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§> Basics of the model

2
~l1

1 1 1 Vo ¢ " |4
S = /d4$\/ —( (§m§1R — §8u¢5’“¢ — V(¢) — ZFMVFM | 4AF/U/FM )

Vectorial form

_ 1 - 3.2 = - 2 | .
S_/da; S Qa(ng) +2a(E a2>AEB

s Our choice of vier=te (1 E 6_@)2
ds? = —dt* + a*dz? U ce O
the potential, V(o) = Vo (1 - (i) ) 3 vertex

In cosmic time also:
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bt Basics of the model
remporal gauge CL momentum variables

ﬁ¢:agﬂ¢, E:aﬁ

/R
\ =

Ay =0

No Hubble friction
term in the EoMs
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bt Basics of the model
remporal gauge CL momentum variables

ﬁ¢:agﬂ¢, EZCLE

/R
\ =

Ag =0

Dynamical equations:

No Hubble friction

: — 1 = 2 -
ﬁ¢=av2¢—a3m2gbl E-B, term in the EoMs
al\
ﬁ— 1€><§ 1~]§' 1€¢><]§
o« BA T T GA
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<> Basics of the model
remporal gauge

/R
\ =

CL momentum variables

ﬁ¢:agﬂ¢, EZCLE

Ag =0

Dynamical equations:

No Hubble friction

77—(/5 _ av2¢ B a3m2 | F.B | term in the EoMs
al\
ﬁ : V x B - B : ﬁ¢ X l%
—_— — — T }
a a3\ ¢ al\
Constraint equation:
Gauss’s law ) .
V- E A A€¢ .B=0
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<> Basics of the model
remporal gauge

Ap =0

/R
\ =

CL momentum variables

ﬁ¢:a3w¢, EZCLE

Dynamical equations:

No Hubble friction
term in the EoMs

= 1 = -
EF=——VXDZB Non-linear terms
a

Constraint equation:
Gauss’s law
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Dynamical equations:

Constraint equation:
Gauss’s law

Basics of the model

¢
Let’s go now deep inside inflation

= aV2h—dPmlo+ —F - B
Ty =aVp —a’m o A ,
1 - 1 - at

T+ B - V E

a3A7T¢ al\ P X

V. B4 Ve B
IA —
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<§ Basics of the model: linear regime

¢
1 ST - Inflaton in slow-roll,
Let’s go now deep inside inflation ¥
omogeneous

+
dominated by the potential

Dynamical equations:

Constraint equation:
Gauss’s law
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¢
Let’s go now deep inside inflation

Dynamical equations:

Constraint equation:
Gauss’s law

< Basics of the model: linear regime

Inflaton in slow-roll,
Homogeneous
+
dominated by the potential

e No backreaction in
inflation’s dynamics

® No generation of
inhomogeneities
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< Basics of the model: linear regime

. . . Inflaton in slow-roll
Let’s go now deep inside inflation N
Homogeneous

+
dominated by the potential

\ =

/R

Dynamical equations:

e No backreaction in
inflation’s dynamics

F—__VxB ﬁqu | 5 ® No generation of
a

inhomogeneities
Constraint equation: \

Gauss’s law

Gauge fields get excited by this term

<u

)
= | =
de;

|

-
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ﬁ Basics of the model: linear regime
~1—
Dynamical equations: , Expansion equation:
s 3.2 5 _
om0l 5 o = =5 (3p + p) =
: 6m,
a
l% 16 B’ 1 B’ 3m§1< 2K¢—|—V—KA—GA>
= ——V X 0
a 3N 7
Ko=ini=bil, Gy= 53 002, V=imig?
Constraint equation: KAE%Z%%Z% , GAE%;%
Gauss’s law )
V-E+ =0
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Dynamical equations:

T = — a’m?
i» 1 — — 1 _ —
EF=——VXxZHB 3 7T¢B
a 0° A
Constraint equation:
Gauss’s law )
V- E

Basics of the model: linear regime

Expansion equation:

Taq — S (3]? T /0) —
6mp1
Y G 7 )
2 ¢ -
3mp1
Ko=ini=bil, Gy= 53 002, V=imig?
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< Basics of the model: linear regime

Gauge fields evolve in
EoMs the background set by

\ =

the axion field

Expansion equation:

Dynamical equations:

- — adm? - —a
:ﬂ-(b_ a1 Pt Mg — 2(3p+,0):
: Lo omz,
e I P
e
S S e : mz 2R +V )
F=——VXxD£B 3 7T¢B : ple .. -
a 0° A
(K= im= R Ge= Y @0, V= ime
1« E? 1 E? 1 B?
Constraint equation: KAEizi:?:i;aT’ GA:izi:F
Gauss’s law .
V-E+ =0
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< Basics of the model: linear regime

An analitycal solution can be found

Changing to the helicity basis: + Conformal time

AZ, 1) =) / (ZWI;A/\(/C,T)?\(/%)@W

/R
\ =

Photon with 2 helicity
states
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< Basics of the model: linear regime

An analitycal solution can be found ﬁ _ ! VYV % B 1 B
a

CLSAﬁq5

/R
\ =

Changing to the helicity basis: + Conformal time

AZ, 1) =) / (ZWI;A/\(/C,T)?\(/%)@W

Photon with 2 helicity
states

' _:(/Af) — O, Gijkkjg,ij(]%) — Iikeft(/%)

eE (k) =eb(—k), eMk)e) (k) = dan
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An analitycal solution can be found

/R
\ =

Changing to the helicity basis: + Conformal time
A )= f bW )2 ()7
, )\——_ (27_‘_)3 )
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states
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< Basics of the model: linear regime

An analitycal solution can be found

/R
\ =

Changing to the helicity basis: + Conformal time
A )= f bW )2 ()7
, )\——_ (27_‘_)3 )

Photon with 2 helicity
states
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< Basics of the model: linear regime

An analitycal solution can be found

Changing to the helicity basis: + Conformal time

AZ, 1) =) / (ZWZ)CBA/\(/C,T)CC?/\(/%)@W

/R
\ =

Photon with 2 helicity
states

kie (k) =0,  ejpkiel (k) = FikeF (k)

Two polarisations:
- One exponentially amplified
- The other not

Chiral instability
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< Basics of the model: linear regime

An analitycal solution can be found 0

Changing to the helicity basis: + Conformal time

Aan =3 | (gﬂl)ﬁg ANk, 7)E (k)i FT ( 5

/R
\ =

Photon with 2 helicity
states

cikei (k)

Two polarisations:
- One exponentially amplified

- The other no
Chiral instability
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< Basics of the model: linear regime

An analitycal solution can be found

Changing to the helicity basis: + Conformal time

AZ, 1) =) / (ZWZ)CBA/\(/C,T)?(/%)&W

/R
\ =

Photon with 2 helicity
states

cikei (k)

Two polarisations:
- One exponentially amplified
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< Basics of the model: linear regime

ap-
\/
Analytical solution: [M. M. Anber, L. Sorbo (0908.4089)]
_ ¢ 2 2kt
§ = 2
2H A o T = Ar(k,7) =0
(6’7‘2 ' T ) (. 7)

Instability controlled by g
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ﬁ Basics of the model: linear regime
~1
Analytical solution: [M. M. Anber, L. Sorbo (0908.4089)]
_ ¢ 02 2kt
§ = 2
2H A o T Ar(k,7) =0
(6’7‘2 T ) ()

Instability controlled by g

Deep inside inflation f — const

5§ 1 L. 1/4
T — € ' ~ Tl E|—2+/2|E|k/aH

Cosmol.attice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio



/R
\ =

Analytical solution:

= ¢ a
= 2HA |

OT

Instability controlled by g

Deep inside inflation

e2®

AT (k,t) = N

1/4 >
Wie 1 (2tkt) ~ ! ( g ) 67T|§|_2\/2|§|k/aH a

Basics of the model: linear regime

[M. M. Anber, L. Sorbo (0908.4089)] Topological term:
Appears in EoMs

g 4 2% Ay (k,7) =0 1o - HE

T ’ —(E-B) ~2.4-10"*— >l

a €|
EM energy:
& — const
1 HY onjel

—(a’E* + B*) ~1.4-10~ 4‘€|3

V2k \2[¢|aH
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/R
\ =

Analytical solution:

= ¢ a
- 2HA |

OT

Instability controlled by g

Deep inside inflation

e2®

AT (k,t) = N

1 k 1/4 2a4
W.. 1(2ikt) ~ o |€1—21/2[€|k/aH
6.3 (2K1) = T (Q\g\aﬂ) -

Basics of the model: linear regime

[M. M. Anber, L. Sorbo (0908.4089)] Topological term:
Appears in EoMs

g 4 2% Ay (k,7) =0 1o - HE

- ’ —(E - B) ~2.4-10"" — >l

a €|
EM energy:
& — const
1 HY onjel

(a*E* + B?) ~1.4-10" 4‘5‘3

Amplified around
the Hubble scale

at each time
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/R
\ =

Analytical solution:

= ¢ a
- 2HA |

OT

Instability controlled by g

Deep inside inflation

e3é

A+(k,t): ok Et

. 1 k

Basics of the model: linear regime

[M. M. Anber, L. Sorbo (0908.4089)]

& — const

Topological term:

Cosmol.attice School, Sept. 5-8, Valencia

Appears in EoMs

L 7. 5 ~aHY ong
$<E-B> ~2.4-10 e
EM energy:
H4
27‘J4<CL2E2 —+ B2> ~ 14 . 10_4We2ﬂ-|£|

Amplified around
the Hubble scale
at each time
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< Basics of the model: linear regime

mpl/A:2O

(62 | k% + %> A_:(k,T):O 10°% - )

10° | _

104 B _

;AT

-6 eFolds

k,S
2m°m

102 B _
100 | _

0 eFolds 1072 - -

104 1073 102 101 10° 101 10°

k/m
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< Basics of the model: linear regime

mpl/A:2O

0° o | 2k§ 10° | -
(87‘2 | k' 1 T) A:(k,’r) — O
106 | _
.
< 104 | -
-6 eFolds = Nﬁ 102 L _

10° \ -

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

0 eFolds 10 | 5 -
X k
104 1073 102 101 109 101 102
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< Basics of the model: linear regime

' L ' ' 'I'""I U | ' L ' L
1010 B ~
(CLH) : mpl/A = 20
82 2 Qkf 108 | | _
(87‘2 e — Ayr(k,7)=0 ,
106 | | )
T
<t 10% | ! _
-6 eFolds o “§ 102 | | ]
5 |
| /
100 | | _
5 | . Vacuum solution;
O eFolds 10 } | , P
| : x k
04 I
104 103 102 101 109 101 102
k/m
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i Basics of the model: linear regime
~1 . .
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]
Energy components Topological term vs slow-roll
p [m?] m?]
- ey
10 %¢2 4 %m2¢2 ----- ————
108 I 1 / E2 B2 mpl/A = 10 104 :___________________________——/
5(&2 | CL4> mp]/A:15 _¢‘
10°
10° — [3H ¢
m*e|
10* } _ 1r 1 . .
mpl/A =0 3—AE B
2 mpi/A =6 ;
10 10—2
—2.0 —i.5 —i.o —6.5 N 90 _'1.5 _'1.0 _(').5 N
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< Basics of the model: linear regime

ap-
~.—

[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

Energy components Topological term vs slow-roll
p [m?] m?]
10°
].010 B — %ng i %m2¢2
4
108 | 1 (E* B? mp1/A = 15 ol
2 ( a? = a? )
106 i 102 B
10* B 1t
mpl/A =0
102 P 10—2 L
—20 —1.9 —1.0 —0.5 N 9.0 15 1.0 05 N

Backreaction effect cannot be neglected
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<= Basics of the model: linear regime

Linear regime

Dynamical equations:

/R
\ =

T = a3m2gb
EF=——VXDZB T4 B
a a3A7T¢
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ﬁ Basics of the model: linear regime
~1l . .
Dynamical equations: : Expansion equation:
T = a’m?o T, = ¢ (3p + p) =
6m21
p
= 1 1 ' S (2K 4V )
= = R o : &
E——5VXB a3A7T¢B i Smgl
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<= Basics of the model: linear regime

Linear regime

Dynamical equations: . |Expansion equation:

/R
\ =

Negleted
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ﬁ Basics of the model
~1
Dynamical equations: : Expansion equation:
T a3m2gb A L% B E : —d (3 )
— i y s 7‘(’a p— p—
@ aA : 677”&12)1 pPTp
. i a
= le 5 1 . 4 E (—2K4+V — Ka — Ga)
E:—5VXB a3A7T¢B i 3m12)1
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ﬁ Basics of the model
~1
Dynamical equations: : Expansion equation:
T a3m2gb (2 L% B E : —d (3 )
— i y o 7‘(’a p— p—
@ aA : 677”&12)1 pPTp
. E a
= le 5 1 . 4 E (—2K4+V —1Ka — Ga)
E:—5VXB a3A7T¢B i 3m12)l
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= Basics of the model

/R
\ =

Expansion equation:;

Dynamical equations:

Ty = — a’m*¢ A E-B), | — —
Uxo T CLA< > ) Tq 6mI2)1 (3]9 /0)
' a
o l- = 1 - : 2Ky, +V) — (K G
EF=—-——-—VXxDB 2 Ty :37722l ( o+ V) = (Kat+Ga))
a a° A\ : b

[G. Dall’Agata, S. Gonzalez-Martin, A. Papageorgiou, M. Peloso (1912.09950)]
[V. Domcke, V. Guidetti, Y. Welling A. Westphal (2002.02952)]
+

E. V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii, (2109.01651)]
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= Basics of the model

/R
\ =

Expansion equation:;

3012 A | . : _ _
—a’m- o - A (E - B) , 5 T, 6m§1 (3p + p) =
. a
=, 1 - - 1 R : —2K VY — (K &
F=—VxZB 3 77'¢B : 3m21 (< qb"_ > < AT A>)
a a° A\ : p

[G. Dall’Agata, S. Gonzalez-Martin, A. Papageorgiou, M. Peloso (1912.09950)]
[V. Domcke, V. Guidetti, Y. Welling A. Westphal (2002.02952)]
+

E. V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii, (2109.01651)]
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= Basics of the model

/R
\ =

Expansion equation:;

3 9, 1 5 = . —a B

a-m | CLA<E B>7 i Tq 6m12)1(3p 10)_
L a

- k2 + 2k€> Ay(k,7)=0 3m21 (=2Ky + V) = (Ka+ Ga))
T - D

[G. Dall’Agata, S. Gonzalez-Martin, A. Papageorgiou, M. Peloso (1912.09950)]
[V. Domcke, V. Guidetti, Y. Welling A. Westphal (2002.02952)]
+

E. V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii, (2109.01651)]
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= Basics of the model

/R
\ =

Expansion equation:;

—U
Ta 6m12)1 (3]9 /0) o
a
_(]{j7 7‘) — () 3m12)1 (<_2K<b T V> _ <KA T GA>)

S AN [dk . d L2
E-B)=—-—-— [ —k°— |A,(k
< > a4 A dr —I-( 77_)

[G. Dall’Agata, S. Gonzalez-Martin, A~Rapageorgiou, M. Peloso (1.9
[V. Domcke, V. Guidetti, Y. Welling A. Westphal (2002.02952)]

+

E. V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii, (2109.01651)]
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= Basics of the model

ap-
~.—

Expansion equation:;

=
Q

|
)
)
=
=

|

T k2|A+(E7 T)‘Q

dr /
[E V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii, (2109.01651)]

dA ., (k, )| T
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ﬁ Why in the lattice?
~1
Dynamical equations: : Expansion equation:
T a3m2gb A L% B E : —d (3 )
— i y s 7‘(’a p— p—
@ aA : 677”&12)1 pPTp
. i a
-t lo o 1 . - : (—2K4s+V —K4qg—Gy)
= , S 0, A A
= CLVXB a3A7T¢B i Bmpl
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<> Why in the lattice?

e L
e Lattice provides the solution:
Real time evolution of fields
Dynamical equations: , Xpansion equation:
T = a?’ngb' 155 S 3 =
7 al T Wa_GmIz)l(p p) =
= 1 1 i - (—2K4+V — Ka—Ga)
nIE w > ~ D , S 0 — I A — U A
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<> Why in the lattice?

\ =

/R

Lattice provides the solution:
Real time evolution of fields

Dynamical equations:

Xpansion equation:

Inhomogeneous source:
Induce gradients not
tractable analytically

—a

Mg = (3p /0) —
GmI%1

< 2K¢—|-V—KA—GA>

a

2
Smpl
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Dynamical equations:

Why In the lattice?

Lattice provides the solution:
Real time evolution of fields

Xpansion equation:

Inhomogeneous source:
Induce gradients not
tractable analytically

—a

Mg = (3p /0) —
GmI%1

2< 2K¢—|-V—KA—GA>
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\ =

/R

Dynamical equations:

Why In the lattice?

Lattice provides the solution:
Real time evolution of fields

Xpansion equation:

p)

Y/ D.o.F will be simultaneously

Inhomogeneous source:

Induce gradients not
tractable analytically

Cosmol.attice School, Sept. 5-8, Valencia

evolved

¢ Track of all inhomogeneities
¢ Full backreaction effects included
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< Discretisation procedure

/R
\ =

[D. G. Figueroa & M. Shaposhnikov (1705.09629)]
Want to preserve:

1- Gauge transformations

A, — A, +0,a(x)

2- Bianchi identities

;) e

V xE=2RB V-B=0

3- Topological nature of the coupling

FWFW = 0, K" Exact lattice shift symmetry

4- Continuum limit to  O(dz?)

® @ sites
Au @ links
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< Discretisation procedure

/R
\ =

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Continuum Lattice

?E’ B : The only one |
A . that satisfies
: all conditions:
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ﬁ Discretisation procedure
T~ [D. G. Figueroa, M. Shaposhnikov (1705.09629)]
Continuum Lattice
ZF.B ;The onlyoneé
A : that satisfies :
: all conditions
2) _ L | 0
B = J(Ei+EBi—) @ n+
BZ.(‘” = E(BZ +Bi i+ B+ Bi_j_x) Q@ n
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< Discretisation procedure

/R
\ =

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Continuum Lattice

i that satisfies

F, F*" =0§,K" Exact lattice shift symmetry

: all conditions ; Want topreserve: I
N . I
1- Gauge transformations

(2) _ 1 0 ! |
B = i(EZ +FE; ;) Q@ n+ 5 | A, = A, +8,0() I
1 : 2- Bianchi identities |

4 s E_ A 5 5
Bf ) — Z(Bz _|_ B’L _ _|_B’L,—k _|_BZ —j—k) @ n I VxE=B V-B=0 |
@) 3- Topological nature of the coupling |
E® B | |

I

I
I

/. 4 /. 4 / o :/ 0‘4/ .‘/I 4- Continuum limit to ~ O(dz?)
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< Discretisation procedure

/R
\ =

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Continuum Lattice

: that satisfies

a” COﬂdItIOnS : :_Want to preserve: |
1 6 | 1- Gauge transformations |
2) _
E,L( ) = §(EZ +FE; ;) Q@ n+ 5 | A, = A, +8,0(z) :
| 2- Bianchi identities
1 | |
(4) — VxB=B V.
Bi — Z(B1+Bz —7 _I_Bi,—k _|_B7, —j—k) Q n | " |
4 3- Topologicalgaature coupling |
E® B | |
i . < y J FWFW Exact lattice shift symmetry |
I
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< Discretisation procedure

gi [D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa , D. G. Figueroa (1812.03132)]
S= | d*z|=a’72 — Za (V ) — Za’m?¢? a| E? FE-B
27 "¢ 9 ? 2 2 a2 A
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

B 1 /- N2 1 1 (., B2 .
S:/d4x —agwq%——a (qu) — —a°m?o° 2@ <E2 ) ng-B

/R
\ =

2 2 2 a? A

Full discretised action:

1 1 2 1
o 3 ~ \2 ) + ) 3 2 )
S = AtAx tgq 503 (7) 5040 (A,L- ¢+%> 50, oM ¢+%
7n B
1 2 1 2
+5a,0 E@ (Ag A — Al Ag) P ; j: (A7 A; — AT A))

K 1 ~2) (@) | @)
| aAz;iE"? (B”L' +Bi,+6>
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

1 1 /- \2 1 1 [ .., B2
S:/d4$ —a?’wi——a (ng) — —a°m?o° 50 <E2 )

/R
\ =

2 2 2

Full discretised action:

t.7 -

: Y T (AF A - AF A : N (AFA; - AT A
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

B I /= \2 1 1 (/_, B?
4 3, 2 3,2 12 2
— - - - E N
S /d;p 54 T za(ng) S m 2&\ 2)

/R
\ =

Full discretised action:

t.7 -

: DT (AT A - AF A : N (AFA; - AT A
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

/R
\ =

2 2 2

] o -~ »
S = /d4:,z: 16137735 _ 1& (v¢) _ la?’mQ 2 1@ (EQ \ Bq \
2\ ,r)

Full discretised action:

t.7 -
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

/R
\ =

1
S = /d4a: §a37rq25 —

Full discretised action:

S = AtA2S Z

t.7 -
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Discretisation procedure

Evolution Kernels Tyro=7¢+dtKS, E _,=FE

dt . dt ~
¢_|_g :¢ 0 | a3ﬂ-¢7 Az,_|_(A):A2 | E

\ =

/R

2
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Discretisation procedure

Evolution Kernels Fyo=Tg+ Atk E - —=F

dat dt ~
L b

| | O .o =0¢ o - T A = A A
Dynamical equations: +3 -4 T 3nes i,40 ’

\ =

/R

1 ~
L ) — AT 3 2 . (2) (4) (4)
Kg=a,g ) DiAG g —alymd o+ 50 ) B (B@' +Bzy+6)

1 |

1

I _ ~ 4 ~ 4

Kz',A — —a Z ez’jkAj Bk SR (7T¢B,L-( ) -+ 7T¢7_|_7;B,L-(7_|)_,L-)
7,k

1 N n ~ N N
2+ deA) Y Y el (AFOED ] o +[(AFOE] , )
T 9.k

0]
2
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< Discretisation procedure

Common kick-drift scheme

Evolution Kernels

Dynamical equations:

L _ — A+
/C¢—a+%ZAZ. Afo o~

Z Ez]kAJ_Bk

1’L

,CZA:__

a

7,k

Sal\

(Gauss’s constraint:

ZA

l\DIO

(2

- ] k

2a° A

da:A+ LL{GW‘C A‘:@E,?)

:¢_|_

~ ~ L
Ty 10 = Ty +dtky , E,

dt dt ~
| a3ﬂ-¢’ A_|_6:A’LI E

PLo=¢

3
dpg™ "y A 2aA ZE
1

(W¢B§4> + T+

N O

1

B\Y + B

_0

2

(2)
() —|—O

BW

1 —I—’L)

:j]_|_g

(4)
1,40

(

(4) | @)
B 4+ B +O)

(AF)EZ] o}
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< Discretisation procedure

Evolution Kernel -~ L S F
olution Kernels Ty o= Tg + Ay, EiﬂL%—E. %—i—dt/C

dt dt ~

N ~ A — S R
¢+8 —¢—g | a37T</5’ Ai,+0 = Ai A Ei,+g

/R
\ =

Dynamical equations:

L_ . o S (2) @ 4 W
Ko =a,o Z A AP g~ Sy ¢+2 2aA ZE@ +3 (BZ .w )

1 _ 1 (4) (4)
,Cz A _a z}; eijkAj By, 203 A\ (WGbB + 7T¢ B'L—I—i)

1 -
S (2 dﬂ?Af)LL{%k[(

(Gauss’s constraint:

L el alTe: (4) | )
ZA 49T 4AL , (Ai ¢+8) (Bi +B)—m
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Discretisation procedure

. ) ) . -
Evolution Kernels Foso=To+dtKy, E, o =E _o+dtK],

dt dt ~

N ~ A — S R
¢+8 —¢—g | a37T</5’ Ai,+0 = Ai A Ei,+g

Dynamical equations:

(Gauss’s constraint:

L_ . o S (2) @ 4 W
Ko =a,o Z A AP g~ Sy ¢+2 2aA ZE@ +3 (BZ .w )

1 1 "
IC,L AT T T ZQ]I@AQ_Bk 5 (7T¢B(4) -+ 7T¢ B,L(4_|)_Z)
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< Discretisation procedure

Evolution Kernel -~ L S F
olution Kernels Ty o= Tg + Ay, EiﬂL%—E. %—i—dt/C

dt dt ~

N ~ A — S R
¢+8 —¢—g | a37T</5’ Ai,+0 = Ai A Ei,+g

/R
\ =

Dynamical equations:

L Aty (2)
Kg=ag ZA B¢ g = gm g 2aA ZEHQ

oS ghe )

a 2a3 A
| g¥eunnnnnnnnnn
N i ~ (9 L ~ (9
Sal (2 d,CCA;I_) L {eijk[(A3_¢)E/g,:):j]—l—% [(A3_¢)El(c,:):j]_g }
T 9.k
Gauss’s constraint: Alternative approach in:

[A. Caravano, E. Komatsu, K. D. Lozanov, J. Weller (2204.12874)]

L el alTe: (4) | )
ZA +3 4/\24 . ( i¢+%) (B +B»0) 4
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< Discretisation procedure

Evolution Kernels bo = b+ dtkE

s =a ¢ + dtb

0 _0
+3 2

/R
\ =

a

Expansion equations:

a16/2
]Cg — 6mé1 (pL + SPL)-H)/Q
p

Hubble’s constraint:

2 a’
71— pL
a 2
Smpl
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< Discretisation procedure

Evolution Kernels b,o = b+ dtk:

+ dtb

/R
\ =

a o — a

+9

_0
2

Expansion equations:

ay6/2
]ch% — Gm% (PL T 3pL)+6/2
p

(IOL + 3pL)—|—O/2 — Q(qu + K¢ _|_()) o 2VL_|_()/2 + 2[(A + (GA + GA _|_())

| 1

L L L L I ~ 7
Hubble’s constraint: pr =K + 5 (G 027" Gy vor2) F3WVol o T Virro2) + §(KA o2 T KU 4op0) T GA
0,2 ~2 AL _ i 2. vk 1 I 5 5
7-‘-2 — 2 [OL ¢ N3 Z 2a67T¢7 ¢ N3 S‘ Y A ¢_|_()/2 ) V¢ — mggm gb-HA)/Q
Sm, o |
Ki=qs ZZ 2a% Bl o Gh= 3 222 1a(AT A4 — AT A’
z +0/2 T
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< Discretisation procedure

Evolution Kernels

Dynamical equations:

/R
\ =

1 ~

L _ ) — A+ 3 2 0 (2) (4) (4)

Ki=a,g D ATAFoy —aSymo o+ 5+ EX, (B +BY,)
1 1

L _ — ~ n(4) | -~ (4)

Kia= T E :EijkAj by, 203\ (%Bi +7T<b,+iB7;,+7;)
3k

1 ~ ~ 1 ~ (D 1 ~ (9

2+ deA)) DS {enl(AFOEEL] s + [(AFOEEL] 4 |
T 9.k
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< Discretisation procedure

Evolution Kernels

Dynamical equations:

/R
\ =

1 ~
L _ ) — AT 3 2 . (2) (4) (4)
Kg=a,q ZAi AidLg —agm e T o3 ZEmL% <B@' i Bi,+6)

1 1
L A — ~ pM@) |~ p(4)
Kia= _EJZI;EZJICAJ' By, 53N (%Bi +7T<b,+zB¢,+z'>
1 - A — L L
2+ deA)) YD el AF O EZL ], o +[(AF0)EPL] |
T 9.k

Non-symplectic,
Conjugate momenta in kernels!
[Remember 4th lecture & 1st Topicall
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< Discretisation procedure

Evolution Kernels

Dynamical equations:

/R
\ =

1 ~
L _ ) — AT 3 2 . (2) (4) (4)
Kg=a,q ZAi AidLg —agm e T o3 ZEmL% <B@' i Bi,+6)

1 _ L /. @ - 1
IC,{:A = — — ZeijkAj Bk 2a3A (ﬂ-ﬁbBi( ) -+ 7T¢7_|_7;B,L-(7_|)_Z->

a =
7,k

a2 >ZZ{W<A7+2 KAJ'S}
+ .k

Non-symplectic,
Conjugate momenta in kernels!
[Remember 4th lecture & 1st Topicall
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Discretisation procedure

Evolution Kernels Tyro=7¢+dtKS, E _,=FE

dt . dt ~
¢_|_g :¢ 0 | a3ﬂ-¢7 Az,_|_(A):A2 | E

\ =

/R

2
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Discretisation procedure

Evolution Kernels Fyo=Tg+ Atk E - —=F

dat dt ~
L b

| | O .o =0¢ o - T A = A A
Dynamical equations: +3 -4 T 3nes i,40 ’

\ =

/R

1 ~
L ) — AT 3 2 . (2) (4) (4)
Kg=a,g ) DiAG g —alymd o+ 50 ) B (B@' +Bzy+6)

1 |

1

I _ ~ 4 ~ 4

Kz',A — —a Z ez’jkAj Bk SR (7T¢B,L-( ) -+ 7T¢7_|_7;B,L-(7_|)_,L-)
7,k

1 N n ~ N N
2+ deA) Y Y el (AFOED ] o +[(AFOE] , )
T 9.k

0]
2
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< Discretisation procedure

Evolution Kernels Fyio =T+ diKk E. o +dtK;,

Dynamical equations:

/R
\ =

L A+ 3 9
Ki'a = - Zez"kA'_Bk : (
v a IR 2a3 A

7,k

1 N\ N\
S (2 dﬂ?Af)LL{%k[(
Implicit scheme required

We need the value of the gauge’s
canonical momentum @ 0/2 for
obtaining its value @ 0/2!
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<> Discretisation procedure
Evolution Kernels 7o o= g+ dEKE e B o+ dikE,

Dynamical equations:

/R
\ =

Implicit scheme required

We need the value of the gauge’s
canonical momentum @ 0/2 for
obtaining its value @ 0/2!
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ANDER URIO

Our Current Work
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<= Explicit-in-time integrator

/R
\ =
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<= Explicit-in-time integrator

/R
\ =

If momenta appear in kernels
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<= Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

Y

Not solvable by explicit

symplectic integrators
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ﬁ Explicit-in-time integrator
~l1l
If momenta appear in kernels
Not solvable by explicit
symplectic integrators
i.e. LF or VV
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<= Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

Y

Not solvable by explicit

symplectic integrators

i.e. LF or VV @
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<= Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

Y

Not solvable by explicit

symplectic integrators

i.e. LF or VV @
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ﬁ Explicit-in-time integrator
~l1l
If momenta appear in kernels
Not solvable by explicit _
symplectic integrators
—
i.e. LF or VV @
T o =7 o +K|m, oldt
+§ =g Rl
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/R
\ =

If momenta appear in kernels

Y

Not solvable by explicit

symplectic integrators

i.e. LF or VV @
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<= Explicit-in-time integrator

Non-sympletic integrators Q
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/R
\ =

If momenta appear in kernels

Y

Not solvable by explicit

symplectic integrators

i.e. LF or VV @
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<= Explicit-in-time integrator

Non-sympletic integrators Q

v
Runge-Kutta
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/R
\ =

If momenta appear in kernels

Y

Not solvable by explicit

symplectic integrators

i.e. LF or VV @
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<= Explicit-in-time integrator

Non-sympletic integrators Q

v
Runge-Kutta

(explicit version)
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<= Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

* Non-sympletic integrators Q

Not solvable by explicit _
Solution *

symplectic integrators

B @ - Runge-Kutta

(explicit version)

No longer!
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<= Explicit-in-time integrator

/R
\ =

7 = u(t,x)
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<= Explicit-in-time integrator

RKZ2 & 2 stages

7 = u(t,x)

/R
\ =
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<= Explicit-in-time integrator

RKZ2 & 2 stages (ti1) = 2(t) 4 dt (DG + byG)

T =it z) >

/R
\ =
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<= Explicit-in-time integrator

RKZ2 & 2 stages o(ta1) = 2(ty) + dt (01G1 + byGo)
d
= =u(t,z) - Gy = ot (1)

dt
GQ — U(tn + Cth, ZB(tn) -+ anGldt)

/R
\ =
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<= Explicit-in-time integrator
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<= Explicit-in-time integrator

RKZ2 & 2 stages o(ta1) = 2(ty) + dt (01G1 + byGo)
d
= u(t,z) - Gy = ot a(ta)

dt
GQ — U(tn + Cth, ZB(tn) -+ anGldt)

/R
\ =

o (tnt1) — 222 (tpg1) = O(dt?)

Constraints — bl -+ bg =1 ] bQCQ — 1/2 ] b2a21 — 1/2
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<= Explicit-in-time integrator

RKZ2 & 2 stages o(ta1) = 2(t) + dt (b1G1 + byGo)
d
= u(t,z) - Gy = ot a(ta)

dt
GQ = U(tn -+ Cth, $(tn) -+ ClzlGldt)

/R
\ =

o (tnt1) — 222 (tpg1) = O(dt?)
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<= Explicit-in-time integrator

RKZ2 & 2 stages o(ta1) = 2(ty) + dt (01G1 + byGo)

1st order ODE — G1 = v(tn, z(ty))

/R
\ =

GQ = U(tn -+ Cth, $(tn) -+ ClzlGldt)

o (tnt1) — 222 (tpg1) = O(dt?)

M0d|ﬁed EUler Constraints — bl -+ bg =1 , bQCQ — 1/2 ] bQCLQl — 1/2

v

b1:1/2,b2:1/2,02:1,a21:1
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<= Explicit-in-time integrator

RKZ2 & 2 stages o(ta1) = 2(ty) + dt (01G1 + byGo)

1st order ODE — G1 = v(tn, z(ty))

/R
\ =

GQ = U(tn -+ Cth, $(tn) -+ ClzlGldt)

QECont (tn—l—l) o xRKZ (tn—l—l) _ O(dtg)

M0d|ﬁed EUler Constraints — bl —+ bg =1 , bQCQ — 1/2 ] b2a21 — 1/2

v

b1:1/2, 52:1/2, co=1,a91 =1 Glzv(tn,ﬂj(tn))
Go = v(t, + dt,z(t,) + G1dt)
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<= Explicit-in-time integrator
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<= Explicit-in-time integrator

/R
\ =

2nd order ODE

d?x dx
Il ol R
dt? ( " dt>
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<= Explicit-in-time integrator

/R
\ =

2nd order ODE 1st order ODE RK2 ?

d?x dx
dt? ( " dt>
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<= Explicit-in-time integrator

/R
\ =

2nd order ODE Ist order ODE RK2 7
d?x dx
ﬁ — /C (t, L, dt)

v

Coupled 1st order ODEs
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ﬁ Explicit-in-time integrator
~.
1st order ODE RK2 ?
d?zx B , dx
=% (0 %)
- v(t,zr) «—— |Coupled 1!rder ODEs], —— v _ K(t,z,v)
dt ’ P g , T,
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<= Explicit-in-time integrator

/R
\ =

2nd order ODE Ist order ODE RK2 7
d?x dx
W — /C (t, X, §>

v

«——— |Coupled 1st order ODEs|, — — =K(t,z,v)

(7o _U(t + dt, ZIZ’( )—|—G1dt)
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<= Explicit-in-time integrator

/R
\ =

2nd order ODE 1st order ODE RK2 7
d?x B , dx
W — ( o Ly E)

v

«<—— |Coupled 1st order ODEs|, ——

GT = K(tn,x(t,), v(tn))
Go = U(t + dt ZU( ) +- Gldt) G; — K(tn + dt, x(tn) + dtGo, U(tn) T dtGT)

U(tn+1) —
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<= Explicit-in-time integrator

/R
\ =

Axion-Inflation using RK2
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ﬁ Explicit-in-time integrator
=
= (1)
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<= Explicit-in-time integrator

K=
o) = ¢(tn) .
............. P
. 5(1) o'V = a(t,)
0 = 7 (1)
“““ | EY = Eitn)
.......... - i)
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ﬁ Explicit-in-time integrator
<2
Qb(l) — ¢(tn) ;
............. . AED B Ai(tn) | K(l) _ ch(a(l)?ﬁg(bl))
Sl ) W =at) )V =VET)
7};1) = T(tn) K\ = KA(a(l), Ei(l))
“““ | B = Eilta) . G’ = Ga(a®, A7)
......... A
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ﬁ Explicit-in-time integrator
~1 Axion-Inflation using RK2
qb(l) — ¢(tn) ;
------------- A (1) B K(l) — K (a(l) 7’:".(1)) (1) (1) ~ (1) (1) :»(1) —>(1)
A, Ai(tn) . ? ? e K™ =Ko {¢ Ty @ L BB } ’
Ny (1) _ (1) N
P oV =alt,), _JVi=Vvier) o 4 KD = Ka [0, 7D, a0, B0, O]
L ~(1) - K(].) _ K (a(]_) E(l)) A » o 0 ) y 9
7j¢ —7i¢(tn), g A (1)» 21) ) _ o [au) D ) W G(”} |
“““ 4 E@'(l) = Ei(tn) Gy =Gala, A;7) ! ’ e A TTA
A = mata)
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ﬁ Explicit-in-time integrator
~1 Axion-Inflation using RK2
qb(l) — ¢(tn) ;
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ﬁ Explicit-in-time integrator
~l Axion-Inflation using RK?2
qb(l) — ¢(tn) ;
............. . (1) K(l) — K (1) ~(1) (1) 1~ (1) N 21 =01
A; Ai(tn) ¢ ACS P Ky ' i=Kg {¢( ) Ty o'V B Bl )} ,
1) (1) _ (1)
t, = (1) oV =alt,), . 4 viers) . » i) [¢(1) ~(1) ey E(l) B(l)}
~(1) _ = K(l) _ K (a(l) E(l)) ;
qu _7?5(%)7 (1) ’ (1)’ 21) KW = K {a(l) KW y® g G(l)} .
“““ v Ez'(l) _ Ez(tn) 7 G — GA(CL 714@ ) a a ) B » YA A
7721) — 7-‘-a(tn) 9

¢(2) _ ¢(1) 4 (a(l))_gﬁ(l)& |

A§2) _ Agl) INION 1E(1)(5t,
| G = ) K6t
E =EY 4Vt

2 =7 L Wt

*
L
4
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4, '
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ﬁ Explicit-in-time integrator
~l Axion-Inflation using RK?2
qb(l) — ¢(tn) ;
............. . (1) K(l) — K (1) ~(1) (1) 1~ (1) N 21 =01
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ﬁ Explicit-in-time integrator
~1 Axion-Inflation using RK2
qb(l) — ¢(tn) ;
------------- A (1) K(l) — K (a(l) 7’:".(1)) (1) (1) ~ (1) (1) :»(1) —>(1)
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ﬁ Explicit-in-time integrator
~1l Axion-Inflation using RK2
qb(l) — ¢(tn) ;
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ﬁ Explicit-in-time integrator
~1l Axion-Inflation using RK2
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ﬁ Explicit-in-time integrator
=
5 — o) | (a(l))_?’ﬁ((;)ét | Axion-Inflation using RK2
. ~ _ 9 (2 = —
A =AM 4 @) EDse, (K = Ko(a®70) (K=K [0 77,a® E®) B
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ﬁ Explicit-in-time integrator
~=
52 = (M) 4 (a(l))_gﬁél)dt | Axion-Inflation using RK2
o AP = AW L (@) EWst (K = Ky(a®, 7)) K= Ky [¢<2>,ﬁf>,a<2>,5<2>,§<2>} |
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<= Explicit-in-time integrator

/R
\ =

Axion-Inflation using RK2
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<= Explicit-in-time integrator

/R
\ =

Axion-Inflation using RK2

o(tn) + 5ty H K )6t

~

- 1 :
Ei(tas1) = Eilta) + 5 (K3 # K)ot

1. ‘
7-‘_a(tfn,—l—l) — Wa(tn) + §(K§Ll) —+ /Cg?))5t

More intermediate

kernels
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<= Explicit-in-time integrator
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<= Explicit-in-time integrator
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<= Explicit-in-time integrator

/R
\ =

Axion-Inflation using RK2

More intermediate

kernels

k_’_>

Time disadvantages
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<= Explicit-in-time integrator

/R
\ =

Axion-Inflation using RK2

More intermediate

kernels

k_-'—I’

[D. G. Figueroa, A. Florio, T. Opferkuch, B. Stefanek (2112.08388)]

Time disadvantages
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<= Explicit-in-time integrator

Axion-Inflation using RK2
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<= Explicit-in-time integrator

Axion-Inflation using RK2

/R
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ﬁ Explicit-in-time integrator
~ Axion-Inflation using RK2: validation of the scheme
1013 [J. R. C. Cuissa, D. G. Figueroa (1812.03132)]
Lotz Solid: Canivete and Figueroa|
Scatter: Our scheme
1011 % % I X% se 1
<
b
S
: 10+
Preheating 00
example 10 L ' T
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ﬁ Explicit-in-time integrator
~L Axion-Inflation using RK2: validation of the scheme
1013 [J. R. C. Cuissa, D. G. Figueroa (1812.03132)]
1012 Solid: Canivete and Figueroa |«
Scatter: Our scheme LF inplicit
10t ]
<
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S
. 101}
Preheating 00
example 10 ' 0 | | 10!
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<= Explicit-in-time integrator
e l u n n n n
~L Axion-Inflation using RK2: validation of the scheme
013 [J. R. C. Cuissa, D. G. Figueroa (1812.03132)]
Solid: Canivete and Figueroa |«
Scatter: Our scheme LF inplicit
T RK2 explicit
104} \
107} |
10°}
. 10"
Preheating O
example 0 0 ' ]
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<= Explicit-in-time integrator
Axion-Inflation using RK2: validation of the scheme

[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

1013 . . -— .
1012 Solid: Canivete and Figueroa |« S
Scatter: Our scheme LF inplicit
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<= Explicit-in-time integrator
Axion-Inflation using RK2: validation of the scheme

[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

1013 - - - .
1012 Solid: Canivete and Figueroa |« S
Scatter: Our scheme LF inplicit
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Explicit-in-time integrator

Axion-Inflation using RKZ2: validation of the scheme

[J. R. C. Cuissa, D. .G. Figueroa (1812.03132)]
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Energy density ratio
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Explicit-in-time integrator

Axion-Inflation using RK2: validation of the scheme

[J. R. C. Cuissa, D. .G. Figueroa (1812.03132)]
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<= Explicit-in-time integrator
Axion-Inflation using RK2: validation of the scheme

[J. R. C. Cuissa, D. .G. Figueroa (1812.03132)]
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<= Explicit-in-time integrator
Axion-Inflation using RKZ2: validation of the scheme
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/R
\ =

| I
a3A7T¢B

Ty -
|

1—» —
——V X B
a

Cosmol.attice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio



<= Initial Conditions in the Linear Regime

1—» — 1 _ —
——Vx B~ 7ty —)

/R
\ =

Ty -
|

Cosmol.attice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio



<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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ﬁ Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime

/R
\ =

Helicity basis

BD solutions for A-

Cartesian basis

BD solution for each helicity

starting from cartesian basis

—
Helicity vectors

AF =

-
2

Cosmol.attice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio



<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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ﬁ Initial Conditions in the Linear Regime
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<> Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime

Two IC options
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<= Initial Conditions in the Linear Regime

Two IC options
v,

ly project the + helici -
Only project the + helicity states Project both states + and -

AT is exponentially enhanced Main objective: non-linear regime

Can A~ become relevant?
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<= Initial Conditions in the Linear Regime

Gauge Initialialization process
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<= Initial Conditions in the Linear Regime

Gauge Initialialization process

@ Assign BD + solution to A; CL variables
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<= Initial Conditions in the Linear Regime

Gauge Initialialization process
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<= Initial Conditions in the Linear Regime

Gauge Initialialization process
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Go back to real space via FFT
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<= Initial Conditions in the Linear Regime

Gauge Initialialization process

/R
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@ Assign BD + solution to A; CL variables @ Use the helicity projector
1 .
A; — eh/atl A - AT =Pt A,
V2k 7
@ Add fluctuations to A; with RGF @ Repeat the process with A_
@ (o back to real space via FFT @ Repeat initialization with E~ BD solutions

We will have an amplitude of 2 BD in A,

EOMs evolved in real space!
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<= Simulations in the Linear Regime

/R
\ =

: f — -6.0 eFolds
105 Dotted: Mathematica | - — .55 eFolds

5 Solid: Lattice E -5.0 eFolds
104 ! :

-4.5 eFolds

Cosmol.attice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio




<= Simulations in the Linear Regime
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<= Simulations in the Linear Regime

/R
\ =

5 - — -6.0 eFolds
§ Solid: Lattice <A o erolde
10° ST | 1 -4.5 eFolds
; § 4.0 eFolds
10°} : -3.5 eFolds

: ! -3.0 eFolds
104} ; — -2.5 eFolds

1071 100 10!
k/m

Cosmol.attice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio




<= Simulations in the Linear Regime
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<> Non-linear evolution: example
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Dynamical equations:
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ﬁ Non-linear evolution: example
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Gauge PS
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Gauge PS
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Non-linear evolution: example
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<> Non-linear evolution: example
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<> Non-linear evolution: example
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<> Non-linear evolution: example
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<> Non-linear evolution: example
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ﬁ Non-linear evolution: example
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<§ Non-linear evolution: example
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Non-linear evolution: example
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