators
with neutral derivatives, such that,

iipf = g 20— (1+w)|p

() 15 Pf A (P) =
A (z+w > (57+¢) XJ:AU <z+wTj>

3 3 TOO
T(0.) = (0,p) (0,p) Z (0,p) pf
+ yz <Z+wr)v] ( ) » 3T (Hwn)vj ()

J

7) 900 (TO ) Zv(o,p) <ijf>] , (250)

where A(®) denotes the discrete Laplace operator to order p in accuracy introduced in Eq. , and A represents
the bidiagonal scheme for cross derivatives introduced in Eq. . The 3D trace of the dev1at0rlc stress tensor that
appears in the volume averaged pressure density is given by,

_ T [
ZéT“:3a2<"‘1)£(l+w)MZ[VEO””)Z n} : (251)
- z

Z+w

+ (£-

CAJ\N)

i

The z-function can be evaluated according to Eq. (230). The Tg? and Tgfi that appear in the r2-ratio, as well as r;
are just replaced by their lattice counterparts at lattice site n.
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Staggered formulation

In the staggered formulation T00 lives at lattice sites, while vectors, such as ng and F; ipf live in between lattice sites
at n+4/2. Thus, to 1ncorporate the imperfect fluid contributions in the EOM [cf. Egs. and (| m correctly,
we have to ensure that the different terms in each equation are evaluated at the same locatlon on the lattice. In the
staggered formulation, the discretized versions of the imperfect fluid forces can be written as

T —pf Alp) ( z 7:Z>]
z z+w
oz [Fat (i)
T op v ( 2 >5(p) o) (T&()) e ZS@) [vm,p) < 2 7nl) o 0) (Tr?foﬂ
y tw ¢ J z z4+w J z
_ T 0o _ z
v € e (B ssp [op (w)H , )

J

— 20-0) (1+w) S(p)

i
ipf

where A(®) denotes the discrete Laplacian to order p in accuracy introduced in Eq. (206)), and Ag ) the bidiagonal
derivatives. The trace of the spatial part of the deviatoric stress tensor that appears in the volume averaged pressure
density is given by,

o B TOO B
ZdT“ =3a* Ve +w) zf Z VEO”’) (z—IZ—wFZ> : (253)

In Egs. ) and ( - the z-function can be evaluated accordlng to Eq. . However, the r2-ratio that appears
in it, as well as 7; requires the application of a semi-sum on the T components,

3 o) Ok 70k (P) 170k
S T T i ST
2 11—« E k . 1-a—klTpf
( ) (TOO , and Te = a Tiofo . (254)
k=1 P

4.2 Non-conservation form

In the non-conservation form the energy density and velocity field are the fundamental fluid variables. The dynamics
of the fluid system is then described by Egs. and for the perfect fluid case, and Egs. and
for imperfect fluids. The background expansion on the other hand is governed by the Friedmann equations. We use
Eq. to evolve the scale factor, whereas Eq. represents a constraint equation. The dynamical variables
we solve for are then the logarithm of the perfect fluid energy density Inp and the velocity field u;, introduced in
Eq. , as well as the scale factor a and its conjugate momentum b = a’. The above mentioned equations can be
brought into the following form of coupled first-order partial differential equations,

(Inp) = G*[In p, us, a,0] = G8'[In p, ) + G [u?, H) + G [In s, Fliyg] (255a)
()" = G p,uj, a,b] = G I p, uy] + G [us, w?, 7] + G [ p uy, Flig], (255D)
V = Kala, Efy, ER], (255¢)

a =b, (255d)

where primes denote derivatives with respect to a-time in program units and H = a’/a. Similar to the fluid equations
in the conservation form, the above equations are written for a system with self-consistent expansion, where the volume
average of the fluid energy and pressure density given in Eq. source the evolution of the scale factor. In case
other sources contribute to the expansion of the background as well, their volume averaged energy density components
would need to be added to the kernel IC,. We could also consider the scenario where the evolution of the scale factor is
driven by an external background fluid with constant equation of state. In this case, the evolution of the scale factor
is described by Eq. ( and we do not need to explicitly solve for Egs. ) and m

The fluid kernels gp and G;* depend, in addition to the dynamical Varlables also on the choice of constant equation

of state w [cf. Eq. (43))]. In the second equalities of Eqs. (226a)) and (226b), we have split the fluid kernels into a sum of

terms that can be associated with perfect fluid dynamics G§" and G, terms that contain the Hubble parameter gﬂ ,
as well as the terms QLpf that incorporate possible first-order imperfect fluid effects, as discussed in section m In

the case o = 1 any explicit dependence on the scale factor vanishes in the first two equations. Moreover, for w =1/3

48



also the dependence on the Hubble parameter vanishes and we are left with g};f and g}{’f. The above set of first-order
differential equations can be solved with a non-symplectic integrator, such as the Runge-Kutta scheme introduced in
section[3.4] In the following, we will discuss different discretization procedures of the different terms. First, we discuss
the EOM for a perfect fluid in section 1|and then incorporate first-order imperfect fluid effects in the subrelativistic
limit in section

4.2.1 Perfect fluid

We first discuss the case of a perfect fluid with self-consistent background expansion in the absence of out-of-equilibrium
effects, i.e., setting Qibpf =0 and §T* = 0 in Eqs. (255)). From Eqs. (52a]) and (52b)), the discretized version of the
kernels for the perfect fluid energy density and velocity field are then,

3
1+w 1-w -
pfn., 5 _ L L1, =
go [lnp,ui,a] = 1 — waQ(l a)uz ZV Uj — m 2:1 [UJVJ In p:IL, (256)
j=
(E.1) (E.2)
3 3 3
£ 1 — 2= a)u —w L. - L
' ps.0) = Tz [0 20 Vi by O (95l Ju =3 [ yul,
j=1 J= J=
h \_\,_/
(M.0) (M.1) (M.2) (M.3)
1— 2(1—«)
- W H 2(a UVL hlﬁ, (257)
(M.4)
Hi, 2 47 1 —3w 2(1—a), 2\
go [U ,H] = m(l +a UL)H y (258)
(H.1)
B 1— a2(1704)u2 B
H 2 _ L
gi [ui,u ,H] = {WWJ(3W — 1) + o — 1:| H’U,Z s (259)

(H.2)

where the label 'L’ denotes some lattice representation of the respective object. In the following section we will specify
the discretization of these terms (E.1)—(E.2), (M.0)-(M.4) and (H.1)—(H.2), which can have different realizations in
the collocated and staggered formulations. The kernel of the scale factor a is given by,

_ a2etl /T2 \? 20 —
Kala, By, B2 = (w*m)[ . L - Qngy (260)

with the averaged energy density and pressure components

1

E5f5¥<(1+(1+w) 2q2(1=) 2)pL> , and ng:?)z%<(3w+(l+w) 2q2(1=) 2)pL> , (261)

where (...) denotes a volume average over the whole lattice. When we evolve the above set of Egs. (255a])—(255d)),
the Hubble constraint, given by

2(a+1) T2 \? _
=2 * ) pr 262
3 (w*mp) pf’ (262)

has to be preserved up to the accuracy of the chosen integrator.

Collocated formulation

In the collocated formulation all dynamical variables, i.e., energy density and velocity field, live at lattice site n.
Discretizing the different terms of the energy density equation kernel (256)) yields,

. 14w ,p) 1+w -
B1): au2ZV — T oons anQZau] En5j+(’)(5xp), (263a)
E.2) : 1—w 3 ‘v(o’p)l _ 1l-w 8 1 055 9263
(B2): i 2wy, e — waglau22uj ne| o), (263D)
j=1 Z=ndx
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while the discretized terms of the kernels of the momentum conservation equation (257)) are given by,

1— a2(17a)u2

3 3
M) S VP — o, + O(5z7), (264D)
j=1 j=1 I=ndT
3 3
M2) s 3w VP s — > e o(sz?), (264c)
j=1 j=1 T=ndéT
3 3
(M3) : Zujﬁg»o’p)ui — Zujgjui + O(&i‘p) R (264(1)
; j=1 T=ndT
1 — q2(1—a),,2 _ 1 — g2(1—)42 _
(M4): — & U 2Ae-ngOn sy 278 R 2l +O(5P). (264e)

1+w 1+w F=nsE

where u? = Z u;u;. The expressions V; 2 represent the neutral derivative to order p, as introduced in section
The rhs of the arrows indicates to which order O(6zP) the continuum expressions are recovered when expanding around
lattice sites n. The lattice versions of the terms G}t and G/, stemming from the Hubble friction, are given by,

1—3w a _
(Hl) : m(l + a2(1 )U2)H , (265&)
1— 2(1—a),,2 _
(H.2) : Y (Bw-1)+a—1|Hu. (265h)

1 — wa2(l—a)y2
The volume averaged energy and pressure densities, given in Eq. (261)), are obtained by simply replacing the expressions
of the fluid energy density and the fluid velocity field by their discrete counterparts at lattice site n.

Staggered formulation

In the staggered discretization procedure the fluid degrees of freedom are assumed to live in different locations on the
lattice. While the logarithm of the energy density In p lives at lattice site n, the velocity field u; lives in the middle of
two lattice points, at n+%/2. The different terms indicated above in the kernel G may then be discretized as follows,

. 1 + w (— p) 1+OJ —p
(E.1) : 17wﬁu(%gmu2§:v — 17wﬁﬂ<%ﬁ§:a% EME+O®x)7 (266a)
(.2) ZS(IJ) v(Om) Ing — 1-w Zu :0;Inp + O(0zP)
) 1_wﬁu(mymu2 1—wa2(0-oju2 &= S ’
(266b)
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where we have defined S®)[u?] =3 ; S(_pj) [ujuj]@ The different contributions to G}* on the other hand are given by,

a?(l—a)gi(P) [S®[u?]] 1 — g2(1—a),2
., -—e  r
1 — wa2(1-0) SP[S®) [u2]] 1 — wa2(—2)y?

3 3
M) ST — Y oy
j=1

j*l

(M.O) :

+O(57P), (2672)
=(n+1/2)éz

+O(677) (267)
T=(n+1/2)6z

3
(M.2) : Zsl Dl VP gl — > w0, np +0(6z7), (267¢)
=1 z=(n+1/2)0z
3 —
(M3) : ZS;?BJ[UJ]?EO’p)ul — Zujajui O(&.fp), (267d)
J=1 j=1 z=(n+i/2)6z
— q2(1=a) g 15 [y,2 _
(M4) . (.Ul a S’L [‘S [U ]] a’2(o¢71)v§+70) hl[)
14w
1— 2(1—a),,2 B
— wﬁa%“—l)& Inp + O(6z7). (267e)
l+w z=(n+i/2)0z

The discretized versions of the terms stemming from the Hubble friction are given by,

. 1 - 3w 2(1-a) g(p) [, 21\ %7
(H.1) : [~ on2-2 S[F] (1+a SPu)H
1— 3w

(14 a2t u?)H + O0(6z?), (268a)

1 — wa?(1-o)y2

_ 2(1—a) (P 1 g(p)[,,2
T Bl L )
1 - wa2(1-0) P [S®)[u2)]

IT=ndT

(3(.0—1)—!—04—1] Hu;

1 — g2(—a)y2 B
1 —wa u I=(n+i/2)67
In the expressions above we have used the neutral V( ?) and charged derlvatlves V ) to order p in accuracy,

introduced in sectlon The staggered formulation requires several semi-sums Si and clover averages SZ-(Z-) to ensure
that all terms live at the required position on the lattice, such that we recover the continuum expressions to the desired
accuracy. On the rhs of the arrows we show to which order the continuum expressions are recovered when expanding
around the indicated location. The volume averaged energy and pressure densities that appear in the kernel of the
scale factor are discretized as follows,

_ 1 . . _ 1 _a _
Ef = o <(1 + (1 + w)y?a?tos®) [u2]) p> and  EP = 34 <(3w + (1 4+ w)y?a?tms® [uz]) p> , (269)
with the lattice version of the y-factor being defined via,
2 _ 1

1 — g2(1—) S(p) [uQ} )

v (270)

Subrelativistic limit

In the subrelativistic limit, i.e., when |@,|? < 1, the kernels of the perfect fluid G# and G* reduce to the simpler forms
given in Egs. (b4a)) and (54b). In the collocated formulation we have,

3 3
GP[In p,u;, H (14+w) Z ; uj+ (w—1) Z ’p)lnp+(1—3w)7{ (271a)
—w 3 _
G'lln p,u;, H ZUJV(O’p)uZ + wZV(O’p)uJ + w ” ZujV§O’p) Inp| u;
Jj=1 j=1 j=1
— 7 iw a2 1)V(0’p) Inp+ 3w+ a — 2)Hu, , (271Db)

2
T Alternatively one could also discretize the expression by defining S®)[u?] = 3 j (S&p]) [uj]) .
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while in the staggered formulation we have,

3 3
G I p,us, H) = — (1 +w) Z @gf’p)uj +(w—1) ZSE’}) [uj?§.+’p) Inp] + (1 — 3w)H, (272a)
j=1 j=1
(p) (0,p) ) e (-, p) (p) (+,p) )
G} [1np,u], ZS% 2 uJV u; + wZS V ZSL_J uJV Inp| | u;
7j=1
-1 iw a? @OV 1 54 (Bw + a — 2)Hu, . (272b)

In case of a relativistic fluid with w = 1/3, the particular choice of a = 1 leads to conservation laws that have no
explicit dependence on the scale factor a and the Hubble parameter H.

4.2.2 Imperfect fluids

We now discuss how to discretize the fluid EOM when incorporating first-order imperfect fluid effects. In the non-
conservatlon form the fluid equations Egs. (255a)) and (255b) now hold additional contribution on the rhs, given by

1pf On the lattice these have the following form [cf. Eqs. (76a]) and -

1 _ _ .
glpf[lnp’““]:iﬁ;f} - (1 — wa?(=u2)py, a 1+a%0 ui) []:0 } — 24207 Z [uj]:ijpfh ’ (2732)
1 — g2(1=a),,2 200a2(1—) . 1 - q20=a)y2
1 ] L [ ] ; e ] i
lef[ np, uﬂ’}—lpf] (1 _ waz(lfa)u%)ﬁL 14w ; u]]:lpf [‘Epf] ui + (1 + w)ﬁL []:lpf} L
(273b)

where the label ‘I’ denotes some discretized version of the corresponding object. In the following we will specify
the lattice versions of the terms in g{;f for the collocated and staggered formulations, and will also discuss the
discretization of the imperfect fluid forces ]:iipf in the limit of subrelativistic velocity. The scale factor kernel obtains

additional contributions from the out-of-equilibrium effects as well. The evolution of the scale factor is always dictated
by,

o 1/ 12 \° 20 — 3
Kﬂ[a7 Eg‘hEg‘l] = § (w m ) a201+1 |: 2 Elgl 2E£I:| : (274)
*p

However, the total fluid pressure component receives additional contributions from the deviatoric stress tensor [cf. Eq. ],
and we have

_ 1

EY = ¥<<1+(1+w) fa? =) 2)pL> : (275a)
_ 1

Bl = 3a2+2a<(3w+(1+w) 2q2(1=2) Q)pL—aQ(l o ZéT“> . (275b)

In the expressions above (...) again denotes a volume average over the whole lattice.

Collocated formulation

In the collocated formulation the field components p and u;, as well as the friction terms .7-_'1’;{, live at lattice site n.
Thus, the friction terms that address the imperfect fluid contributions are just given by,

ipf — 1 a [
G In p, ui, Floy] = ooy, (1+a* =) B — 262N "y FL | (276a)
i J
. 1— a2(17a)u2 2wa2(170¢) 1— a2(17a)u2 .
ipf P = 2 0 . N
Gi" [np,uy, Fi] = (1 — wa2(-2)y2)5 14w Z“J it — Fipr | Uit (1+w)p Fipt - (276D)
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where u? = 3 ;5 UjUG - The trace of the spatial part of the deviatoric stress tensor gives an additional contribution to
the volume averaged pressure density. In the limit of subrelativistic velocities and small bulk viscosity, the discretized
version of the energy and pressure density are now given by

ng i4 <(1 +(1+ w)vzaQ(lf"‘)zf) ﬁ> ) (277a)

n 1 « « -
Eb = W<<3w+(1+w)72a2(1 u? 4+ 3a (1 4 w) ZV(OP) )p>, (277Db)

with the lattice version of the gamma factor being,

1
2 _
VT I 202 (278)

Staggered formulation

In the staggered formulation it is assumed that scalar fields, such as p and ]:'i%f, live at lattice site n, while vector

fields, such as u; and F?
can then be written as,

iof> live in between lattice sites, at n+2/2. The discretized imperfect fluid kernel contributions

1

ipf P =~ 2 2(1—a) e(p)[,,2 _ (1—-) E (P)
g [111 P, Ui, JTipf] - (1 _ waQ(l—“)S(P) [ug])ﬁ (1 +a S [u ])‘E f 20“ S 1pf ’ (279&)
. — q2(1—=2) §(P)[q;2 2wa2(1—a)
ipf — () 1 a [U ] wa (P .
G I pey Pl =8 | e swgay | 1w oS T P ||
j
1 — g2(—a) g(p) [u?]] =
S0 ; 279b
+ % (1 +w)ﬁ ipf » ( )
where again we have defined S®) [u?] = > s [uju]} and the semi-sums S; () that are applied have been introduced

in section The trace of the spatial part of the deviatoric stress tensor gives again an additional contribution to
the volume averaged pressure density. In the limit of subrelativistic velocities and small bulk viscosity, we now have

_ 1

Ef = o <<1 + (14 w)y2a?t=0sP [u2]> ﬁ> : (280a)
_ 1 - —(—

EP = W<<3w+(1+w) 2020 0SPu?] + 30 €1 +w) > VY %) p> , (280b)

with the lattice version of the gamma factor being,

9 1

T 1- S u?] (281)

~y

Subrelativistic limit

In the subrelativistic regime, where |ﬂ'123| < 1, and considering small bulk viscosity compared to the Hubble time, i.e.

¢EH = al_aéﬂ < 1, the imperfect fluid forces contributions appearing in Eqs. (279a)) and (279b) are given, in the
collocated formulation, by the following expressions [cf. Eq. ]

lim F

0
=0, 282a
a2 <1, eHe1 Pt (282a)
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where Ag ) represents the bidiagonal scheme for cross derivatives introduced in Eq. (208)), and the lattice expression
for the Laplacian A(®) has been introduced in Eqs. (206). Here, the rescaled program enthalpy is defined as w =
p+p=(1+w)p. In the staggered formulation the various contributions from the imperfect fluid forces are discretized
as follows,

. ~0 o
Iﬁp\2<EﬂH<<1Epf =0, (283a)
pplm  Fe=at (1 w)SP[p] (17 APy, + 5 3" SPIVP ;4 T Py )| SPG O 1n g
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5 Fluid dynamics with bosonic interactions on the lattice

In this section we turn to the case of relativistic fluid dynamics with interactions to IR bosonic degrees of freedom
on the lattice. We begin the discussion in section [5.1] with fluid-gauge field dynamics, and then turn to scalar-fluid
dynamics in section [5.2 The corresponding equations in the continuum have been presented in section Here we
focus on the lattice formulations of such systems of equations. All the discrete versions of the kernels will be presented
with derivatives of generic order p accuracy, however, these will always refer to the even order p = 2m lattice operators
introduced in section Bl

Program variables

In the previous section we have already introduced so-called dimensionless program variables, which we have used to
express the discretized versions of the relevant EOM. Besides the spacetime and fluid program variables introduced
in Eqgs. 7, we now have additional field variables that belong to the bosonic field sectors. We follow a
similar prescription as in The Art I [1] and II [2], such that the program variables associated to the scalar field ¢,
the temperature T', as well as the U(1) gauge field A, and the field strength tensor F),, become,

A, . F.,

T= , and F,

o) 284
o 2 (284)
where the values of the three mass scales Ty, fi«, and w, (which all have dimensions [T,] = [f«] = [w«] = +1) can be
chosen such that the physics of the processes under consideration is well captured within the numerical simulation. The
current Jp), the source term Q4 and the Lorentz and fluid-scalar forces F7; ;, and F stemming from the fluid-gauge

and fluid-scalar interactions are given, in terms of program variables, by

—~

1)

By _ B _ Fh _ FH
I Qy = EQ% Fh va) and g =_"¢

= Wy —
T4 Ti v T o, T

J§IET4

(285)

such that the relations ]:'5(1) = al_“.]_{ilﬁ”u and FO = Qd,go(ﬁ,ﬁé = a2(°‘_1)5_2¢5iq5 also hold [cf. Eq. (128)]. The fluid
and gauge sectors are coupled to each other through Ohm’s law, which was introduced in Eq. . In terms of rescaled
program variables it reads,

Jh = atte (% Ut + %F“”Uy ). (286)
where the rescaled electrical charge density p. and conductivity ¢ are now defined as,

,_w*4,6@ ,_w*?’&f

Pe = (T*) o3 and o5 = (T*> T (287)

Note that we will occasionally use the diffusivity 7q;¢ instead of the conductivity as a parameter in the EOM. Its
associated program variable is defined as 7giq = 1/5 7. The scalar-fluid interaction term is rescaled as follows,

Q¢ = gg — 5¢ s Wlth 5¢7 = 77¢UM5,U,(;5’ (288)
where,
s f* S¢ _ f*w* ? 7]¢>

such that the rescaled scalar damping term in the limit of large amounts of collisions can be identified as 7, = Ap?)T
with A = (flw./T?)A [cf. Eq. (133)]. Moreover, from the scalar field interactions with a fluid an effective scalar
potential Vog = —praa + Vo(é) + Vr(é, T) emerges [cf. Eq. (113])], which is also rescaled as

o V(e T o2 Vi(e T
Ver(6,7) = L&) o amd e = 20D . (290)
* o le=£6,T=1.T * o le=f.9, T=T.T
In the fluid-scalar system case, since the scalar kinetic term is rescaled as f2w? a typical convenient choice is T4 = f2w?,

such that all terms in the energy momentum tensor have the same rescaling.
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5.1 Fluid-gauge dynamics on the lattice

We first turn to the case of relativistic fluid-gauge dynamics on the lattice. We will treat the gauge sector in the
non-compact formulation, i.e., we will solve Eq. explicitly for the gauge field A, (see, e.g., [1] for a detailed
discussion on the alternative compact formulation). In section we will deal with the conservation form, which
we have discussed for the case of a perfect fluid in section [I.I] Then we will turn to the non-conservation form
in section [5.1.2] which we have already discussed for the perfect fluid case in section We will cover different
discretization procedures, including the so-called collocated, semi-collocated and staggered formulations. Throughout
this section we will work in the temporal gauge, i.e., we set Ay = 0. For simplicity, we will discuss the gauge-fluid
interaction in the absence of any imperfect fluid contributions. However, they can be added, when needed, following
the discretization techniques outlined in section [4]

5.1.1 Conservation form

In the conservation form the set of equations that describe the fluid-gauge system with self-consistent expansion of the
Universe are given, in the continuum, by Egs. and for the fluid-gauge degrees of freedom and by Eqs.
for the evolution of the background. The interaction between the fluid and the gauge field is described through Ohm’s
law [cf. Eq. in terms of physical, and Eq. in terms of program variables|, as we have seen in section m
The degrees of freedom we solve for are, the components of the stress-energy tensor Tgp and Tg}, the gauge field A;
and the scale factor a, together with the conjugate momenta 7! = a'~*Fy; and b = a’. This choice of the gauge field
conjugate momentum, allows us to write the EOM as the following set of coupled first-order differential equations,

T =al " R (291a)
(7" = KA, 7 T TSEC al , (291b)
(Tpf)" = G [Tpf,TOi Ag 7l a,0] = GTH] + Fy[Tor, H] + FAITRY , Tt Aiy 7l (291c)
(TSE)’ Gl [Tof, Tot Ay 7! aa»b] = Gl Tol] + Fi| T H) + FAITY, Tof , Ay, 77t al (291d)

= Kala, Bxy, By, Ex, EE) (291e)
b=d, (291f)

where H = b/a and primes denote derivatives with respect to a-time in program units. In the following we consider a
constant EOS w, such that the value of T fc can be directly reconstructed from the dynamical variables T00 and TS},
by using Eq. - The discretization of the core kernels G* bt 88 well as the Hubble friction F I‘}, have been discussed
in section [ I The new fluid-gauge interaction term ]-' " = JYF" has been 1ntroduced in the continuum in Eq. ( .

The discretized versions of the gauge field kernel and the new terms Fh are [cf. Egs. and Egs. ]

KA[A;, 7 i a) = a®™ IZV?F]I;Jra 2 = O‘*lzv?Fﬁ
; .
T ! 2L+ w 2L 2L _
a—1 * _ o _ _ _o_A
o elli Firiln — ; , 292
o (w*) w41 zL+wp milw +05 zL+w2j:[ il = oL (292)
0= A ~= —1- +w 21,
J—_-O i7A’ia A7 — ,a—1 6\/217
alre, Ai, 70 a] = a® ' p P R—
a—1- [AL+W 2L _AE - _ A2
+a*" oy w1 (ZL‘FUJJZ]:‘[Wj ijrk]L_zj:[ﬂj ]L> , (293)

i T a—1)- [ALtw 21 = _ _
]:A[’I"j,Aj, ;170,] = a2( 1)pe m ot w Z[Fij’l"j]L — [W?}L
J

2a-1)~ [RFLTW
a of w+1 Jz];

where we have defined for convenience the ratio 7; = al_O‘TOi i/ TOO In the second equality we have directly introduced

R z
F iFype TrlL + L
ZL+w 21, T w

(77 )L — [Fim) o) (294)

Ohm’s law [cf. Eq. (286])], written Fp; in terms of the gauge ﬁeld conjugate momentum 7', and expressed the velocity
field through Eq. (39). The label ‘L, such as in [7{]y, 7F, 21, and Fr, =V3A, VI;A denotes the lattice version
of the corresponding quantity. These terms may have different realizations in different discretization schemes.
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The kernel of the scale factor holds, besides the energy density and pressure of the fluid, additional contributions
from the kinetic and gradient energy density of the gauge field and is given by,

_, o A = aett /T2 20—1_, 3_ _ _

Kulo, By By B B8 = " (o0 ) |25 B~ 3B+ (o~ (B + B8)] (295)
3 WMy 2 2

The volume averaged fluid energy E‘gl and pressure E‘gl density contributions have been introduced in Eq. (216). On

the other hand, the lattice expressions of the volume averaged kinetic and gradient energy density associated to the

gauge field are given, in terms of program variables, by

me L =00 1 wﬁ >

EFl:¥<Tpf> ) = FT?‘Z< > (296)

_ 1 _ _ 1 w?

By = s T - B8 = pi 2 ((Vha; - Vhay)°) (297)
i *ig<i

where (...) denotes a volume average over the whole lattice. The lattice derivative VI in the expression for the
gradient energy density Eé needs to be replaced by the neutral derivative ?Z(-O’p ) in case we work in the collocated

formulation or by the forward derivative ?Eﬁp ) if we work in the semi-collocated or staggered formulation, in which
the gauge field lives in between lattice sites.
For the case of the fluid-gauge field system the Hubble and Gauss [cf. Eq. ] constraints are given by,

1/ 12 \? L
et (w B ) 2(0+D) (E§1 +EBA +E§) ’ (298)
*1p
o T, 4 2z, +w [ _ _ 2L _A-
ZVJL‘ 3‘4 =~ <w> w1 (P UfZL T Z[@AML . (299)
J * J

In the following we present the discretized kernels of the gauge field in the non-compact formulation, as well as the
force terms F9Q and Fi, for the collocated, semi-collocated and staggered formulations. The fluid kernels G 11y as well as
F; that have been introduced in the previous section remain unchanged. We use Eqs. ([234)([237) for the collocated
and semi-collocated discretization scheme, and Egs. 7 for the staggered formulation.

All-collocated implementation

In the all-collocated implementation we assume that all fluid variables (i.e. Tgfo and Tgfi), as well as the gauge field
and the corresponding conjugate momentum live at lattice sites n. The discretized version of the gauge field kernel
and the force terms are then,

K? N 1ZV(OsP) V(OP V(O’p)A )

4
T. z+w z z _ _ _ _
a—1 * ~ —— (0,p) (0,p) = —A
— e T4 V, WA = VAT — T , 300
i (M) w1 |t +Uf<z+w;( z ’ ’ )rj ﬂl) (300)
—0  a-1. [Ftw =z A
Fo=a*"1p, W+lz+wjﬂjrj
a-1. [ZHW z =(0,p) 1 =(0,p) 1 \=A _A\2
+a% oy o1 z+wjzk(Vj A =V, AJ)’]Tka*;(Trj) , (301)

w+1l |z4w r
o Zt+w =z = = = =
+ a2 20f /w+lz+wz (VEOP)AJ—V(Op)Ai)(Vgo’p)A V(Op)AJ)Tk
gk

g m ) [z = rnfr, — (TP 4, - 907 Am;‘} , (302)



and the Gauss law is discretized as,

4
S(0.p)~A _ T, Ftw (o Z A
E Vi __<w*> o1\ P Ej e (303)

J

Here @go,p ) represents the neutral derivative introduced in Eqs. (195)). The discretized version of the z-function
[cf. Eq. (230)] is a function of the ratio 72 = (=) 3 (T5 /T)?.

Semi-collocated implementation

In the semi-collocated formulation we assume that the gauge field and its conjugate momentum live in between lattice
sites, as A;(n+1i/2) and 7 (n +1i/2), while the components of the stress-energy tensor live at lattice sites, as T%(n).
The discretized versions of the gauge field kernel and the force terms are then,

4
KA = qot PGP A, - TP A + a0 L R CO N
ZV v J)+a <W* Pe w1 Z(_H) +w’l“z,+z

T. 4 Z(1q) T w
a—1 ) = (+4) () 1 (+:p) (+.p) —A
— SPIV TP A V A; : 304
+a (w) sl P drivi =7t | | (304

1_ Z+w 4 (P)[~Al~

Pe\/w+1 Ej L-l—wsj 7 ]7’]}

a-1. [#Hw ]| =2 S® oHe) 4, _ o) 4 15P) =AY SP)=A7)2 305

tar gy [T SS9 A - O Al - S SR (305)
gk J

=i 2a-2- [ZTW z ) g+ 1 oEp) Fa (P)[=A
Fa= @ pe[ 51 | 7w 2 SV A = VT A - ST

a2 |ztw =z =(+p) 7 S(+.p) T i
+ a2 2Jf R ey Z [SE%{_j [VE-‘:- P)Aj . V;+ p)Ai]S(_;l)]-),_k[V§+ p)Ak N vgj p)Aj]Tk
7.k

—2 = Z+w z A7 =(+.p) 7 =(+,p) T 1
a0 \/MIZLW SISl lrs - SIS QT Ay - 9P A | (306)

and the Gauss law is given by,

=(—p) A TN\ 2w (. _ = o) =4
E ViRl =— o ol De S (307)
J * J

The continuum derivative operators are replaced by V(i’p ). which represent forward (4+) and backward (—) derivatives
that ?alve been introduced in Egs. (198]). The functlon z = 2(7?), defined in Eq. .7 is obtained by replacing Tgfo
and TofZ inside the r2-ratio by their lattice version at lattice site n. Moreover, we have introduced the two displaced
ratios 7;,1; and 72, (which appears in z(1;) = 2(r%;)), that are defined as,

—2 2(1—a) o(p)
a Si [700]2

T’+zE

0
. and 7 =a0SP [_] : (308)

Staggered implementation

In the staggered formulation we assume that all vectors, i.e. A;, 7?;4 and TY, live in between lattice sites, i.e., at
n +7/2, while the scalar components as T, live at lattice sites n. The discretized versions of the gauge field kernel
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and the force terms are then,

4
a1 (=.p) 7P)A (+,p;1 a1 T\ _ [2aotwW 2 -
ZV v ) <w* Pe w+1 2i) i w’l“z,-i—z

a1 [ T« ‘- +i) Tw Z(4i _
+a 1() 5 (wZ)—Fl - Zs“’ VP A - A -t (309)

2+ w
\/w—i—lz—i—w

a—1— zZ+w 7 _ B
+a% 15 &y /w | ZS S(P) [V(+ P)A v +p)A]]Tk _ Z(S(_PJ)[W;X]F 7 (310)

J

_ Z(4i) +w z _
Fi=a™ 2 20 Z(:*i - Zs“’) NAARD VIR Sl AN

2o Tw
2025 (+1)

A(+9) - (P) 1=A1-A (p) & (+.p) 7 =(+.p) 7 A
+a ) :L(H) S, It = SO A, - VO AL, (]
GO +.,p) +2) 1.15®) (p) =(+,p) 7 =(+P) 1 11
s A SPSP TP A, - AN wil 311
Z(M) oy E =V P ANSTSE IV k= Vi AT+ (311)

and the Gauss law is given by,

4
SC-p-a_ (LN [jrtw =z () [~A1(0)
2 v, R __(w*) il LR oy g SHE T . (312)
J J

Again here V(i’p represents the forward (+) and backward (—) derivatives that have been introduced in Egs. .
The r2-ratio that appears inside the function z = z(72) [defined in Eq. - as well as the ration 7; are given by,

(p)
72 2(1 ) Z] 1 [TOJTOJ] 1—a8ﬂ [TJO]

[Too] ’ and Ti=a To0 (313)

where Tgfo and Tgfi inside the ratios are replaced by their lattice version at lattice site n. Moreover, we have introduced
the two displaced ratios 7 4; and 73, (which appears in z(4;) = 2(r?;)), that are defined as,
S(P) [TO]TOQ}
[TOO]

(p) (05
S®T07)
7700

Tj+i= al_o‘Si(p) , and T =T (314)

=2 2—a2(1 a)SP) [E

5.1.2 Non-conservation form

In the non-conservation form the fluid equations are expressed in terms of the rescaled primitive variables p and u;
[cf. Eq. (220)]. The dynamics of the system is governed by the Maxwell equation [cf. Eq. (17a))], the energy density and
velocity field equations [cf. Egs. and ], and the second Friedmann equation as introduced in Eq. . With
the dynamical variables being the gauge field A;, its conjugate momentum 7 4, the logarithm of the energy density In p
the velocity field u;, as well as the scale factor a and its conjugate momentum b = a’, we can bring the corresponding
EOM into the following set of first-order partial differential equations,

7 = al TRy, (315a)
(7 = KAy 7w, a,0) (315b)
(Inp) = GP[In p,u;, A;, 71, a,b) = GE [ln B, wi] + GItIn p, wg, H] + G In p, wg, Fiyl (315c¢)

w) =G Inp,uj, A, 7, a,b] = G [In p, uy] + GH{In p, wi, H] + G [In p, uj, Fl], (315d)

= Kala, Eqy, Ef, Exg, B, (315¢)
b=ad, (315f)
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where H = @’ /a and primes denote derivatives with respect to a-time in program units. The core kernels gy f and gr f,
as well as the terms gj} that explicitly depend on the Hubble parameter have been introduced in the previous section

in Egs. (256)—([259). The gauge field kernel K2, as well as the additional contributions G§' and G to the fluid kernels,
are given by,

ICIA[/_lj,ﬁ'ZA, uj,al = a® ! Z ??Fj]; + a_QJ_Z-A
J

el T\ | s a1
= a® 1 Z V?Fj]; + L <w) pe[ui]L + gf Z[Fijuj}L —a 10f[7TZA}L y (316)
j * j
_ 1 701 _ Y .
681, w3 PR = ey |10 ud) £, — 262070 3 wF) | (317)
J
1 — a2(1—a)y2 2w — = 1—qa2(-)y2 .
Ar= . B _ L 2(1—a) T 1. _ [T0,,. Lri
: i Fal = = Fhu FAti —L[Filn, (318
G [Py us, Fal (1 — wa2(-u2)py, 1—|—wa zj:[ua auiln — [Fawln | + 1+ w)pr [FalL, (318)
with the force terms being,
Fh = Y 7wl +wos |77 Pl —a® Y 7R (319)

J J.k J

Fh=a""" [Pe (Z[Fijuj]L - aa_l[ﬂfl]L)

J

+0f <Z[ukFiijk]L + 3 [t w L — et Y [Fy _JA]L)] , (320)
Jk J J
where the label ‘L’ denotes some lattice version of the corresponding expressions, which we will specify for the
collocated, semi-collocated and staggered formulation in the following sections. Note that we have directly substituted
Ohm’s law [cf. Eq. ] for the current JEI in the gauge field kernel. The background expansion is sourced by both
the gauge field and the fluid, thus the kernel of the scale factor holds contributions from the fluid as well as from the
kinetic and gradient energy density of the gauge field,
o o a2 T2 N T2a -1 3 A
Kulo, By By B B8] = " (o0 ) |25 B - 3B+ (o~ D(BR + B8)] (321)
x1Mp

The volume averaged energy Elfil and pressure Eﬁl density of the fluid, as well as the averaged kinetic and gradient
energy density of the gauge field, in terms of program variables, are given by,

_ 1 _ _ - 1w/, 2

Egl = g <(1 + (1 + W)'Y]%az(l a)ui) PL> 3 EII% = @Tif Z <(7TA>1> y (322)

D 1 2 2(1-a),2) = HA 1w =L =L 2

EFI = 3a2+2a <(3(.L) =+ (1 + (U)'}/La U’L) pL> s EG = @ﬁ Z <(Vz A] — Vz Aj) > s (323)
* g,g<i

where (...) denotes a volume average over the whole lattice. The lattice derivative V¥ in the expression for the

\P)

gradient energy density Eé needs to be replaced by the neutral derivative ?Z(.O in the case where we work in the

collocated formulation or by the forward derivative ?Z(-+’p ) if we work in the semi-collocated or staggered formulation.

For the fluid-gauge system the Hubble constraint and the Gauss law are,

1/ 12 \° -
== <*) q2(etD) (EEEI + B¢+ Eé) , (324)

3 \wsmy
_ T\*
Vi =—n <w> pe—apat =Y [t | (325)
J * J

In the following we present the discretized kernels of the gauge field in the non-compact formulation, as well as the
forces 74 and F7, in the collocated, semi-collocated, and staggered formulations. The fluid kernels gg’f and G f as
well as ]?7’1 remain unchanged with respect to the ones we have introduced in section (4. We use Eqgs. 7
for the collocated and semi-collocated discretization scheme, and Eqs. (266a))-(268b) for the staggered formulation.
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All-collocated implementation

In the all-collocated formulation we assume that all fluid components, as well as the gauge field, live at lattice sites n
The discretized version of the gauge field kernel and of the additional contributions to the fluid kernels are then,

KA A ug 0] = a7y VOGOV 4 - 0P 4

J

4
T. o) - -
+ Y (w) peuz + O'f ((Tf Z vl('07p)Aj — Vgo’p)Al)uj —a® 17?;4) s (326)
* j
_ 1 ) o . »
GiHlp i, Fh] = 1 wada2), (1+a® =) FY = 2207y " 7 | (327)
J

1 — @2(1-0)y2 2w . _ 1—a?2%2 _

Ars ] 2(1—a) rJ, . __ 10, . R =
GA[p, wi, F1 w5 | 110" Zuijuz Foui | + 1o Fi, (328)

J

where the squared modulus of the velocity field is just defined by u? = Y, u;u;. The discretized versions of the two
force terms are given by,

T =~ peZﬂ uj+af[z7r (VO Ay = VP Ay — a®™ 12 } , (329)

7.k

‘7:-}‘4 aa—l,y lpez<(@§0,p)[1j _ V( P) 4. ) a“ 17TA>

J

+0y |:Z(vz('0’p)Aj — @go,p)[h)(@?,p)gk _ v,(co’p)/ik)uk + Z uj _347?;4
J.k ;
aafl Z 7—1_34(?1(0,17)121] _ v;o,p)Ai)]

J

(330)

where @go,p ) represents the neutral derivative introduced in section The gamma factor 7y is obtained by inserting
the velocity field at lattice sites into the corresponding expression. e Gauss law, which has to be satisfied at every
time step is discretized as follows,

_ 7\*
S VPR = (w) pe—Gpa' > wmt | (331)
J * j

Semi-collocated implementation

In the semi-collocated formulation we assume that the gauge field lives at semi-integer values n + i/2, while In p and
u; live at lattice sites n. The discretized versions of the gauge field kernel and of the additional terms in the fluid
kernels are,

KA, 7 uiya) = a2 Y VTP (O A - P A
j

TN | oo _ Chp) A o) 1 ot
+ Y <w> PeSim[Ui]+Uf<ZS(—I})[(V§+’p)AJ‘—Vg‘%p)Ai)}SfP)[uﬂ—a 1”?) :

J

(332)
= 1 a )
gf)q[P» Ui»]'—ﬁ] = (1— waQ(lfa)u2)ﬁ (1+ a1 y?) F ) 2= § UJ}—] ) (333)
1— a2(17a)u2 20 . B 1— a2(1fo¢)u2 .
Ar= ny 2(1—a) rJ, . __ TO, 7
) ) Zaf - — f 7 Jr 7 . N— f 5 334
G, i, Fy 1 — wa2-0u2)5 |1+ ol Zj Ui at At |+ I+wp A (334)
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where the squared modulus of the velocity field is just defined by u? = > uiu;. The forces that appear in the fluid
kernels are,

- W[pe ZS Auj + oy [Z SPEMS®)_ [V Ay — VP Ay

gk

-2 aa_ls(ﬁ‘)[(ﬂf)z]” ) (335)

*11‘4 [ Zs(p) V('HP)A V (+.p) /muj . aa—ls(_pi) [@A]
+5; (Z 372 ﬂ A @E%p)gi]s(zﬁ) [VH’p)A V(J“p);lj]uk
Zu S 3(17) _go-t ZS*Z,*j VP4, - @5%,?)1[11,]5(}? [ﬁ“])] . (336)

The Gauss law is discretized as follows,

Wy

o 7.\* N
ZVE— ’p)ﬁf = () v | pe —Grat™ Zu S(p) ] ) (337)
J

The forward/backward discrete derivative vg“ ), as well as the semi-sums Si(p ) and clover averages Si(f;) to even order
p have been introduced in section The gamma factors that appear in the above equations, i.e., v4; and v are
defined as,

1 . 1

2 _
Vi, = , and v = — .
+ 1 —a?(1=2) 37 uju;

= (338)
1 - a2(-08P[3 ujuy)

Staggered implementation

In the staggered formulation we assume that all vectors, i.e. A; and u;, live at semi-integer lattice sites n +7/2, while
In p lives at lattice site n. The discretized versions of the gauge field kernel and of the additional contributions to the
fluid kernels are,

K, [As, 7t uiya) = a®~ 1ZV V+p V+pA)

J

T, -
b (w> ppulJrJf( SPTEH A, — T )P ] - a® 1ﬁ;4> o (339)
Go'pvuss Fil = ot aw s |1+ e ISPRIDFS - 2270 3 ST | (340)
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1 — 2= 8P [y?] 2w

ng[ﬁv uiaff:] = S(p)
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7 (1_wa2(1 a)s(p)[ ])ﬁ 1+wa ZSL] [’LLJ./—"A] ‘FA U;

_ q21=a) g(P) 4,217 _.
1—-a S, [u?] i (341)
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where SP)[u?] = " ; S(_pj) [uju;]. The Lorentz force terms in the staggered formulation are given by,
=1 n 2 ST+ XSRS IV A - A1
j.k

a® ZS%?[(W;‘)?]” , (342)

Fi=a [p( S SUITE Ay = T )] - )

J

+af<23<1’}[ TP A; - VP A)SP) STV AL - T A w)

+Zsl wiT et — a®" 125 SRV v A]s@)][ﬂ;‘])]. (343)

The Gauss law is discretized as follows,

W

. 7.\*
j J

The forward /backward discrete derivatives V;i’p ), as well as the semi-sums Si(p ) and clover averages Si(? to generic
even order p in accuracy have been introduced in section The gamma factors, i.e., v4; and « are defined as,
1 9 1

2, = d = : 345
T 1— a20-) 8P [Sw)y2]) a Tl 2008w (345)

5.1.3 Large conductivity limit on the lattice

Towards the end of section we have discussed the large conductivity limit, also known as ideal MHD, where
the second-order differential equation for the gauge field [cf. Eq. ] can be replaced by the induction equation
[cf. Eq. (102))], which is a first-order differential equation. In the following, we discuss the discretization of the
induction equation in both the conservation and the non-conservation form.

Conservation form

In the large conductivity limit, the set of equations describing the fluid-gauge dynamics [cf. Eq. (291))] are replaced by
the following set of first-order differential equations [cf. Egs. (101]) and (102))],

A= /CA[AML TP Tyf (346a)
(Tyt)" = G7[Ty pf7 Tot Tyt, a,b] = Gpi[T, [_Oi] + FRIT H] + FAlTe, Tof, A, 7t al (346b)
(T, D) = Gr[Ty) pf 5 ;fvaA a,b] = G; [ “‘-7:71[ pf?H]+‘FA[ pf’Tng7AJ’ T ,al, (346¢)

b = /Ca[a,EFI, Egl, EK, EG] , (346d)

b=ad, (346e)

with the lattice version of the constraint equation that relates the current density to the magnetic field being [cf.

Eq. (101))]

Ji = — (;) a® 1 Z ViFilL — (1 —a)a' *H[A]]L]| . (347)

The kernels ggf, the force term F, the Hubble friction terms }';f[, as well as the kernel of the scale factor remain the
same as discussed in the previous and current sections [4| and |5l The new gauge field kernel as well as the constraint
equation are discretized in the collocated, semi-collocated and staggered formulation as we present in the following.
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Collocated formulation

In the collocated formulation we have,

R T% To'
A 00 A0i7 _ Zc £ Zc (0, ) (0,p)
Ki [Ai7a7 Tpf 7Tpfz] _‘A[ ] |:pe77d1ff Tgo + 2o + w Z (V P V P4, ) TOO
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+a*” () ndlﬂ\/j Z v A =P AN, (348)
_. w 4 _
Jiy=— < T*) a® 1N VOV A - VOP A — (1 a)a TOH[AY L (349)

where the (comoving) program magnetic diffusivity is defined by 74 = 1/5. The lattice version of the z-function
2. = z(r?) can be obtalned by substituting the appropriately discretized expression of the r2-ratio into Eq. - The
prefactor Alz| and the r2-ratio are here defined as,

4 -1 707707
Wi o= 1 +w - o T T
Alze] = [1+ (1 —«a) <T*) a'” “Taifr [ = +w’H ., and  r2=a20- )Z o) (350)
Semi-collocated formulation
For the semi-collocated case, the lattice expressions can be written as,
KA A a, T, T%) = Alzec] | pelaig —=—8®) ot
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T, TV zetw Y R
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Jij = — <T> PrLa Z VPP A VIR A (1 a)a TOH[AYL| (352)

where the (comoving) program magnetic diffusivity is defined by 7ai¢ = 1/55. The lattice version of the z-function
Zsc,4+i = z(rszc, i) can be obtained by substituting the appropriately discretized expression of the r2-ratio into Eq. (230).
The prefactor A[zs.] and the 72-ratio are here defined as,

. _
Wi _ 1+w —

1 1— lI—a [ 2% iy | ———

+(1-aa (T) ndff,/zswwﬂ

Staggered formulation

Z TO] 0j

-A[Zsc,-‘ri] = (Téjof) pf] : (353)

, and TSQQ_H» = az(lfo‘)Si(p)

Finally, in the staggered formulation we have
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where the (comoving) program magnetic diffusivity is defined by 7aiq = 1/55. The lattice version of the z-function
Zs4i = z(rf +i) can be obtained by substituting the appropriately discretized expression of the r2-ratio into Eq. (230).
The prefactor Alzs] and the r?-ratio are here defined as,

4
Wy _ 14+w -
1+(1—a)a' ™| = i —H
( ) (T*) it \/ Zs,4i T W

Non-conservation form

- 707 707
Zj Tpf Tpf

2 a2(1—a)84(p)4
ST

Alzs 4] = , and 77, i (356)

Similarly as in the conservation form, in the non-conservation form the two first-order differential equations describing
the dynamics of the gauge field are replaced by the induction equation. The resulting set of equations can be brought
into the following form,

A} = K A;,uy,a] (
(Inp)' = G°[In p,us, Ai, a,b] = GE [In g, wi] + GJH[u®, H] + G [In p, us, F1] (357
(w) =G p, uy, Ay, a,] = GPulln p,uy] + G s, u?, H] + G [In g uy, Fh1,
V' = Kala, Efy, By, Ext, EG)
b=d . (357¢

with the lattice version of the constraint equation being,

4
Jhy = — <;) a®! Z[ijﬁ]L —(1—a)a'“H[A]L]| . (358)

The kernels of the fluid as well as the scale factor remain the same as discussed in the previous and present section.
The new gauge field kernel as well as the constraint equation are discretized in the collocated, semi-collocated and
staggered formulation as in the following.

Collocated formulation

In the collocated formulation we have,

KA, uj,a) =B[] {pendiﬁui + 3 (VI A = VO Ay,
j

4 _
Lot <;> 7%6 STV PP A - v A (359)
4
ji _ (u})k) aa_l V(O,p) (V(O,p)A_ _ V(O’p)A ) _ (1 _ a)al—a’?:l[A,.] (360)
Fl T, Z J J ’ i I wee
J

where the (comoving) program magnetic diffusivity is defined by fjaig = 1/¢. The prefactor Bly.] and the gamma-
factor are defined as,

4 _ —1
—a [ Wx TIdiff 2 1

1+ (1—a)a — H , d = ) 361

+ ( a)a (T*) P ‘| an Ve 1_ 20— Zj w;u; ( )

B[’Yc] =

Semi-collocated formulation

For the semi-collocated case, the lattice expressions can be written as,

KA, ug, 0] =B[yse,+4] [pendiﬂsfm wi] + Y SPVIPA; = VP 48P [uy]
J

4 _
Wi a—1Tldiff (=p) (o (+.p) (+:p)
+ (T) a IZj:vj (VP A, —viTP A, (362)
_. w 4 _
Jij = — (T) a1 VP (P A - VP A - (1 - a)al T H[AYL| (363)

J
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where the (comoving) program magnetic diffusivity is defined by fqig = 1/75. The prefactor B[ysc] and the gamma-
factor being,

4 -1
* i ” 1
Blyse, i) = |1+ (1 — a)al_a (w) 1hdift ’H] , and 73(;,4”- = . (364)

Ti) Ysc,+i 1— a2(1—a)81-(p) [Zj w;u;]

Staggered formulation

Finally, in the staggered formulation we have

K?[Ajvuja ] B[’ysc +z] |:pe77d1ffuz+zs(p V(+’p)A V(Jr p)A]S(p [ ]

J

4 _
Wi aﬂﬁdiﬂfz (=) (o (+:p) (+,p)
Ji = — (;) a®" 1§:v< PVED A, VP A)) — (1 - a)a O H[AL| | (366)

where the (comoving) program magnetic diffusivity is defined by 7jaig = 1/5¢. The prefactor B[vs] and the gamma-
factor being,

4 ~1
* i 7 1
Blys il = [1+ (1 —a)a*™® <w> it ’H] , and Voyi = . (367)

T ) Ysti 1- a2(17a)3i(l') > S(p) [ujuy]]

5.2 Scalar-fluid dynamics on the lattice

We now turn to the case of relativistic scalar field-fluid dynamics on the lattice in an expanding background, whose
continuum formulation has been discussed in section [2.4.2} For the scalar field, the equation of motion is the Klein-
Gordon equation in an expanding background sourced by the fluid, as given in Eq. - For the fluid we have both
the conservation form, glven in Egs. , where the fluid degrees of freedom are Tgf ,Tpfz7 and the non-conservation
form, expressed in Egs. and -7 where the fluid variables are chosen to be the temperature 7' and the fluid

velocity u;. The fundamental variables are then the scalar field ¢, its conjugate momentum Ty = do¢ and either TO"
or u; and T.

5.2.1 Conservation form

In the conservation form the fluid equations are the same as described in section with additional source terms due
to the interaction between the fluid and the scalar field. The generic lattice version of the EOM of a scalar field-fluid
system in an expanding background can be written as

&’ =74, (368a)

= Ko0, 79, Tyt Tyt a, b, (368D)

(T ) = Grl pfan?fv¢v7T¢va 0] = Gpe[Tot] + F[Tot, H) + FQlo, 74, T1 (368¢)

(T98) = GrlTor s Tof 6, gy a,b) = Gog[Ted) + F [Tt H] + Fi[6, 7, T (368d)

a ="b, (368e)

bV = Kala, Efy, EP ES. ES, By, (368f)

with

Fo = Ty [mg(qx )+64 ; (369)

Fy= az(“‘”vw[avgj (@, )m} (370)
_ % _

8y = a7, <7r¢+ ﬁ ‘JL,¢> , (371)
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where the label 'L’ denotes some lattice representatlon of the corresponding object. The core kernels of the perfect
fluid gpf and ]-' H are the same as defined in section The temperature T can be reconstructed as a function of
¢ and r2 = 2(1 a) Z T(”TOZ (TI?O) by inverting Eq. - Moreover, the lattice version of the ~y-factor is given
by 2 (TS0 +p)/w, Where P and w are expressed in terms of ¢ and the reconstructed T using Eqs. (T16). The
discretized version of the kernel of the scalar field is given by

_ - oy = = b T4 _ -

Kold, To,a,b,545) = a 20" A@ G _ (3 — a)g% — g%~ ( 2f2> (Ve +0) (372)
where A®) represents the Laplace operator introduced in Egs. (206)), while the function 5¢ has a different form in the
collocated and staggered formulations, as we will show below.

The kernel of the scale factor a is given by,

mo PP o b o a*tl T? “[20 -1 SR o o i
Kala, Eg), By, B, Eg, Ev] = 3 \om TR A s (a =2)Ey +akg + (a+1)Ev| . (373)
*MMp

The volume averaged fluid energy E‘gl and pressure Egl density contributions, the lattice expressions of the volume

averaged kinetic Eg} and gradient Eg energy density associated to the scalar field, as well as the potential energy
density Ey are given by,

_ 1 _ _ 1 .

By = — (Tf) . By = g ( DL TH) - (374)
1 (wf )\ _ 1 (w ) o o

B = 5 < T2 > (7o) Fo= 2a2( T2 ) ;<<V%¢)2> 7 By = (Vo(6,T)) , (375)

where (...) denotes a volume average over the whole lattice. In the collocated discretization scheme the VE needs to

be replaced by the neutral derivative V (0.7) , while in the staggered formulation we use the forward derivative ?,(j’p ),

The Hubble constraint for the scalar—ﬂmd system is given by

a2(a+1) T*2
|

2
) [ng +Ey+EL+ Ev] : (376)

WMy

Collocated implementation

In the implementation in which all fields T, ¢, 7, live at lattice sites, we have already shown in section [4| how to
discretize the fluid equations in the absence of a scalar field. Therefore, we only need to specify the kernel of the scalar
field and the additional scalar-fluid interaction terms that appear in the fluid equations. The additional scalar-fluid
interaction terms can then be expressed in the discrete version as

3 707

T _ _
6y =a' iy | Ty + Z 7T00p—fk v (377)
N ) 7
b= To [ad-)w, T)+ 54 : (378)
Fi= _g2la=1) [@Ehp)ﬂ {aa‘;T((b’ T) _’_54 7 (379)

Staggered implementation

In the staggered formulation we have T f,ng,7r¢ living at lattice sites n, while To’(n +2/2) lives in between lattice
sites. The pressure p is written in terms of ¢, T, where T can be reconstructed by inverting the relation [cf. Eq. -

TOkTOk - __
0 o) 2t Sl ol _ oy PP _ DD

Ty ER O )

I Another typical choice of the conjugate momentum associated to the scalar field is T = a3~ %9y, such that the Hubble friction term
in the Klein-Gordon equation disappears. In the absence of scalar-fluid friction (i.e., 7y = 0), this choice leads to a scalar field equation
that can be solved using a symplectic integrator.
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The gamma factor is given by v = (T + p)/w [cf. Eq. (137)]. We then have

5y = al ="y 7r¢+Z T}JO ] V(O”’)aﬁ , (381)
] oV -

2 n|GE@T) 45 (352)
= —ae D [VFg] s [88‘2 (6, T)+ } : (383)

5.2.2 Non-conservation form

In the non-conservation form the fluid variables are the velocity w; and temperature T, with the continuum fluid
equations given in Eqs. (148) and (149)). The generic lattice version of the EOM of a scalar field-fluid system in an
expanding background can be written in terms of program variables as

¢ =7y, (384a)
Ty = Kold, 7o, T, us, a,b] (384b)
T =G T, u;, b, 74, a,b], (384c)
up = GH[T,u;, b, 7y, a,b], (384d)
a =b, (384e)
b = Kala, ES, B, ES. ES, By, (384f)

with the fluid kernels in terms of generic lattice operators being

1
T _ L (11—« )
g' = 9700 = 202 ) [wV uz—i—ul[v T op + Vi ¢>8¢,](p P) + 202Ny, Fl
— (Foe + ) (1 +a® 0 + 7405(p — a* = uf p) | (385)
w_ Wi Orp = _ L R
Gl =— Q{GT(p—ag(l_o‘)u%p> (wf Viu; +u; [VYT Op + Vi 95] (p— p) + 20”0~ u; Fl,

Opw
OF (ﬁ — a2(1—a)u2

5y 05— 02 ) (Pt ) - mw}

a*” 1)w7 (ViT o+ Vi ds]p+ — 7 L (it 7)) - u;Viug, (386)
where the label 'L’ denotes some lattice representation of the corresponding object, and uf = > ;lujugle. In the

above expressions p, p, and @ have to be written in terms of ¢ and T using Eqs. . Moreover, as F!, was already
introduced in previous sections, here we only discuss the dlscretlzatlon of the addltlonal terms }"“ The scale factor
kernel is the same as in Eq. (| -, with the contributions in Egs. 4)) expressed as

1

3 i4<(1+(1+w) 24209 2)pL> : E§15W<(3w+(1+w) 22(1-) 2)pL>, (387)

Ef =
FI=

while the scalar field kernel is discretized in the same way as in the non-conservation form [cf. Eq. (372))].
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Collocated implementation

In the collocated implementation all fields live at lattice sites, hence the discretized versions of the kernels are

1 - = 7 = 7 _— —a), Fi
9 =~ ow) [w Vi i (VT 07 + VPP 60;) (0 — p) + 2070w F,
(5=
(S + FY) (14 a0-u2) 4 7,0,(5 — a0 2p>] (359)
w Wi Opp _ &(0,p) =(0,p) 7 =(0.p) 7 _ 201-a), i
Gi' = wy? | 9z (p — a21-)u2 p) {wvj uj +ui (VT op + V6 05) (p— p) +2a uj Fio

(97?’&) 0 , o
p)} 8T (ﬁ - a2(1fa)u2]3) (‘Ftot + fq{) - 7T¢a¢p}

+ 7y 843(5 2(1 a) 2

a2~ 1>M [V T o + VPG 0,]p+ — ! 7 (Pl + Fh) - u; VP (389)
with u? =3 ; ujuj. As in the collocated formulation of the conservation form, the discretization of F! f; leads to
7= 7, [%‘g@, )+ 54 L ad Fi= —a¥ed [900) [Wg (3.7) + 54 , (300)
and the discretized version of the 5¢—term, as well as 72 are given by,
5 1 : > (0.p) 7 2 1
3o =a' iy [T+ 3 u;VPPel . and 47 = R S (391)

j=1

The fluid contributions to the scale factor kernel are given in Eq. (387) with u? — u?,~+Z — ~% and pr, — p.

Staggered implementation

In the staggered implementation T, ¢, and Ty live at lattice sites, while u;(n+13/2) lives in between lattice sites. Hence,
we have

" = - :

Op(p — a?1=2)SP) [u?] p)

+2a2079 N SO [, Fiy ] — (o + FY) (1 + a1 SO u?]) + 7,055 — 2170 8P [u?) p) | (392)

@V + 8P (VOIT oy + VO 605) (5 - )

gr=__"_ g Orp
¢ Sl(p)[w,yz] v af(p_aﬂl—a)s(p)[uﬂp)

+2a2070 S SO [, Fly | + 79 95(p — 20 VSP ] P)] — 7905 P
J

Or 0 0 2a-1)e® | 1 s0mFq | 0074\~
- 0~(ﬁ— a2(1=2) §@)[y2] )(]:tot +F )} —-a S; W(vl Tor+ V,; ¢a¢,)p
1 _ _ ) © )
+ o (Flo + Fi) = S, [ug VP (393)
Sf”)[mz}( ton i) = S5l

where S®)[u?] = 3 ; S(_pj) [uju;]. As in the staggered formulation of the conservation form, the discretized version of
Fi can be written as,

= oV — — . ov; =
F)= Ty {aqu(d” T) +54 . and  Fl= —a?@ vt g sP [ 8(; (6,7T) +5¢] : (394)
and the discretized versions of the 5¢—term, as well as of 72, are given by,
3
_ _ - 1
by =a' iy |+ > S [ujvg.“”qs] . and %= . (395)

j=1 1 — 2= Z S [%“J]

The fluid contributions to the scale factor kernel are given in Eq. (387) with the replacements u? — S ®) [u?], 7% — 2
and pr, — p.
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6 Initial conditions

In the following we discuss how to set the initial conditions for a scalar-gauge-fluid system in the continuum and on
the lattice. On the one hand, we will consider the possibility to initialize the different fields with fluctuations following
a given power spectrum on top of a homogeneous mode. This allows to describe for example turbulent velocity or
magnetic fields, or to mimic quantum vacuum fluctuations of scalar and gauge fields. On the other hand, one may also
initialize the fields with a given spatial profile. This can describe, for example, scalar bubble configurations from, e.g.,
a first-order phase transition, or laminar flows of velocity and magnetic fields in MHD with low Reynolds numbers.

6.1 Scalar fields

We first discuss the initialization of scalar field components from a given power spectrum describing their fluctuations
on top of a homogeneous mode. In the case of first-order differential equations, such as the fluid energy conservation
equation [cf. Eq. ], this just requires an initial spectrum of field fluctuations, while for second-order differential
equations, like the Klein-Gordon equation for a scalar singlet , one needs to provide a spectrum for the field
fluctuations as well as for those of its conjugate momentum. In the following we will discuss the latter case, in which
we need to provide two spectra (see also section 7 of the Art - I [1] and section 6 of the Art - II [2] for more detailed
discussions).

Setting the field fluctuations from an initial power spectrum means that the field amplitude in Fourier space is
sampled from a Gaussian distribution with vanishing mean and variance given by the power spectrum. To do this
on the lattice requires a lattice version of the power spectrum in the continuum, which we have previously derived in
Eq. . We describe the continuum variances of the field fluctuations £ and their derivative £’ respectively as

) = [ gt

where we have adopted the prescription of The Art-1II (section 6) [2], with the spectra being defined as Pe(k) =
a 3Fe(k/a) and Pse(k) = a?>*~3Ge (k/a), such that they only depend on the modulus of the physical momentum
p = k/a. Using Egs. (191)) and (192), the lattice equivalent expressions for the fluctuations are then,

sy L (NN Fp(k/a) . . L (N Gp(k/a)
Uk =5 (5) Comd WP - (5) SR (307)

a3

Fe(kja),  and  (£2) = / d1og k™Y G (kfa), (396)

where the multiplicity Y5 = # pg(s)/47[n| was introduced below Eq. (192). In terms of program variables we may
then write

K/a — 3 __/ K/a
MR = £ () T wa = 2 () S (39%)

where £ = k/w,, and F as well as G are dimensionless program power spectra. Depending on the field content,
these require a different rescaling. In the case of a singlet scalar field ¢ = ¢/f, they are given by .7:'¢ = F,Fy and
g’¢, = Gy /M., where E, and M, are two mass scales with [E,] = [M,] = +1. A standard choice is E, = M, = w;,
by which the factors in front of the spectra become C,, = D, = (w./f«)? (see section 6.1 of The Art-II [2]) For the
fluid energy density p or Tgf, however, the dimensionless spectrum is given by F = K °F y for f = {p7 0%, with
K. being a mass scale with [K,] = +1, and the prefactor becomes C, = K>w3/T8.

With the expressions in Eq. we are now able to initialize the fluctuations on the lattice. For given power
spectra of the field fluctuations 6 f and their derivative d f', we can initialize the Fourier amplitude of the fluctuations

at each reciprocal lattice site n as a sum of left- and right-movers,

5f(n) = — [5f1( )+ f2(n)] (399)

S

of'(n) = —= [0fi(n) + 0 f5(n)] , (400)

f
where each mover field is decomposed into real and imaginary parts, df12() = Ry 2(n) + I12(n), and f] ,(n) =
R} (M) + L 2(n). At each site n we draw independent random realizations of the real and imaginary parts of each
mover, using Gaussian distributions with vanishing mean and variances given by 1 5 times the expressions in Eq. .7
respectively.
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6.2 Vortical and compressional vector fields

We now discuss the initialization of vector fields f; in Fourier space from a given initial power spectrum. This can be
applied, e.g., to the vector components of the fluid velocity field u; or to the fluid stress-energy components TS}, but
also to other vector fields, such as the electric £ and magnetic field B;. We first discuss the continuum properties of
such initial conditions and then turn to how to set them on the lattice.

Let us first motivate why such initialization is relevant, e.g., in the case of fluid dynamics. In fluid dynamics a key
quantity characterizing the properties of the flow is represented by the Reynolds number, which measures the ratio
of nonlinear to viscous effects. Depending on its value, we can distinguish two completely different fluid dynamics
regimes [299:

e the low Reynolds number, or laminar, regime, in which the motion is ordered;
e the high Reynolds number, or turbulent, regime, in which the motion is chaotic.

In order to account for both, we can think of two different strategies for initializing the fluid variables. For the laminar
case, one possibility is to initialize the latter with specific spatial profiles. For the turbulent case, instead, the velocity
field behaves as a random variable, but with well defined statistical properties.

In the continuum formulation, for a statistically homogeneous and isotropic helical random vector variable f; we
have the following decomposition of its two-point function in Fourier space, in terms of physical momenta (which here
we make coincide with the comoving momenta k, as we fix a = 1),

(£: (k) (K) = (2m)%6(k — K) [A(k) Py (k) + B(R) ks + 1 C(k) eszi ] (401)
where the projection operator F;; is given by

with k; = k;/k and k = |k|. If we assume that the spectral functions A(k), B(k), C(k) are all proportional to each
other, we can write,

(£ (K) = (2m)*3(k — k') g° (k) [(1 — q) (1 + 9°) Py (k) + 2q kik; +120(1 — q) €0 | (403)
where ¢ = ¢(k) measures the degree of compressibility and ¢ = (k) the degree of helicity of the fluid, such that
1 fully compressional 0 non — helical
g= , 9 = (404)
0 fully vortical 1 fully helical

Both ¢(k) and ¥(k) are, in general, scale dependent. In this case, we can initialize a velocity field f; describing
statistically homogeneous and isotropic turbulence with the following Fourier space profile,

fi(k) = g;(k) g(k) {\/ 1—q (855 — kiky) + \/2q kik; +i0/1 — qeijy fﬁ} ; (405)

where the spectral function g(k) can be chosen as desired, and the factor g; is a complex gaussian random number,
such that (g;(k) g; (k")) = 63(k — k') §;; .

The above description can be used to initialize vortical or compressional vector fields in the continuum. The
corresponding lattice implementation requires to replace the Ei and the projection operator by the corresponding
lattice expressions. In particular, the momentum k needs to be replaced by the Fourier transform of the discrete
derivative operator that is used in the corresponding discretization scheme, i.e., by the lattice momentum ky,, which
we have discussed in section [3.21

In order to introduce the appropriate program variables, let us now consider a vector field f; with respective
dimensionless program variable f; = f;/F?, where F, is a mass scale with [F,] = +1, while the power p reflects the
mass dimension of the field f;, such that f; becomes dimensionless. For example, when considering the velocity field
u; we set p = 0, while for the vector component of the stress-energy tensor Tgfi we set F, = T, with p = 4, and when
we consider either the electric & or the magnetic field B; we set F, = w, and p = 1. It then follows that the spectral
function g(k) has to be rescaled as (k) = w;3/2ng(k;).

One possible lattice initialization of a vector field in terms of program variables, characterized by a continuum
two-point function as in Eq. , is then given by

fi(n) = g;(n) g(k) {\/ 1 —q(dij — RLifLy) + V2qRr ik + 1091 — qeg /%L,l} , (406)

where the program variables associated to the lattice momentum are given by kr,; = kr;/w« and Ar; = kL /K with
k = |RL|. The initialization of a vector field as in Eq. (406) allows to have as special cases a fully compressional
(curl-free) field or a fully vortical (divergence-free) field on the lattice respectively by choosing ¢ =1 or ¢ = 0.
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Example: von Karman Spectrum

For the cases of hydrodynamic and magnetohydrodynamic turbulence, a physically motivated choice for the spectral
function g(k) is given by the von Kdrmdn spectrum. In the inertial range (i.e., between the energy injection scale k.,
which is also the peak of the spectrum, and the dissipation scale kp) it follows the Kolmogorov spectrum

g(k) = CLeP k™53 (k. <k <kp), (407)

while for larger scales it follows a different power law

13
g(k) = C; &/ k§5/3(k£) (k<k), (408)

*

where we have £ = 4 (also known as Batchelor spectrum) for a fully compressional (¢ = 1) or fully vortical (¢ = 0)
velocity or magnetic field, while £ = 2 for a mixed case (0 < ¢ < 1). In the above spectra Cy ~ O(1) is a coefficient
and € is the constant rate of energy transfer (from large to small scales) in the inertial range.
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7 Gravitational waves

This section is dedicated to gravitational wave production in the context of scalar-gauge-fluid dynamics and its lattice
implementation. We first discuss GWs in the continuum, including their definition, equations of motion and the
description of the source terms, and then turn to the lattice formulation. Some of the results presented here will not
be demonstrated in detail. For a more complete treatment, with more in depth discussions, we refer to section 8 of
The Art IT [2].

7.1 Gravitational waves in the continuum

Gravitational waves (GWs) are transverse-traceless (TT) tensor perturbations h;; on top of the background metric,
which is, in the present context, the FLRW metric introduced in Eq. . Including these linear tensor perturbations,
the line element becomes,

d52 = _a2a (n)d?’]Q —+ Cl2 (7’]) (51']' + hij)da:idxj . (409)

Tensor field perturbations that are transverse and traceless fulfill the conditions 0;h;; = 0 and h;; = 0. The dynamics
of the GWs is governed by the following EOM,

!/

—2(1— 2 a 2 TT
P

where primes denote derivatives with respect to a-time. The GWs are sourced through the transverse-traceless projec-

tion of the anisotropic tensor H};T, i.e., the part of the anisotropic tensor II;; that fulfills the conditions 8JI3;-T(77, x)=0

and ITET(n, x) = 0. The total anisotropic tensor is defined as,

ILi; = Tij — (p)gij (411)

where the background pressure (p) has been defined in Eq. and the metric is understood to be the perturbed
FLRW metric, g;; = a*(d;; + hij). For convenience we introduce a class of effective anisotropic tensors H?f, such
that (H‘ff)TT = H};T. For a system that contains a fluid, as well as scalar and gauge fields, as defined in Eq. , the
effective anisotropic tensor is given by,

5T = 0i¢0;¢ — a **E,E; — a 2B By + T, (412)

where the electric and magnetic fields are here defined as E; = Fy; and B; = g5, F ik /2 respectively. Hfjff’Fl represents

:fjf.f’Fl can contribute both the

perfect fluid stress-energy tensor Tz};-f [cf. Eq. (26)] and the deviatoric stresses 0T;; [cf. Eq. (59)] which constitute
T = Tf}f — 8T;; (cf. section . The imperfect fluid contributions Hfjff’ipf can be typically neglected in the early
Universe, given the smallness of the viscous transport coefficients [262], hence we focus on the perfect fluid contributions
in the following.

For example, when we consider a perfect fluid characterized by an equation of state w (cf. section 7 the
effective anisotropic tensor can be written, in the conservation (C) and non-conservation (NC) form, respectively as

the relevant contributions from the anisotropic tensor stemming from the fluid. To II

70i720j
w TUTY

C: TP =g P (413)
J ztw T
NC: Hfjf-f’pf =a (1 + w)p sy usuj . (414)

The transverse projection of the anisotropic tensor 1I;; can be obtained in both Fourier and coordinate space. In the
latter, this is a non-local operation. On the other hand, in Fourier space, the transverse-traceless part of II;;(n, k) can
be obtained quite easily by projecting the relevant components as follows,

HiTjT(’rh k) = Aiij(lA{)Hlm(na k) ’ (415)

with the projection operator A;j ;m (k) being defined as,

Aijim (k) = Py (k) Py (k) — %Pij(k)le(k) : with Pij(k) = 6i5 — ik , (416)

where k; = k;/k and k = |k|. By construction IT1;" (n, k) fulfills the TT conditions, i.e., ;T (n, k) = 0,I1;" (n,k) = 0.
To obtain the TT projection of the anisotropic stress tensor one has to switch to Fourier space at every time step,
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which is a computationally expensive task. However, since H};T(n,k) is obtained by applying a linear operator on
I1;;(n, k), and the tensor perturbations follow a linear equation (see 2] for a more detailed discussion), we can express
the tensor perturbations h;; as [300],

hij(k77]) = Aij,lm(k)vlm(ka n) (417)

where the components vy, (k, ) are the Fourier transforms of the symmetric and traceless tensor v;;(x,7), i.e., they
fulfill vs3 = —(v11 + va2). Then we have that these components obey the following EOM,
a 2

vy — a2V 4 (3 - O‘)Evij =

1
eff eff
m2g2(1—a) (Hij - 351'J'Hkk> ) (418)
p
which is sourced by the traceless part of the effective anisotropic stress tensor. Instead of solving Eq. (410) on the
lattice, one may then evolve the five auxiliary fields {v11, v12, V13, V22, v23} and recover at any time step the real tensor

perturbations h;; by applying the Fourier transform to v;;(x, ) and then the projection operation in Eq. (417]).

Gravitational wave observables

Typical observables of interest are the volume averaged energy density pgw and the energy density power spectrum
Qcw of the GW background (see [2] for a detailed derivation of these quantities). The average energy density of the
GW background is determined by the time derivative of the tensor perturbations h;;,

m2 1 m? 1 d3k d
P / ’ P ’ I _ PGW
= — | hy h; ~ — hi(k,nhi:(k,n) = dlogk 419

pGW(n) 42V A ij (Xan) ij (XJI) 4a22 /V (27T)3 1]( 777) z]( ,77) / C“ng gr, ( )
where we assume that the volume V' over which we take the spatial average contains all wavelengths that yield relevant
contributions to the energy density. For stochastic processes one can replace the volume average by an ensemble average
over random realizations and we may write 2],
m?2 my [ d°k d°K

o—ix(k—k) (hi; (&, m)hi5 (K m))

<h;] (Xa n)h;}( (X? 77)>

paw (1)

da2o T 4a2e | (27)3 (2m)3
m2 dk
- 87r2§2a ?k?’Ph/ (k,n) , (420)

where (...) represents an ensemble average. By assuming homogeneity and isotropy, the power spectrum of the time
derivative of the tensor perturbations, i.e., h;j, has been defined as,

(i (k7 (k' ) = (2m)26P) (k = K') P () - (421)
The energy density power spectrum of the GW background is then given by,

dpaw _ mpk®
dlogk 82

P (k,m) (422)

which, normalized by the critical energy density p. = ?ﬂnfgcfzo";‘-ﬂ7 gives the fractional GW energy density power
spectrum

1 dpaw k3
Q = — = Pri(k,m) . 423
GW pe dlogk 247232 we (k1) (423)

7.2 Gravitational waves on the lattice

To investigate gravitational waves sourced by scalar-gauge-fluid dynamics with lattice simulations, we need to discretize
the EOMs of the GWs and choose an appropriate evolution algorithm. As described in the previous section, we evolve
the five auxiliary fields that are part of the symmetric tensor v;;(x,n) and only take the projection leading to the real
tensor perturbations h;; when we want to measure some observables. Depending on whether we are working in the
collocated or semi-collocated/staggered formulation, the GWs can be interpreted as living at different locations on
the lattice. While in the former the v;; live at lattice sites n, it is more convenient to place them in the middle of the
plaquette, at n +i/2 + j/2, in the two latter cases. This will play a relevant role in the discretization of the EOMs,
and in particular of the source term, as we will see in the following.
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As we have done for other fields in the lattice, it is convenient to study the fields v;; in terms of rescaled variables
U35. Furthermore, we rescale the effective anisotropic stress tensor Hf]f-f in the same way as the stress-energy tensor in

Eq. (220). Both of them, 7;; and l:IfJff, are then defined as,

mo\ 2 _ T1ett
vij = (Tp) Uij 5 and 0 = =1 (424)

To solve the EOMs of the v;;-fields on the lattice it turns out to be convenient to define the conjugate momenta as
(Tp)ij = a®~*vj;. This allows us to bring Eq. ([#18) into the form of a Hamiltonian scheme and write it in terms of
the following two first-order differential equations,

Ezl'j = aaig(ﬁv)ijv
a (425)
(ﬁv);j = ICU[T)Z-]-,CL,H% ]
The kernels of the v;;-fields are given by
(=) (+:p) .\’ 1
- ryeff a —(—p)=(+.p) - a * ryeff ryeff
K50, a, 15| = o't zk:vk VP05 4 21T <w*> ([Hij L — §5¢j %:[Hkk]L> ; (426)

where the label ‘L’ represents some lattice version of the corresponding quantity, that has to be separately specified for
each discretization scheme. Before we provide the discretized versions of the kernel K, in the different formulations, we
quickly discuss how these equations can be numerically advanced in time. This set of equations describes the evolution
of the five auxiliary fields {v11,v12,v13, V22, v23}. They have to be solved together with the remaining scalar, gauge
and fluid equations, for which we can use non-symplectic integrators such as the Runge-Kutta schemes, as discussed in
section [3.4] However, Runge-Kutta algorithms require one or more auxiliary fields for every degree of freedom, which
makes the evolution of the five auxiliary fields v;; a memory consuming task. On the other hand, the GW degrees
of freedom are passive fields, i.e., they are sourced by the fluid and bosonic fields, but do not backreact on them.
This circumstance allows us to evolve the five fields contained in v;; with a different algorithm, while the remaining
fields, together with the scale factor, are still evolved by a Runge-Kutta solver. Furthermore, since the kernels I,
only depend on the field amplitudes (but not on the corresponding conjugate momenta), we can solve Egs. with
a second order accurate symplectic algorithm. These algorithms keep the deviations from exact energy conservation
bounded. A prominent example of a symplectic algorithm is the Leapfrog method described in section [3.4l Then,
we can evolve the scalar-gauge-fluid system with Runge-Kutta integrators, while solving for the gravitational waves
using the Leapfrog method, as long as the two algorithms are synchronized correctly, such that the information on the
anisotropic stress tensor and the scale factor are available at the relevant time steps for evolving the v;; fields. This
procedure of combining two evolution algorithms has the advantage that the five auxiliary fields {v11, v12, v13, V22, V23 }
can be evolved in a more memory efficient way, since no additional auxiliary fields are required.

To solve the EOMs of the v;;-fields on the lattice we have to discretize the kernel K%, which has different realizations
in the three different formulations, which are the collocated, semi-collocated and staggered formulations.

Collocated formulation
In the collocated formulation the kernels of the v;;-fields become

_ _ TN\ [ _ 1 _
ICII;['L_)Z']', a, Hff] = a1+aA(p)’l_)ij + 2a1+a (> ([Hf?}L — g(slj Z[HZ%]L> s (427)
k

Wk

where A®) denotes the Laplace operator to order p in accuracy introduced in Eq. (206). The lattice version of the
rescaled effective anisotropic stress tensor for a system that contains scalars, gauge fields and perfect fluid contributions
is given by,

2, 2 e B 4 _ _ _
5y, = ( *w*) VORI gueng (U}) [a™2*BiE; + a™2B; B;] + [T "]y, . (428)

* *

In the conservation form, the perfect fluid part of the effective anisotropic stress tensor is given by,
im0
w Tpf’Tpf]

rreff,pf —2«

[He P ]L = a —

3 00 ’
24w T

(429)
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where z, being a function of r2 = ¢2(1—®) (T /T)?, is obtained from Eq. by replacing T and T3 by their
lattice counterparts at lattice site n.

In the non-conservation form the discretized version of the effective anisotropic stress tensor of the perfect fluid
has the form,

_ 1
[Hff’eﬁ:]L =a?(1 + w)y*pusuj , with 42 = — . (430)
J ’ 1 —a?(0=9) 37 uju,
Semi-collocated /Staggered formulation
In the semi-collocated (SC) and staggered (ST) formulations the kernels of the v;;-fields become
_ - T.\? /.- 1 _
Kh [0, 0, TIST] = o' @ APy 4 2410 <w> <[ng§f]L - gaijsi(g.) [Z 5<p,3[[ngf,£]L]D , (431)
* k

with the lattice version of the rescaled effective anisotropic stress tensor for a system that contains scalars, gauge fields
and perfect fluid contributions being

[1¢ f"?wz VAR 2P vASEY N Wi ! 20 I —2P D mreff,pf
5 = ( T VirPgutr g T (a2 B;E; + a™2B;By] + [y, . (432)

In the semi-collocated and staggered formulation of the conservation form, the discretized versions of the perfect fluid
part of the effective anisotropic stress tensor are given by,

7047707
TlDf Tpf

SC - [ﬁCﬁ>Pf] —2a w S(P) ]
Tpf

. L=a M
() 2,7
Zse,(ij) TW 7

: (433)

- SP)0i) P) (70
ST : [P, =g 20— T [ ff)] i Torl (434)
) Te ST

where 2y (i) = 2(7752C (ij)) and 2y (i) = z(fft (l.j)) can be obtained from Eq. (230)) with the corresponding r2-ratios
being given by

3 F0kF0k
Zk:l TI?f To

[T

3 () 0k 0k
_, SWTOrT
; and F§t7(ij) — s Lo S pf " pf

2 [T00]2 (435)

FSZC,(ij) = Sz'(?

In the semi-collocated and staggered formulation of the non-conservation form, the discretized versions of the effective
anisotropic stress tensor associated to the perfect fluid can be written as,

_ 1

SC: [P = a2 (1 + w2 (1) S [puauy] with 2 ;) = . (436)
J 2(19) 8,5 5(15) 1— ag(lfa)si(s) [Zk 'LLk;Uk;]

1

NT a2(1—o¢)8i(5,) > S(fk) [urug]

ST : [IEFPf, = a=2(1 + w)yft,(ij)sl.(g) [0)S[ui)Siu;],  with 2

. (437)

Tensor perturbations and gravitational wave observables on the lattice

To extract observables, such as the average energy density of the GW background pgw or the energy density power
spectrum Qaw, from the lattice, one needs to recover the tensor perturbations h;;. To obtain the true tensor perturba-
tions h;;, we need to Fourier transform the components of the v;;-tensor and apply the transverse-traceless projection
as described in Eq. . Similarly, the time derivative of the tensor perturbations h; ; can be obtained by projecting
the conjugate momenta. On the lattice this can be realized as follows,

T 2
hij = A%j,lmvlm = (m* ) A}jj,lm’ﬁlm s (438)
P
w w T.\?
By = et = o () Mo (130)

The lattice version of the projection operator A;; i, that has been introduced (415)), has different realizations depending
on whether we use neutral (‘0’) or forward /backward (‘+’) derivatives, and depending on the accuracy of the derivative
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operator. Using the lattice momenta k¥ and kf that have been introduced in section the lattice transverse-traceless
projection operators can be written as,

0 1.0
L0 LO0pL0 1 pL0pL0 . Lo _ ¢ L,i"L,j
Aij,lm = B/Pr —5P P with P = 0ij — K02 (440)
L
L,+ L+ pL,+ 1 pL,+ pL,+ . L,+ (kL,i)ikijj
Nijim = PP =3P Py with P = 0ij — K2 (441)
L

After applying the TT-projection to the conjugate momentum of the v;;-tensor, the average energy demnsity of the
GWs on the lattice is given by,

2 25,6
mpézr

m.
paw = m Z47T12<h;jh;'j>R(l) = Z {Wk3(l)<h§jh§j>1z(z)} Alogk , (442)
l 1

where the summation goes over spherical bins centered at k(I) = kgl with regular width Ak = kg, such that the
approximate amount of points in bin [ is given by #; = 4xl? for | = 1,2, 3, ... (for a discussion on different multiplicities
#1 see [2]). Furthermore ((...))ra) = (1/#1) 2onep()(--) represents an angular average over the spherical shell R(l),
and Alogk = kg /k(l). The GW energy density power spectrum on the lattice is defined as,

dpcw _ ompk(l)? 4 -
(o) ) = 2RO (o) ), .

which corresponds to the Type II lattice spectrum (for other spectra types see section 8.2 of |2]). Normalizing by the
critical energy density p. = 3m127a_2a7-[2 we obtain the fractional GW energy density power spectrum

- . 1 m%kg(l) o ! (=1 1ot *
Qcw(n,n) = . 8r2a2 N3 ([hi; (@ m)][hi; (A", n)] >R(ﬁ) . (444)
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8 Summary and outlook

In the current era of precision observational cosmology we are witnessing an increasing necessity for accurate predictions
from non-linear field dynamics in early Universe scenarios. The numerical techniques to simulate such scenarios can
be referred to as Lattice Cosmology Techniques (LCT). While the basic aspects of LCT applied to scalar-singlet
and scalar-gauge theories have been presented in The Art-I [1], and extended to beyond canonical cases in The
Art-II [2], the current monograph, which we refer to as The Art-III, introduces fluid dynamics, with couplings to
both scalar and gauge sectors. This extension of LCT to fully coupled scalar-gauge-fluid dynamics allows for the
exploration of physical scenarios where the primordial plasma, modelled as a fluid, plays a fundamental role in the
overall dynamics. Primary examples of such scenarios include cosmological phase transitions in the early Universe,
and the magnetohydrodynamic (MHD) evolution of primordial magnetic fields across cosmic history.

In this monograph, we discuss lattice implementations of field dynamics in an expanding FLRW background,
including: (i) fully relativistic perfect fluid dynamics, describing a plasma of particles in local thermal equilibrium
(LTE); (ii) first-order imperfect fluids, including the leading order effects when considering deviations from LTE; (iii)
fully relativistic fluids coupled to a U(1) gauge field, including as a special case that of MHD, both in the finite
and infinite conductivity limits; (iv) fully relativistic fluids coupled to a scalar field, including both equilibrium and
first-order out-of-equilibrium interactions between the two sectors.

We now briefly summarize the content of the present work. In section 2] we introduce scalar-gauge-fluid dynamics
in the continuum, first in flat spacetime (cf. section [2.1]), and then generalized to an expanding FLRW background
through minimal gravitational coupling (cf. section [2.2]). We describe in detail first the case of fully relativistic
fluid dynamics, including both perfect (cf. section [2.3.1) and first-order imperfect fluids (cf. section , and we
then extend the treatment to include interactions of the fluid with IR bosonic degrees of freedom, covering the two
fundamental cases of the interactions with a U(1) gauge field (cf. section[2.4.1)) and with a scalar field (cf. section[2.4.2).
We then review, in section [3] the basic lattice techniques required for the discretization of the scalar-gauge-fluid system,
starting with a basic introduction to the lattice (cf. section [3.1)), and including high-order numerical schemes for both
spatial (cf. sections and and timestepping (cf. secti discretization. Sections |4| and |5 represent the core
of the monograph, respectively describing the lattice formulations of pure perfect and imperfect fluid dynamics, and
of fluid dynamics coupled to either a U(1) gauge field (cf. section[5.1]) or to a scalar field (cf. section [5.2). The discrete
formulation of the scalar-gauge-fluid system is presented considering both the conservation and non-conservation forms,
in which the fundamental fluid variables are respectively the TI?# components of the perfect fluid stress-energy tensor
or the fluid velocity u; and, either the fluid energy density p; or the temperature T'. Moreover, considering scalar field
components as always living at lattice sites, while vector field components as living either at lattice sites or in between
lattice sites, we introduce both the collocated and staggered formulations, featuring different properties, and whose
implementations require different discretizations. In section [6] we briefly deal with how to set up initial conditions
in Fourier space for scalar and vector field components in the scalar-gauge-fluid system, considering a given power
spectrum and a given tensorial structure. Finally, in section [7] we deal with the main properties of Gravitational
Waves on the lattice, focusing on the source terms coming from the field content described in the present work.

The techniques presented in this monograph constitute the theoretical basis for the scalar-gauge-fluid module that
will be publicly released, after publication of the present monograph, as part of CosmoLattice v3.0. For updates
on this, please check the CosmoLattice website |http://www.cosmolattice.com. Thanks to the recent developments
incorporated in CosmoLattice v2.0 [236}|237], which substantially extended the physics scope and computational
capabilities of the code (including, e.g., non-symplectic integrators and GPU acceleration), CosmoLattice v3.0 will
incorporate these upgrades, providing a user-friendly, powerful and modular C++ MPI-based code, fully prepared
to perform numerical simulations of perfect or imperfect fluids, in isolation or coupled to scalar or gauge fields, with
either CPU or GPU parallelization.
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A Derivation of the fluid equations of motion in flat spacetime

Here we provide a detailed derivation of the fluid equations of motion (EOM) in flat spacetime, which were presented
in section [see Eq. (@] The total stress-energy tensor of the scalar-gauge-fluid system [see Eq. @] can be written
as a sum of contributions from the fluid, the gauge, and the scalar sectors

™ = Tlgl’/ + Tu(l) + TSII;(N) + Tscalar . (445)
The contributions from the Abelian and non-Abelian gauge fields are respectively given by
1
Tg(ul) — _zn/LVF)\UF/\o + F/L)\Fl/)\ ) (446&)
v 1 v a o v
Tsu(n) = _177” GL,Ga7 +GIAGY (446b)

For the scalar fields, we have a separate kinetic term for each of them and a common potential Vy(¢, |¢|, |®]), which
can in principle include interaction terms between them. Hence, we can write the stress-energy tensor for the scalar
sector as

T:(L:lz;lar = Tgim + T:T(m + Tg,ukin - T]l“/ V0(¢7 |<p|v |¢)D ) (447)
with the kinetic terms respectively given by
v 1 14 174
Tiin = =1 0000+ "9 0”9, (448a)
Thn = =" (DY@)*(DAp) + [(Dhe)* (Dhg) + c.c], (448b)
Th'in = =1 (DA®)(D®) + [(D4 @)1 (D4 @) + c.c] . (448¢)

The fluid EOM are computed from the conservation of the total stress-energy tensor as

- 0,1

scalar *

0,T™ =0 &  9,TH =—0,T"

U -0, T,

SU(N) (449)

For clarity, let us separately compute the divergence of the stress-energy tensor from each bosonic sector. In first

place, for the U(1) Abelian gauge field,

1
0Tl = = 30" (FaaF7) + 0u(FIOFY) = (9P F*y = —J'F* (450)

where we have used the Bianchi identities, 9* F¥» + 0¥ FM + 9 F* = 0, together with the antisymmetry of the field
strength to obtain
1 1 1
—ZaV(FAC,FM) + FFA9,FY = —iF,Ma”FM + F\OFF" = 3 Fun (O"FN + O FVH 4+ 204 F")

_ %FM [04F + (1143 \)] =0, (451)

from which Eq. (450)) follows, once we include the Abelian gauge field EOM [Eq. }, 0, F** = —J*. Let us follow
a similar procedure for the non-Abelian gauge fields,

v 1 v a g v 1 v a g v
TSy vy = _18 (G5,G27) + 0,(GRAGY ) = —13 (G5,G27) + G 9,Gy ) + (9,65
1 ’
= =07 (G3,G27) + GEN D) arGin + (DG 1GE s + fave CLGEGY 5 + GG )
1 1% a g a v v v
= —10"(G3,Ga7) + GiA (D) Gy + (D) G 1Gy sy = = T2 G- (452)

In the intermediate step we have used the antisymmetry of the SU(N) structure constants fup. and in the last one, we
have used the non-Abelian gauge field EOM [Eq. (| . )ab Gl A= = —J2, and the corresponding Bianchi identities

for non-Abelian gauge fields, (D*)a,Gi> + (D¥)apGH + (D)‘)abe” = 0, together with the antisymmetry of the field
strengths, leading to the following identity

1 1
=07 (GR,Ga%) + GIA(D") Gy = _iGZA(’Dy)ang/\ + G (D) Gy

1

G [(P)aG + (e V)] = 0. (453)

1 v v
= 5 G [(D")anGy” + (DG +2(D")a Gy =
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We now proceed with the scalar sector. For the singlet field ¢, one gets
LV 1 v 174 1% 1%
OuTxin = —50" (000 0¢) + 0,(0"¢0 0" 9) = (0"8,9) 0§ = (0uVo — Q) 0", (454)

where we have introduced the scalar field equation of motion [Eq. (6d)]. For the U(1)—charged scalar field we have

OuTh s = (Do) (-0 Dl + 0* D) + (9, D% )" (Do) + c.c.]
= {(De)* (-0"Dlp + 0" Dihg) + [(D}! Dhe)* —i(Dhe)* (9QpAu)| D + c.c.}
= {(Dgl)* (=0" Dlip + DY D) + (D Dhio)* Do + c.c.}
= {(Djl¢)" (=D} Dl + D4D4g) + (D Diyp)* D — igQu AL (Djlp)* (Dhe) + c.c.}
= {(Dj}¢)* (—D4D%¢ + D Dh¢) + (D;! D4 o) Dhg + c.c.}
= {(Dj¢)*[D4, D4]¢ + (D! Dl )" Dl + c.c.}

= {—igQ " (D/}¢)* ¢ + (D/! D4p)* D' + c.c.}

16‘/0 QD*
= —29Q,F"Im[p* D’y + [(Q*)Dyngrc.c}
Il Dl + |\ g1 ~ e )P4
19Vo ¢*
= JHEY ——— O DY .C. 455
’ “+[(23I<ﬁ|<ﬁ| ) A“”“]’ (435)

where we have used the fact that —igQ,A,(D;, A0)* (D4 ) is real, that the commutator of the Abelian gauge co-
variant derivatives is [DY%, D4] = —ig QF*”, the scalar field EOM [Eq. . and we recognize the current J§ =

29 Q Im[p* D'y ¢] introduced in section [2.1] . see Eq. (B)]. Similarly, for the [SU(N) x U(1)]—charged scalar ﬁeld we
have

v
aﬂTg,kin T

(D, ®)T(-0"D ® + 0" D" ®) + (9,D"®)' D" ® + c.c.|

{ (@) (0" DH® + 9# DY ®) + [(D,D*®)1 — i(D*®) T (9Qe AT + g'QpCuT,)| D'® + c.c.}
={(D,®)!(—~D"D"® + D"D"®) + (D,D"®) D"® — i(D,®)"(9Qp AT + ¢'QpCLT,) D" ® + c.c.}
={( DH(I) f[D*, D¥|® + [(D,D'®) D" ® + c.c.}

= —29QaF"Im[®' D, D] — 2¢ Q(GH Im[®'T,(D,®)] + [(D,D"®) D" ® + c.c.]

1oV o1
20|®[ [ @

= JLFY, + T8 Gy + [( — QL)D”@ + c.c} : (456)
where we have used the fact that the generators of SU(N) are hermitian (i.e., T = T,), that the commutator of the

U(1) x SU(N) gauge covariant derivatives is [D¥, D¥] = —i g QF"" —i ¢’ Q' G'¥T,, the scalar field EOM [cf. Eq. (6e])],
and we recognize the currents Jj = 29 QaIm[®TD*®] and Jf , = 2 ¢’ Q4Im[®TT,(D*®)] introduced in section
[see Eq. . Finally, we also have the following term

0 (Vo ™) = (95Vo) 0”6 + K‘Wo)av (‘W")y@ +e. c}

Op 0P
10V, ¢ 10V, &f
 (B,V) 87+ K)D +( )pv +c.c}, 457
0sV0) "0+ 1\ 3 311 161 ) P4 T 2 010 @] (457)

where, due to the addition of the charge conjugate for the terms inside square brackets, the derivatives acting on the
charged scalar fields can be promoted to their gauge covariant counterparts.
The conservation of the total stress-energy tensor of Eq. (449) then leads to

19V ¢
20|¢| |l
10V, of
I V1 n N S U2 LYV * of v
J¢F“ jé,aGa# [(28|(I)||(I)| Q¢>D <I>+c.c}

10V, ¢* 10V, &f
+ (DV0)0" b + K)D” + ()D”@—&-c.c}
G50+ [\ 531011 ) P42 T 2 070 [0

= S FY, + Th JGY L+ Q006 + (2, Dhp + Qf DY@ +c.c) (458)

O Ty =J'F", + TJIGYy ,, — (0sVo — Q4)0" ¢ — JUF, — K 90) DY+ c.c}

where we recognize the fluid currents Ji = J* — J& — Jg and Jiy , = T4 — Ty, introduced in section [see Eq.
and Egs. and (6b)]. Hence we recover Eq. @
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B Rescaling of the fluid equations of motion

In this section, we discuss convenient rescaling choices for the fluid stress-energy tensor that simplify the fluid EOM.
As presented in section precisely in Egs. (L7h)) and (171}, the fluid equations in an expanding FLRW background

. . . 2 2
with metric g, = diag(—a*®, a?, a*,a”) are

O TE + [(A+ 20)HTY + a **HTw |64 + [(5+ a)HTR{]6Y = F, (459)

int »

where we have isolated the trace Ty = g Th = —a?TRY + Tlg:f) of the fluid stress-energy tensor, « indicates the
choice of a-time (see discussion at the beginning of section , H is the (a-time) Hubble rate, and F},, represents
the forces acting on the fluid, introduced at the end of section [2.1

Let us now consider a general rescaling of the fluid stress-energy tensor as

T = aP T | with constant 8 € R. (460)
The fluid EOM for the rescaled stress-energy tensor then read
T + [(4+4 20 — BYHIRY + a > *HTw |04 + [(5+ o — BYHILL] 67 = Fio (461)

v = aPFY,. From the equations above, we see that there
are two rescaling choices that allow us to get rid of one of the Hubble friction terms,

where Ty = g, T3 and we have rescaled the forces as F} v

B=4+2a = O, T8 +a 2 *HTp 6"+ (1 — QHTH 6% = FLy (462a)

B=5+a = I+ [(a— DHIX +a **HTw]6f = Fiy - (462b)

We see that both rescalings are equivalent for conformal time, i.e., @« = 1, in which case they lead to the following
equations,

O TE + a *HTy 65 = FYy fora=1, (463)
where T4 = a®T4 and FY, = aSF7,. In Egs. ([#62), we see that the only Hubble friction term remaining appears
in the temporal component, i.e., for v = 0, and it is proportional to the trace of the stress-energy tensor. If we write
T =T} — 0T with T}y the stress-energy tensor of a perfect fluid and 67" the deviatoric stress-energy tensor,
the Hubble friction term becomes

Ha *Tyy = Ha'(3py — p) — Ha 26T, fora=1, (464)

where we have used Eq. for the perfect fluid component. Since, for & = 1, the Hubble friction is proportional to
the trace of the stress-energy tensor, which vanishes for perfect fluids (i.e., 67 = 0) with a constant equation of state
corresponding to radiation particles, i.e., py = %pf, the fluid EOM become conformally flat in this case,

T =Fy, fora=1. (465)

This shows that both choices of rescaling 8 = 4 4+ 2a and 8 = 5 + « lead to conformally flat equations for a purely
radiation perfect fluid when described with conformal time. Moreover, as it can be seen from Eq. , any rescaling
choice f(a) such that 5(1) = 6 leads to conformally flat equations for o = 1.

However, an advantage of the choice 8 = 4+ 2, which is used in the main text, is that for a perfect fluid it yields

Tgfo = ﬁlf’}/Z - ﬁf 5 Tgfl = 7Df72ui 5 T;% = UtJf’)/Q’U,Z‘Uj + az(o"l)ﬁf&-j 5 (466)

with py = a4pf, Dy = a4pf7 and Wy = a4wf respectively the rescaled fluid energy density, pressure, and enthalpy.
Hence we have a rescaling of the fluid variables with a factor a* compensating for the decay of the physical energy
density of a purely radiation fluid due to the Universe expansion. This means that, within this choice, the rescaled
fluid variables always coincide, for a purely radiation fluid, with the comoving variables.
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