
Non-linear dynamics of 
Axion-inflation

<latexit sha1_base64="JuzQ50GJDnqRhhB9OurYE/b7bMk=">AAACCXicdVC7TsMwFHV4lvIKMLJYVEhMURKitmwVXRgYikQfUhtVjuu0Vp04sh2kKurKwq+wMIAQK3/Axt/gtAUBgiNZOj7nXvveEySMSmXb78bS8srq2npho7i5tb2za+7ttyRPBSZNzBkXnQBJwmhMmooqRjqJICgKGGkH43rut2+IkJTH12qSED9Cw5iGFCOlpb4JexFSI4xYVp9yGfGv6+UUKUUx6Zsl2zqrll2vDG3LtiuO6+TErXinHnS0kqMEFmj0zbfegOM0IrHCDEnZdexE+RkS+jVGpsVeKkmC8BgNSVfTGEVE+tlskyk81soAhlzoEys4U793ZCiSchIFujIfVP72cvEvr5uqsOpnNE5SRWI8/yhMGVQc5rHAARUEKzbRBGFB9awQj5BAWOnwijqEz03h/6TlWk7Z8q68Uu18EUcBHIIjcAIcUAE1cAEaoAkwuAX34BE8GXfGg/FsvMxLl4xFzwH4AeP1Az2am1k=</latexit>

CosmoLattice
School 2022 - Valencia

Joanes Lizarraga & Ander Urio



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio

Action:

2

Basics of the model

<latexit sha1_base64="+eouK6lTGDJ8c+SeLqg/KgM2Yxs="></latexit>
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<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

� Pseudo-scalar axion field

<latexit sha1_base64="kWVKA4iv156YIfLXobjRmumIQSk=">AAAB9HicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxWsA/oDCWTZtrQTDImdwql9DvcuFDErR/jzr8x085CWw9c7uGce8nNCRPBDbjut1NYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3WV+e8y04Uo+wiRhQUwGkkecErBS4CdD7oPK2gXtlStu1Z0DrxIvJxWUo9Erf/l9RdOYSaCCGNP13ASCKdHAqWCzkp8alhA6IgPWtVSSmJlgOj96hs+s0seR0rYk4Ln6e2NKYmMmcWgnYwJDs+xl4n9eN4XoJphymaTAJF08FKUCg8JZArjPNaMgJpYQqrm9FdMh0YSCzalkQ/CWv7xKWpdV76pae6hV6rd5HEV0gk7ROfLQNaqje9RATUTRE3pGr+jNGTsvzrvzsRgtOPnOMfoD5/MHrOaSDA==</latexit>

� ! �+ cShift symmetry

[M. M. Anber, L. Sorbo (0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]
[N. Barnaby, E. Pajer, M. Peloso (1110.3327)]

[K. Freese, J. A. Frieman, A. V. 
Olinto (PRL 65,3233 1990)]
… Axion-inflation

<latexit sha1_base64="UAdwUnqmtfox4ynLV7xHnEIOoLM=">AAACDnicbZC7SgNBFIbPxluMt1VLm8EQEISwK0EtA0KwsIhiLpANYXZ2Nhkye3FmVgjLPoGNr2JjoYiW1na+jZNLoYk/DPz85xzOnM+NOZPKsr6N3NLyyupafr2wsbm1vWPu7jVllAhCGyTikWi7WFLOQtpQTHHajgXFgctpyx1ejOuteyoki8JbNYppN8D9kPmMYKWjnlk6du4S7CHHF5ikTjxgWepc6XkPZzVHMe7RtJb1zKJVtiZCi8aemSLMVO+ZX44XkSSgoSIcS9mxrVh1UywUI5xmBSeRNMZkiPu0o22IAyq76eScDJV04iE/EvqFCk3S3xMpDqQcBa7uDLAayPnaOPyv1kmUf95NWRgnioZkushPOFIRGrNBHhOUKD7SBhPB9F8RGWANRmmCBQ3Bnj950TRPyvZpuXJdKVZvPqY48nAAh3AENpxBFS6hDg0g8ABP8AKvxqPxbLwZ79PWnDFDuA9/ZHz+APDcnVw=</latexit>
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<latexit sha1_base64="g9OQyocNEmGlPT65GTgmGX0NAoI=">AAACH3icbZBNS8MwGMdTX+d8q3r0UhyCF0crY3oRpoJ4nOBeYC0lzdItLElLkgqj7Jt48at48aCIeNu3Me16mJsPhPz5/fMkef5BTIlUtj01VlbX1jc2S1vl7Z3dvX3z4LAto0Qg3EIRjUQ3gBJTwnFLEUVxNxYYsoDiTjC6y/zOMxaSRPxJjWPsMTjgJCQIKo18s37vpy5LXJ5Mrt0YCkUgzcnkRm+ans9RPqPa9M2KXbXzspaFU4gKKKrpmz9uP0IJw1whCqXsOXasvDS7GlE8KbuJxDFEIzjAPS05ZFh6aT7fxDrVpG+FkdCLKyun8x0pZFKOWaBPMqiGctHL4H9eL1HhlZcSHicKczR7KEyopSIrC8vqE4GRomMtIBJE/9VCQyggUjrSsg7BWRx5WbQvqk69WnusVRq3RRwlcAxOwBlwwCVogAfQBC2AwAt4Ax/g03g13o0v43t2dMUoeo7AnzKmv9w8pL4=</latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="dVlpi3U0plv1323cFHYpoo9OrUw=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2ARKkKZkaIuq25cVrAX6JRyJs20oZkLSUYsQ9/Cja/ixoUibnXn25hpp6CtBwIf/39OkvO7EWdSWda3kVtaXlldy68XNja3tnfM3b2GDGNBaJ2EPBQtFyTlLKB1xRSnrUhQ8F1Om+7wOvWb91RIFgZ3ahTRjg/9gHmMgNJS1yxfdhPHj8fYUSGe8Ql2IhCKAZ+ZwKMBlB6Ou2bRKluTwotgZ1BEWdW65pfTC0ns00ARDlK2bStSnSS9nXA6LjixpBGQIfRpW2MAPpWdZLLXGB9ppYe9UOgTKDxRf08k4Es58l3d6YMayHkvFf/z2rHyLjoJC6JY0YBMH/JijnUGaUi4xwQlio80ABFM/xWTAQggSkdZ0CHY8ysvQuO0bJ+VK7eVYvUqiyOPDtAhKiEbnaMqukE1VEcEPaJn9IrejCfjxXg3PqatOSOb2Ud/yvj8AQ+lnz8=</latexit>

Aµ ! Aµ + @µ↵(x)

<latexit sha1_base64="QgV7GoDcpQbn4sf9sdWtIm5zfSY="></latexit>
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<latexit sha1_base64="+eouK6lTGDJ8c+SeLqg/KgM2Yxs="></latexit>
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<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

� Pseudo-scalar axion field

<latexit sha1_base64="kWVKA4iv156YIfLXobjRmumIQSk=">AAAB9HicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxWsA/oDCWTZtrQTDImdwql9DvcuFDErR/jzr8x085CWw9c7uGce8nNCRPBDbjut1NYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3WV+e8y04Uo+wiRhQUwGkkecErBS4CdD7oPK2gXtlStu1Z0DrxIvJxWUo9Erf/l9RdOYSaCCGNP13ASCKdHAqWCzkp8alhA6IgPWtVSSmJlgOj96hs+s0seR0rYk4Ln6e2NKYmMmcWgnYwJDs+xl4n9eN4XoJphymaTAJF08FKUCg8JZArjPNaMgJpYQqrm9FdMh0YSCzalkQ/CWv7xKWpdV76pae6hV6rd5HEV0gk7ROfLQNaqje9RATUTRE3pGr+jNGTsvzrvzsRgtOPnOMfoD5/MHrOaSDA==</latexit>

� ! �+ cShift symmetry

[M. M. Anber, L. Sorbo (0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]
[N. Barnaby, E. Pajer, M. Peloso (1110.3327)]

[K. Freese, J. A. Frieman, A. V. 
Olinto (PRL 65,3233 1990)]
… Axion-inflation

<latexit sha1_base64="UAdwUnqmtfox4ynLV7xHnEIOoLM=">AAACDnicbZC7SgNBFIbPxluMt1VLm8EQEISwK0EtA0KwsIhiLpANYXZ2Nhkye3FmVgjLPoGNr2JjoYiW1na+jZNLoYk/DPz85xzOnM+NOZPKsr6N3NLyyupafr2wsbm1vWPu7jVllAhCGyTikWi7WFLOQtpQTHHajgXFgctpyx1ejOuteyoki8JbNYppN8D9kPmMYKWjnlk6du4S7CHHF5ikTjxgWepc6XkPZzVHMe7RtJb1zKJVtiZCi8aemSLMVO+ZX44XkSSgoSIcS9mxrVh1UywUI5xmBSeRNMZkiPu0o22IAyq76eScDJV04iE/EvqFCk3S3xMpDqQcBa7uDLAayPnaOPyv1kmUf95NWRgnioZkushPOFIRGrNBHhOUKD7SBhPB9F8RGWANRmmCBQ3Bnj950TRPyvZpuXJdKVZvPqY48nAAh3AENpxBFS6hDg0g8ABP8AKvxqPxbLwZ79PWnDFDuA9/ZHz+APDcnVw=</latexit>
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<latexit sha1_base64="g9OQyocNEmGlPT65GTgmGX0NAoI=">AAACH3icbZBNS8MwGMdTX+d8q3r0UhyCF0crY3oRpoJ4nOBeYC0lzdItLElLkgqj7Jt48at48aCIeNu3Me16mJsPhPz5/fMkef5BTIlUtj01VlbX1jc2S1vl7Z3dvX3z4LAto0Qg3EIRjUQ3gBJTwnFLEUVxNxYYsoDiTjC6y/zOMxaSRPxJjWPsMTjgJCQIKo18s37vpy5LXJ5Mrt0YCkUgzcnkRm+ans9RPqPa9M2KXbXzspaFU4gKKKrpmz9uP0IJw1whCqXsOXasvDS7GlE8KbuJxDFEIzjAPS05ZFh6aT7fxDrVpG+FkdCLKyun8x0pZFKOWaBPMqiGctHL4H9eL1HhlZcSHicKczR7KEyopSIrC8vqE4GRomMtIBJE/9VCQyggUjrSsg7BWRx5WbQvqk69WnusVRq3RRwlcAxOwBlwwCVogAfQBC2AwAt4Ax/g03g13o0v43t2dMUoeo7AnzKmv9w8pL4=</latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="dVlpi3U0plv1323cFHYpoo9OrUw=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2ARKkKZkaIuq25cVrAX6JRyJs20oZkLSUYsQ9/Cja/ixoUibnXn25hpp6CtBwIf/39OkvO7EWdSWda3kVtaXlldy68XNja3tnfM3b2GDGNBaJ2EPBQtFyTlLKB1xRSnrUhQ8F1Om+7wOvWb91RIFgZ3ahTRjg/9gHmMgNJS1yxfdhPHj8fYUSGe8Ql2IhCKAZ+ZwKMBlB6Ou2bRKluTwotgZ1BEWdW65pfTC0ns00ARDlK2bStSnSS9nXA6LjixpBGQIfRpW2MAPpWdZLLXGB9ppYe9UOgTKDxRf08k4Es58l3d6YMayHkvFf/z2rHyLjoJC6JY0YBMH/JijnUGaUi4xwQlio80ABFM/xWTAQggSkdZ0CHY8ysvQuO0bJ+VK7eVYvUqiyOPDtAhKiEbnaMqukE1VEcEPaJn9IrejCfjxXg3PqatOSOb2Ud/yvj8AQ+lnz8=</latexit>

Aµ ! Aµ + @µ↵(x)

<latexit sha1_base64="QgV7GoDcpQbn4sf9sdWtIm5zfSY="></latexit>
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<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

� Pseudo-scalar axion field

<latexit sha1_base64="kWVKA4iv156YIfLXobjRmumIQSk=">AAAB9HicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxWsA/oDCWTZtrQTDImdwql9DvcuFDErR/jzr8x085CWw9c7uGce8nNCRPBDbjut1NYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3WV+e8y04Uo+wiRhQUwGkkecErBS4CdD7oPK2gXtlStu1Z0DrxIvJxWUo9Erf/l9RdOYSaCCGNP13ASCKdHAqWCzkp8alhA6IgPWtVSSmJlgOj96hs+s0seR0rYk4Ln6e2NKYmMmcWgnYwJDs+xl4n9eN4XoJphymaTAJF08FKUCg8JZArjPNaMgJpYQqrm9FdMh0YSCzalkQ/CWv7xKWpdV76pae6hV6rd5HEV0gk7ROfLQNaqje9RATUTRE3pGr+jNGTsvzrvzsRgtOPnOMfoD5/MHrOaSDA==</latexit>

� ! �+ cShift symmetry

[M. M. Anber, L. Sorbo (0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]
[N. Barnaby, E. Pajer, M. Peloso (1110.3327)]

[K. Freese, J. A. Frieman, A. V. 
Olinto (PRL 65,3233 1990)]
… Axion-inflation

<latexit sha1_base64="UAdwUnqmtfox4ynLV7xHnEIOoLM=">AAACDnicbZC7SgNBFIbPxluMt1VLm8EQEISwK0EtA0KwsIhiLpANYXZ2Nhkye3FmVgjLPoGNr2JjoYiW1na+jZNLoYk/DPz85xzOnM+NOZPKsr6N3NLyyupafr2wsbm1vWPu7jVllAhCGyTikWi7WFLOQtpQTHHajgXFgctpyx1ejOuteyoki8JbNYppN8D9kPmMYKWjnlk6du4S7CHHF5ikTjxgWepc6XkPZzVHMe7RtJb1zKJVtiZCi8aemSLMVO+ZX44XkSSgoSIcS9mxrVh1UywUI5xmBSeRNMZkiPu0o22IAyq76eScDJV04iE/EvqFCk3S3xMpDqQcBa7uDLAayPnaOPyv1kmUf95NWRgnioZkushPOFIRGrNBHhOUKD7SBhPB9F8RGWANRmmCBQ3Bnj950TRPyvZpuXJdKVZvPqY48nAAh3AENpxBFS6hDg0g8ABP8AKvxqPxbLwZ79PWnDFDuA9/ZHz+APDcnVw=</latexit>
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<latexit sha1_base64="g9OQyocNEmGlPT65GTgmGX0NAoI=">AAACH3icbZBNS8MwGMdTX+d8q3r0UhyCF0crY3oRpoJ4nOBeYC0lzdItLElLkgqj7Jt48at48aCIeNu3Me16mJsPhPz5/fMkef5BTIlUtj01VlbX1jc2S1vl7Z3dvX3z4LAto0Qg3EIRjUQ3gBJTwnFLEUVxNxYYsoDiTjC6y/zOMxaSRPxJjWPsMTjgJCQIKo18s37vpy5LXJ5Mrt0YCkUgzcnkRm+ans9RPqPa9M2KXbXzspaFU4gKKKrpmz9uP0IJw1whCqXsOXasvDS7GlE8KbuJxDFEIzjAPS05ZFh6aT7fxDrVpG+FkdCLKyun8x0pZFKOWaBPMqiGctHL4H9eL1HhlZcSHicKczR7KEyopSIrC8vqE4GRomMtIBJE/9VCQyggUjrSsg7BWRx5WbQvqk69WnusVRq3RRwlcAxOwBlwwCVogAfQBC2AwAt4Ax/g03g13o0v43t2dMUoeo7AnzKmv9w8pL4=</latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="dVlpi3U0plv1323cFHYpoo9OrUw=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2ARKkKZkaIuq25cVrAX6JRyJs20oZkLSUYsQ9/Cja/ixoUibnXn25hpp6CtBwIf/39OkvO7EWdSWda3kVtaXlldy68XNja3tnfM3b2GDGNBaJ2EPBQtFyTlLKB1xRSnrUhQ8F1Om+7wOvWb91RIFgZ3ahTRjg/9gHmMgNJS1yxfdhPHj8fYUSGe8Ql2IhCKAZ+ZwKMBlB6Ou2bRKluTwotgZ1BEWdW65pfTC0ns00ARDlK2bStSnSS9nXA6LjixpBGQIfRpW2MAPpWdZLLXGB9ppYe9UOgTKDxRf08k4Es58l3d6YMayHkvFf/z2rHyLjoJC6JY0YBMH/JijnUGaUi4xwQlio80ABFM/xWTAQggSkdZ0CHY8ysvQuO0bJ+VK7eVYvUqiyOPDtAhKiEbnaMqukE1VEcEPaJn9IrejCfjxXg3PqatOSOb2Ud/yvj8AQ+lnz8=</latexit>

Aµ ! Aµ + @µ↵(x)

<latexit sha1_base64="QgV7GoDcpQbn4sf9sdWtIm5zfSY="></latexit>
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<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

� Pseudo-scalar axion field

<latexit sha1_base64="kWVKA4iv156YIfLXobjRmumIQSk=">AAAB9HicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxWsA/oDCWTZtrQTDImdwql9DvcuFDErR/jzr8x085CWw9c7uGce8nNCRPBDbjut1NYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3WV+e8y04Uo+wiRhQUwGkkecErBS4CdD7oPK2gXtlStu1Z0DrxIvJxWUo9Erf/l9RdOYSaCCGNP13ASCKdHAqWCzkp8alhA6IgPWtVSSmJlgOj96hs+s0seR0rYk4Ln6e2NKYmMmcWgnYwJDs+xl4n9eN4XoJphymaTAJF08FKUCg8JZArjPNaMgJpYQqrm9FdMh0YSCzalkQ/CWv7xKWpdV76pae6hV6rd5HEV0gk7ROfLQNaqje9RATUTRE3pGr+jNGTsvzrvzsRgtOPnOMfoD5/MHrOaSDA==</latexit>

� ! �+ cShift symmetry

Generated from 
external mechanism

breaks the shift 
symmetry explicitly

[M. M. Anber, L. Sorbo (0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]
[N. Barnaby, E. Pajer, M. Peloso (1110.3327)]

[K. Freese, J. A. Frieman, A. V. 
Olinto (PRL 65,3233 1990)]
… Axion-inflation

<latexit sha1_base64="UAdwUnqmtfox4ynLV7xHnEIOoLM=">AAACDnicbZC7SgNBFIbPxluMt1VLm8EQEISwK0EtA0KwsIhiLpANYXZ2Nhkye3FmVgjLPoGNr2JjoYiW1na+jZNLoYk/DPz85xzOnM+NOZPKsr6N3NLyyupafr2wsbm1vWPu7jVllAhCGyTikWi7WFLOQtpQTHHajgXFgctpyx1ejOuteyoki8JbNYppN8D9kPmMYKWjnlk6du4S7CHHF5ikTjxgWepc6XkPZzVHMe7RtJb1zKJVtiZCi8aemSLMVO+ZX44XkSSgoSIcS9mxrVh1UywUI5xmBSeRNMZkiPu0o22IAyq76eScDJV04iE/EvqFCk3S3xMpDqQcBa7uDLAayPnaOPyv1kmUf95NWRgnioZkushPOFIRGrNBHhOUKD7SBhPB9F8RGWANRmmCBQ3Bnj950TRPyvZpuXJdKVZvPqY48nAAh3AENpxBFS6hDg0g8ABP8AKvxqPxbLwZ79PWnDFDuA9/ZHz+APDcnVw=</latexit>

+
�

⇤
FF̃
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Basics of the model

<latexit sha1_base64="g9OQyocNEmGlPT65GTgmGX0NAoI=">AAACH3icbZBNS8MwGMdTX+d8q3r0UhyCF0crY3oRpoJ4nOBeYC0lzdItLElLkgqj7Jt48at48aCIeNu3Me16mJsPhPz5/fMkef5BTIlUtj01VlbX1jc2S1vl7Z3dvX3z4LAto0Qg3EIRjUQ3gBJTwnFLEUVxNxYYsoDiTjC6y/zOMxaSRPxJjWPsMTjgJCQIKo18s37vpy5LXJ5Mrt0YCkUgzcnkRm+ans9RPqPa9M2KXbXzspaFU4gKKKrpmz9uP0IJw1whCqXsOXasvDS7GlE8KbuJxDFEIzjAPS05ZFh6aT7fxDrVpG+FkdCLKyun8x0pZFKOWaBPMqiGctHL4H9eL1HhlZcSHicKczR7KEyopSIrC8vqE4GRomMtIBJE/9VCQyggUjrSsg7BWRx5WbQvqk69WnusVRq3RRwlcAxOwBlwwCVogAfQBC2AwAt4Ax/g03g13o0v43t2dMUoeo7AnzKmv9w8pL4=</latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="dVlpi3U0plv1323cFHYpoo9OrUw=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2ARKkKZkaIuq25cVrAX6JRyJs20oZkLSUYsQ9/Cja/ixoUibnXn25hpp6CtBwIf/39OkvO7EWdSWda3kVtaXlldy68XNja3tnfM3b2GDGNBaJ2EPBQtFyTlLKB1xRSnrUhQ8F1Om+7wOvWb91RIFgZ3ahTRjg/9gHmMgNJS1yxfdhPHj8fYUSGe8Ql2IhCKAZ+ZwKMBlB6Ou2bRKluTwotgZ1BEWdW65pfTC0ns00ARDlK2bStSnSS9nXA6LjixpBGQIfRpW2MAPpWdZLLXGB9ppYe9UOgTKDxRf08k4Es58l3d6YMayHkvFf/z2rHyLjoJC6JY0YBMH/JijnUGaUi4xwQlio80ABFM/xWTAQggSkdZ0CHY8ysvQuO0bJ+VK7eVYvUqiyOPDtAhKiEbnaMqukE1VEcEPaJn9IrejCfjxXg3PqatOSOb2Ud/yvj8AQ+lnz8=</latexit>

Aµ ! Aµ + @µ↵(x)

<latexit sha1_base64="QgV7GoDcpQbn4sf9sdWtIm5zfSY="></latexit>

F̃µ⌫ ⌘ 1

2
✏µ⌫⇢�F

⇢�

<latexit sha1_base64="+eouK6lTGDJ8c+SeLqg/KgM2Yxs="></latexit>

S =

Z
d4x

p
�g

✓
1

2
m2

plR� 1

2
@µ�@

µ�� V (�)� 1

4
Fµ⌫F

µ⌫ +
�

4⇤
Fµ⌫ F̃

µ⌫

◆

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

� Pseudo-scalar axion field

<latexit sha1_base64="kWVKA4iv156YIfLXobjRmumIQSk=">AAAB9HicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxWsA/oDCWTZtrQTDImdwql9DvcuFDErR/jzr8x085CWw9c7uGce8nNCRPBDbjut1NYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3WV+e8y04Uo+wiRhQUwGkkecErBS4CdD7oPK2gXtlStu1Z0DrxIvJxWUo9Erf/l9RdOYSaCCGNP13ASCKdHAqWCzkp8alhA6IgPWtVSSmJlgOj96hs+s0seR0rYk4Ln6e2NKYmMmcWgnYwJDs+xl4n9eN4XoJphymaTAJF08FKUCg8JZArjPNaMgJpYQqrm9FdMh0YSCzalkQ/CWv7xKWpdV76pae6hV6rd5HEV0gk7ROfLQNaqje9RATUTRE3pGr+jNGTsvzrvzsRgtOPnOMfoD5/MHrOaSDA==</latexit>

� ! �+ cShift symmetry

Generated from 
external mechanism

breaks the shift 
symmetry explicitly

[M. M. Anber, L. Sorbo (0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]
[N. Barnaby, E. Pajer, M. Peloso (1110.3327)]

[K. Freese, J. A. Frieman, A. V. 
Olinto (PRL 65,3233 1990)]
… Axion-inflation

<latexit sha1_base64="UAdwUnqmtfox4ynLV7xHnEIOoLM=">AAACDnicbZC7SgNBFIbPxluMt1VLm8EQEISwK0EtA0KwsIhiLpANYXZ2Nhkye3FmVgjLPoGNr2JjoYiW1na+jZNLoYk/DPz85xzOnM+NOZPKsr6N3NLyyupafr2wsbm1vWPu7jVllAhCGyTikWi7WFLOQtpQTHHajgXFgctpyx1ejOuteyoki8JbNYppN8D9kPmMYKWjnlk6du4S7CHHF5ikTjxgWepc6XkPZzVHMe7RtJb1zKJVtiZCi8aemSLMVO+ZX44XkSSgoSIcS9mxrVh1UywUI5xmBSeRNMZkiPu0o22IAyq76eScDJV04iE/EvqFCk3S3xMpDqQcBa7uDLAayPnaOPyv1kmUf95NWRgnioZkushPOFIRGrNBHhOUKD7SBhPB9F8RGWANRmmCBQ3Bnj950TRPyvZpuXJdKVZvPqY48nAAh3AENpxBFS6hDg0g8ABP8AKvxqPxbLwZ79PWnDFDuA9/ZHz+APDcnVw=</latexit>

+
�

⇤
FF̃

Interaction only through this vertex
Axion coupling!

Coupling constant
<latexit sha1_base64="TOhV4lC37dd6dOS14PH83z5+RSU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4sSRS1GXRjcsK9gFpDJPppB06mYSZG7GG4K+4caGIW//DnX/jtM1CWw9cOJxzL/feEyScKbDtb2NhcWl5ZbW0Vl7f2NzaNnd2WypOJaFNEvNYdgKsKGeCNoEBp51EUhwFnLaD4dXYb99TqVgsbmGUUC/CfcFCRjBoyTf33cjPukAfIEt4nt9lJ07u+WbFrtoTWPPEKUgFFWj45le3F5M0ogIIx0q5jp2Al2EJjHCal7upogkmQ9ynrqYCR1R52eT63DrSSs8KY6lLgDVRf09kOFJqFAW6M8IwULPeWPzPc1MIL7yMiSQFKsh0UZhyC2JrHIXVY5IS4CNNMJFM32qRAZaYgA6srENwZl+eJ63TqnNWrd3UKvXLIo4SOkCH6Bg56BzV0TVqoCYi6BE9o1f0ZjwZL8a78TFtXTCKmT30B8bnDxJflaE=</latexit>

[m�1
pl ]

<latexit sha1_base64="PkSptg7X6W2hr0lMfYjn1yJsZRc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqs5IqS4rbly4qGAf0g4lk8m0oUlmSDJCGQr+gxsXirj1c9z5N6aPhbYeCBzOOeHee4KEM21c99vJrayurW/kNwtb2zu7e8X9g6aOU0Vog8Q8Vu0Aa8qZpA3DDKftRFEsAk5bwfB64rceqdIslvdmlFBf4L5kESPYWOnBO+ve2nCIe8WSW3anQMvEm5MSzFHvFb+6YUxSQaUhHGvd8dzE+BlWhhFOx4VuqmmCyRD3acdSiQXVfjZdeIxOrBKiKFb2SYOm6u8fGRZaj0RgkwKbgV70JuJ/Xic10aWfMZmkhkoyGxSlHJkYTa5HIVOUGD6yBBPF7K6IDLDCxNiOCrYEb/HkZdI8L3vVcuWuUqpdPc3qyMMRHMMpeHABNbiBOjSAgIBneIU3RzkvzrvzMYvmnHmFh/AHzucPEoiQWQ==</latexit>

1/⇤



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio

Action:

3
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Basics of the model
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Action:
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<latexit sha1_base64="+eouK6lTGDJ8c+SeLqg/KgM2Yxs="></latexit>

S =

Z
d4x

p
�g

✓
1

2
m2

plR� 1

2
@µ�@

µ�� V (�)� 1

4
Fµ⌫F

µ⌫ +
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4⇤
Fµ⌫ F̃

µ⌫

◆

Vectorial form

<latexit sha1_base64="rO2BL/meNpVSzjTbuW7wUdMLDms="></latexit>

S =

Z
d4x

"
1

2
a3⇡2

� � 1

2
a
⇣
~r�
⌘2

� 1

2
a3m2�2 +

1

2
a

 
~E2 �

~B2

a2

!
+

�

⇤
~E · ~B

#

In cosmic time

@ FLRW:
<latexit sha1_base64="L04upBhem7iyrQXl/ppnuw9nWvQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLEkoagboejGZQX7gDYpk8m0HTqZhJlJsYS68VfcuFDErX/hzr9x2mahrQcuHM65l3vv8WNGpbKsbyO3tLyyupZfL2xsbm3vmLt7dRklApMajlgkmj6ShFFOaooqRpqxICj0GWn4g5uJ3xgSIWnE79UoJm6Iepx2KUZKSx3zIJCec3UWKM85RZ4TtIcEpw9jz+mYRatkTQEXiZ2RIs hQ7Zhf7SDCSUi4wgxJ2bKtWLkpEopiRsaFdiJJjPAA9UhLU45CIt10+sEYHmslgN1I6OIKTtXfEykKpRyFvu4MkerLeW8i/ue1EtW9dFPK40QRjmeLugmDKoKTOGBABcGKjTRBWFB9K8R9JBBWOrSCDsGef3mR1J2SfV4q35WLlessjjw4BEfgBNjgAlTALaiCGsDgETyDV/BmPBkvxrvxMWvNGdnMPvgD4/MH+OSV9w==</latexit>

ds2 = �dt2 + a2d~x2

Basics of the model
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Action:
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<latexit sha1_base64="+eouK6lTGDJ8c+SeLqg/KgM2Yxs="></latexit>

S =

Z
d4x

p
�g

✓
1

2
m2

plR� 1

2
@µ�@

µ�� V (�)� 1

4
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µ⌫
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Vectorial form

<latexit sha1_base64="rO2BL/meNpVSzjTbuW7wUdMLDms="></latexit>

S =

Z
d4x

"
1

2
a3⇡2

� � 1

2
a
⇣
~r�
⌘2

� 1

2
a3m2�2 +

1

2
a
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#

In cosmic time

@ FLRW:
<latexit sha1_base64="L04upBhem7iyrQXl/ppnuw9nWvQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLEkoagboejGZQX7gDYpk8m0HTqZhJlJsYS68VfcuFDErX/hzr9x2mahrQcuHM65l3vv8WNGpbKsbyO3tLyyupZfL2xsbm3vmLt7dRklApMajlgkmj6ShFFOaooqRpqxICj0GWn4g5uJ3xgSIWnE79UoJm6Iepx2KUZKSx3zIJCec3UWKM85RZ4TtIcEpw9jz+mYRatkTQEXiZ2RIs hQ7Zhf7SDCSUi4wgxJ2bKtWLkpEopiRsaFdiJJjPAA9UhLU45CIt10+sEYHmslgN1I6OIKTtXfEykKpRyFvu4MkerLeW8i/ue1EtW9dFPK40QRjmeLugmDKoKTOGBABcGKjTRBWFB9K8R9JBBWOrSCDsGef3mR1J2SfV4q35WLlessjjw4BEfgBNjgAlTALaiCGsDgETyDV/BmPBkvxrvxMWvNGdnMPvgD4/MH+OSV9w==</latexit>

ds2 = �dt2 + a2d~x2

Basics of the model
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Action:

3

<latexit sha1_base64="+eouK6lTGDJ8c+SeLqg/KgM2Yxs="></latexit>

S =

Z
d4x

p
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4
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3 vertex

Vectorial form

<latexit sha1_base64="rO2BL/meNpVSzjTbuW7wUdMLDms="></latexit>

S =

Z
d4x

"
1

2
a3⇡2

� � 1

2
a
⇣
~r�
⌘2

� 1

2
a3m2�2 +

1
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a
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#

In cosmic time

@ FLRW:
<latexit sha1_base64="L04upBhem7iyrQXl/ppnuw9nWvQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLEkoagboejGZQX7gDYpk8m0HTqZhJlJsYS68VfcuFDErX/hzr9x2mahrQcuHM65l3vv8WNGpbKsbyO3tLyyupZfL2xsbm3vmLt7dRklApMajlgkmj6ShFFOaooqRpqxICj0GWn4g5uJ3xgSIWnE79UoJm6Iepx2KUZKSx3zIJCec3UWKM85RZ4TtIcEpw9jz+mYRatkTQEXiZ2RIs hQ7Zhf7SDCSUi4wgxJ2bKtWLkpEopiRsaFdiJJjPAA9UhLU45CIt10+sEYHmslgN1I6OIKTtXfEykKpRyFvu4MkerLeW8i/ue1EtW9dFPK40QRjmeLugmDKoKTOGBABcGKjTRBWFB9K8R9JBBWOrSCDsGef3mR1J2SfV4q35WLlessjjw4BEfgBNjgAlTALaiCGsDgETyDV/BmPBkvxrvxMWvNGdnMPvgD4/MH+OSV9w==</latexit>

ds2 = �dt2 + a2d~x2

Basics of the model
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Action:

3

<latexit sha1_base64="+eouK6lTGDJ8c+SeLqg/KgM2Yxs="></latexit>

S =

Z
d4x

p
�g
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1
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plR� 1

2
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µ�� V (�)� 1

4
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Our choice of 
the potential, 

also:

<latexit sha1_base64="IIwT6emb7a/uMjP0KgqfkbGXieQ="></latexit>

V (�) = V0

⇣
1� e�

p
2
3�
⌘2

<latexit sha1_base64="29SEqIf/lL4bjx6nWP7UewxuzgU="></latexit>

V (�) = V0

 
1�

✓
�

⌘

◆4
!2

<latexit sha1_base64="Jww+pmDBmvR+7YEEa7J1z/rIZRY=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXpZdKepFKHrxWMF+wHYp2TTbhmaTJckKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeVHKmTae9+0U1tY3NreK26Wd3b39g/LhUUvLTBHaJJJL1YmwppwJ2jTMcNpJFcVJxGk7Gt3N/PYTVZpJ8WjGKQ0TPBAsZgQbKwWtajcdsvMb13V75YrnenOgVeLnpAI5Gr3yV7cvSZZQYQjHWge+l5pwgpVhhNNpqZtpmmIywgMaWCpwQnU4mZ88RWdW6aNYKlvCoLn6e2KCE63HSWQ7E2yGetmbif95QWbi63DCRJoZKshiUZxxZCSa/Y/6TFFi+NgSTBSztyIyxAoTY1Mq2RD85ZdXSevC9S/d2kOtUr/N4yjCCZxCFXy4gjrcQwOaQEDCM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AVKlj/w=</latexit>

V (�) = ...

3 vertex

Vectorial form

<latexit sha1_base64="rO2BL/meNpVSzjTbuW7wUdMLDms="></latexit>

S =

Z
d4x
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a
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� 1
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a3m2�2 +
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In cosmic time

@ FLRW:
<latexit sha1_base64="L04upBhem7iyrQXl/ppnuw9nWvQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLEkoagboejGZQX7gDYpk8m0HTqZhJlJsYS68VfcuFDErX/hzr9x2mahrQcuHM65l3vv8WNGpbKsbyO3tLyyupZfL2xsbm3vmLt7dRklApMajlgkmj6ShFFOaooqRpqxICj0GWn4g5uJ3xgSIWnE79UoJm6Iepx2KUZKSx3zIJCec3UWKM85RZ4TtIcEpw9jz+mYRatkTQEXiZ2RIs hQ7Zhf7SDCSUi4wgxJ2bKtWLkpEopiRsaFdiJJjPAA9UhLU45CIt10+sEYHmslgN1I6OIKTtXfEykKpRyFvu4MkerLeW8i/ue1EtW9dFPK40QRjmeLugmDKoKTOGBABcGKjTRBWFB9K8R9JBBWOrSCDsGef3mR1J2SfV4q35WLlessjjw4BEfgBNjgAlTALaiCGsDgETyDV/BmPBkvxrvxMWvNGdnMPvgD4/MH+OSV9w==</latexit>

ds2 = �dt2 + a2d~x2

Basics of the model
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Continuum equations of motion:

4

<latexit sha1_base64="Z7sYEtv1c2b1PSJGqTTnFYvVSUw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9eKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkO76Z+8wmV5ol8NKMUg5j2JY84o8ZK/k3XvXa75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uzx/OK7XbPI4iHMExnIIHl1CDe6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH6ozjfI=</latexit>

A0 = 0

Temporal gauge
<latexit sha1_base64="Mr5bzw8xduOxUaM9vHoU/eX1SH0=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4kDKjRd2IRRFcVrAP6NSSydy2oZmHSaZQhvkcN/6KGxFFuvVLTNsRtPVAwrnnnktyjxNyJpVpjozMwuLS8kp2Nbe2vrG5ld/eqckgEhSqNOCBaDhEAmc+VBVTHBqhAOI5HOpO/3rcrw9ASBb492oYQssjXZ91GCVKS+38pa0YdyG2Q5a09d1jyQV5ONFlWh3ZjxFx8Y9tADS+SbQnZe18wSyaE+B5YqWkgFJU2vk32w1o5IGvKCdSNi0zVK2YCMUohyRnRxJCQvukC01NfeKBbMWTRRN8oBUXdwKhj6/wRP09ERNPyqHnaKdHVE/O9sbif71mpDrnrZj5YaTAp9OHOhHHKsDj1LDLBFDFh5oQKpj+K6Y9IghVOtucDsGaXXme1I6L1mmxdFcqlK/SOLJoD+2jQ2ShM1RGt6iCqoiiJ/SC3tGH8Wy8Gp/GaGrNGOnMLvoD4+sbf4OoFg==</latexit>

⇡̃� = a3⇡�, ~̃E = a ~E

No Hubble friction 
term in the EoMs

CL momentum variables

Basics of the model
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Continuum equations of motion:

4

<latexit sha1_base64="Z7sYEtv1c2b1PSJGqTTnFYvVSUw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9eKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkO76Z+8wmV5ol8NKMUg5j2JY84o8ZK/k3XvXa75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uzx/OK7XbPI4iHMExnIIHl1CDe6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH6ozjfI=</latexit>

A0 = 0

Temporal gauge
<latexit sha1_base64="Mr5bzw8xduOxUaM9vHoU/eX1SH0=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4kDKjRd2IRRFcVrAP6NSSydy2oZmHSaZQhvkcN/6KGxFFuvVLTNsRtPVAwrnnnktyjxNyJpVpjozMwuLS8kp2Nbe2vrG5ld/eqckgEhSqNOCBaDhEAmc+VBVTHBqhAOI5HOpO/3rcrw9ASBb492oYQssjXZ91GCVKS+38pa0YdyG2Q5a09d1jyQV5ONFlWh3ZjxFx8Y9tADS+SbQnZe18wSyaE+B5YqWkgFJU2vk32w1o5IGvKCdSNi0zVK2YCMUohyRnRxJCQvukC01NfeKBbMWTRRN8oBUXdwKhj6/wRP09ERNPyqHnaKdHVE/O9sbif71mpDrnrZj5YaTAp9OHOhHHKsDj1LDLBFDFh5oQKpj+K6Y9IghVOtucDsGaXXme1I6L1mmxdFcqlK/SOLJoD+2jQ2ShM1RGt6iCqoiiJ/SC3tGH8Wy8Gp/GaGrNGOnMLvoD4+sbf4OoFg==</latexit>

⇡̃� = a3⇡�, ~̃E = a ~E

No Hubble friction 
term in the EoMs

CL momentum variables

Dynamical equations:
<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Basics of the model
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Continuum equations of motion:

4

<latexit sha1_base64="Z7sYEtv1c2b1PSJGqTTnFYvVSUw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9eKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkO76Z+8wmV5ol8NKMUg5j2JY84o8ZK/k3XvXa75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uzx/OK7XbPI4iHMExnIIHl1CDe6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH6ozjfI=</latexit>

A0 = 0

Temporal gauge
<latexit sha1_base64="Mr5bzw8xduOxUaM9vHoU/eX1SH0=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4kDKjRd2IRRFcVrAP6NSSydy2oZmHSaZQhvkcN/6KGxFFuvVLTNsRtPVAwrnnnktyjxNyJpVpjozMwuLS8kp2Nbe2vrG5ld/eqckgEhSqNOCBaDhEAmc+VBVTHBqhAOI5HOpO/3rcrw9ASBb492oYQssjXZ91GCVKS+38pa0YdyG2Q5a09d1jyQV5ONFlWh3ZjxFx8Y9tADS+SbQnZe18wSyaE+B5YqWkgFJU2vk32w1o5IGvKCdSNi0zVK2YCMUohyRnRxJCQvukC01NfeKBbMWTRRN8oBUXdwKhj6/wRP09ERNPyqHnaKdHVE/O9sbif71mpDrnrZj5YaTAp9OHOhHHKsDj1LDLBFDFh5oQKpj+K6Y9IghVOtucDsGaXXme1I6L1mmxdFcqlK/SOLJoD+2jQ2ShM1RGt6iCqoiiJ/SC3tGH8Wy8Gp/GaGrNGOnMLvoD4+sbf4OoFg==</latexit>

⇡̃� = a3⇡�, ~̃E = a ~E

No Hubble friction 
term in the EoMs

CL momentum variables

Constraint equation:
Gauss’s law

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Dynamical equations:
<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Basics of the model
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Continuum equations of motion:

Non-linear terms

4

<latexit sha1_base64="Z7sYEtv1c2b1PSJGqTTnFYvVSUw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9eKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkO76Z+8wmV5ol8NKMUg5j2JY84o8ZK/k3XvXa75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uzx/OK7XbPI4iHMExnIIHl1CDe6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH6ozjfI=</latexit>

A0 = 0

Temporal gauge
<latexit sha1_base64="Mr5bzw8xduOxUaM9vHoU/eX1SH0=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4kDKjRd2IRRFcVrAP6NSSydy2oZmHSaZQhvkcN/6KGxFFuvVLTNsRtPVAwrnnnktyjxNyJpVpjozMwuLS8kp2Nbe2vrG5ld/eqckgEhSqNOCBaDhEAmc+VBVTHBqhAOI5HOpO/3rcrw9ASBb492oYQssjXZ91GCVKS+38pa0YdyG2Q5a09d1jyQV5ONFlWh3ZjxFx8Y9tADS+SbQnZe18wSyaE+B5YqWkgFJU2vk32w1o5IGvKCdSNi0zVK2YCMUohyRnRxJCQvukC01NfeKBbMWTRRN8oBUXdwKhj6/wRP09ERNPyqHnaKdHVE/O9sbif71mpDrnrZj5YaTAp9OHOhHHKsDj1LDLBFDFh5oQKpj+K6Y9IghVOtucDsGaXXme1I6L1mmxdFcqlK/SOLJoD+2jQ2ShM1RGt6iCqoiiJ/SC3tGH8Wy8Gp/GaGrNGOnMLvoD4+sbf4OoFg==</latexit>

⇡̃� = a3⇡�, ~̃E = a ~E

No Hubble friction 
term in the EoMs

CL momentum variables

Constraint equation:
Gauss’s law

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Dynamical equations:
<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Basics of the model
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<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Let’s go now deep inside inflation

5

Basics of the model: linear regime

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Constraint equation:
Gauss’s law

Dynamical equations:
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<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Let’s go now deep inside inflation Inflaton in slow-roll, 
Homogeneous 

+
dominated by the potential

5

Basics of the model: linear regime

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Constraint equation:
Gauss’s law

Dynamical equations:
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<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Let’s go now deep inside inflation Inflaton in slow-roll, 
Homogeneous 

+
dominated by the potential

• No backreaction in 
inflation’s dynamics

• No generation of 
inhomogeneities

5

Basics of the model: linear regime

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Constraint equation:
Gauss’s law

Dynamical equations:
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<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Let’s go now deep inside inflation Inflaton in slow-roll, 
Homogeneous 

+
dominated by the potential

• No backreaction in 
inflation’s dynamics

• No generation of 
inhomogeneities

Gauge fields get excited by this term

5

Basics of the model: linear regime

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Constraint equation:
Gauss’s law

Dynamical equations:
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EoMs

6

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Expansion equation:

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Constraint equation:
Gauss’s law

Dynamical equations:

Basics of the model: linear regime
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EoMs

6

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Expansion equation:

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Constraint equation:
Gauss’s law

Dynamical equations:

Basics of the model: linear regime
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EoMs

6

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

<latexit sha1_base64="iymytQIrLirLA3ZuVZ1ciP6E9Ao="></latexit>

~r · ~̃E +
1

⇤
~r� · ~B = 0

Expansion equation:

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
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Gauge fields evolve in 
the background set by 
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Constraint equation:
Gauss’s law

Dynamical equations:

Basics of the model: linear regime
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An analitycal solution can be found

Photon with 2 helicity 
states

Changing to the helicity basis:
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Basics of the model: linear regime
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⇠ ⌘ �̇
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Analytical solution:
<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

[M. M. Anber, L. Sorbo (0908.4089)]

Instability controlled by 
<latexit sha1_base64="D87AbjyD/IPaSqTNcPH3VC6gT3Y=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtabIsunFZ0T6gDWUynbZDJ5MwMxFL6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw8qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbDyeXcb99RqVgsbvU0oUGER4INGcHaSDe9e9Yvlhzbqdb8cgU5dsXzKq5vSM3zfc9Fru0sUIIVGv3ie28QkzSiQhOOleq6TqKDDEvNCKezQi9VNMFkgke0a6jAEVVBtjh1hs6MMkDDWJoSGi3U7xMZjpSaRqHpjLAeq9/eXPzL66Z66AcZE0mqqSDLRcOUIx2j+d9owCQlmk8Nw UQycysiYywx0Sadggnh61P0P2mVbbdmV6+rpfrFKo48nMApnIMLHtThChrQBAIjeIAneLa49Wi9WK/L1py1mjmGH7DePgHfKY43</latexit>

⇠

Basics of the model: linear regime
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<latexit sha1_base64="D87AbjyD/IPaSqTNcPH3VC6gT3Y=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtabIsunFZ0T6gDWUynbZDJ5MwMxFL6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw8qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbDyeXcb99RqVgsbvU0oUGER4INGcHaSDe9e9Yvlhzbqdb8cgU5dsXzKq5vSM3zfc9Fru0sUIIVGv3ie28QkzSiQhOOleq6TqKDDEvNCKezQi9VNMFkgke0a6jAEVVBtjh1hs6MMkDDWJoSGi3U7xMZjpSaRqHpjLAeq9/eXPzL66Z66AcZE0mqqSDLRcOUIx2j+d9owCQlmk8Nw UQycysiYywx0Sadggnh61P0P2mVbbdmV6+rpfrFKo48nMApnIMLHtThChrQBAIjeIAneLa49Wi9WK/L1py1mjmGH7DePgHfKY43</latexit>

⇠

Basics of the model: linear regime
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<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Analytical solution:

<latexit sha1_base64="L0OihoKsiQm613iJDekUHfEm1OE="></latexit>

1

2a4
ha2E2 +B

2i ' 1.4 · 10�4 H
4

|⇠|3 e
2⇡|⇠|

<latexit sha1_base64="qJPO5sAeU3wHkv5ZXnH1Bi+/beM="></latexit>

1

a3
h ~E · ~Bi ' 2.4 · 10�4 H

4

|⇠|4 e
2⇡|⇠|

Topological term:

EM energy:

Appears in EoMs<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="iG17iQFjgp8wKefeTEU9LGl6IBU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mkqMeiF48V7Ac0oWy2m3bpZjfsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcKZBtf9tkobm1vbO+Xdyt7+weGRfVztaJkqQttEcql6IdaUM0HbwIDTXqIojkNOu+Hkbu53n6jSTIpHmCU0iPFIsIgRDEYa2FV/ynyQPtApZEQKDfnArrl1dwFnnXgFqaECrYH95Q8lSWMqgHCsdd9zEwgyrIARTvOKn2qaYDLBI9o3VOCY6iBb3J4750YZOpFUpgQ4C/X3RIZjrWdxaDpjDGO96s3F/7x+CtFNkDGRpEAFWS6KUu6AdOZBOEOmKAE+MwQTxcytDhljhQmYuComBG/15XXSuax7V/XGQ6PWvC3iKKNTdIYukIeuURPdoxZqI4Km6Bm9ojcrt16sd+tj2VqyipkT9AfW5w8ZZ5Uk</latexit>

⇠ ! constDeep inside inflation

<latexit sha1_base64="cO/ZPtuLeLFYunVb9J5MT2/YYbU="></latexit>

A
+(k, t) =

e
⇡
2 ⇠

p
2k

W
i⇠,

1
2
(2ikt) ' 1p

2k

✓
k

2|⇠|aH

◆1/4

e
⇡|⇠|�2

p
2|⇠|k/aH

[M. M. Anber, L. Sorbo (0908.4089)]

Instability controlled by 
<latexit sha1_base64="D87AbjyD/IPaSqTNcPH3VC6gT3Y=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtabIsunFZ0T6gDWUynbZDJ5MwMxFL6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw8qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbDyeXcb99RqVgsbvU0oUGER4INGcHaSDe9e9Yvlhzbqdb8cgU5dsXzKq5vSM3zfc9Fru0sUIIVGv3ie28QkzSiQhOOleq6TqKDDEvNCKezQi9VNMFkgke0a6jAEVVBtjh1hs6MMkDDWJoSGi3U7xMZjpSaRqHpjLAeq9/eXPzL66Z66AcZE0mqqSDLRcOUIx2j+d9owCQlmk8Nw UQycysiYywx0Sadggnh61P0P2mVbbdmV6+rpfrFKo48nMApnIMLHtThChrQBAIjeIAneLa49Wi9WK/L1py1mjmGH7DePgHfKY43</latexit>

⇠

Basics of the model: linear regime
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<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Analytical solution:

<latexit sha1_base64="L0OihoKsiQm613iJDekUHfEm1OE="></latexit>

1

2a4
ha2E2 +B

2i ' 1.4 · 10�4 H
4

|⇠|3 e
2⇡|⇠|

<latexit sha1_base64="qJPO5sAeU3wHkv5ZXnH1Bi+/beM="></latexit>

1

a3
h ~E · ~Bi ' 2.4 · 10�4 H

4

|⇠|4 e
2⇡|⇠|

Topological term:

EM energy:

Appears in EoMs

Amplified around 
the Hubble scale 
at each time 

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="iG17iQFjgp8wKefeTEU9LGl6IBU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mkqMeiF48V7Ac0oWy2m3bpZjfsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcKZBtf9tkobm1vbO+Xdyt7+weGRfVztaJkqQttEcql6IdaUM0HbwIDTXqIojkNOu+Hkbu53n6jSTIpHmCU0iPFIsIgRDEYa2FV/ynyQPtApZEQKDfnArrl1dwFnnXgFqaECrYH95Q8lSWMqgHCsdd9zEwgyrIARTvOKn2qaYDLBI9o3VOCY6iBb3J4750YZOpFUpgQ4C/X3RIZjrWdxaDpjDGO96s3F/7x+CtFNkDGRpEAFWS6KUu6AdOZBOEOmKAE+MwQTxcytDhljhQmYuComBG/15XXSuax7V/XGQ6PWvC3iKKNTdIYukIeuURPdoxZqI4Km6Bm9ojcrt16sd+tj2VqyipkT9AfW5w8ZZ5Uk</latexit>

⇠ ! constDeep inside inflation

<latexit sha1_base64="cO/ZPtuLeLFYunVb9J5MT2/YYbU="></latexit>

A
+(k, t) =

e
⇡
2 ⇠

p
2k

W
i⇠,

1
2
(2ikt) ' 1p

2k

✓
k

2|⇠|aH

◆1/4

e
⇡|⇠|�2

p
2|⇠|k/aH

[M. M. Anber, L. Sorbo (0908.4089)]

Instability controlled by 
<latexit sha1_base64="D87AbjyD/IPaSqTNcPH3VC6gT3Y=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtabIsunFZ0T6gDWUynbZDJ5MwMxFL6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw8qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbDyeXcb99RqVgsbvU0oUGER4INGcHaSDe9e9Yvlhzbqdb8cgU5dsXzKq5vSM3zfc9Fru0sUIIVGv3ie28QkzSiQhOOleq6TqKDDEvNCKezQi9VNMFkgke0a6jAEVVBtjh1hs6MMkDDWJoSGi3U7xMZjpSaRqHpjLAeq9/eXPzL66Z66AcZE0mqqSDLRcOUIx2j+d9owCQlmk8Nw UQycysiYywx0Sadggnh61P0P2mVbbdmV6+rpfrFKo48nMApnIMLHtThChrQBAIjeIAneLa49Wi9WK/L1py1mjmGH7DePgHfKY43</latexit>

⇠

Basics of the model: linear regime
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<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Analytical solution:

<latexit sha1_base64="L0OihoKsiQm613iJDekUHfEm1OE="></latexit>

1

2a4
ha2E2 +B

2i ' 1.4 · 10�4 H
4

|⇠|3 e
2⇡|⇠|

<latexit sha1_base64="qJPO5sAeU3wHkv5ZXnH1Bi+/beM="></latexit>

1

a3
h ~E · ~Bi ' 2.4 · 10�4 H

4

|⇠|4 e
2⇡|⇠|

Topological term:

EM energy:

Appears in EoMs

Amplified around 
the Hubble scale 
at each time 

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="iG17iQFjgp8wKefeTEU9LGl6IBU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mkqMeiF48V7Ac0oWy2m3bpZjfsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcKZBtf9tkobm1vbO+Xdyt7+weGRfVztaJkqQttEcql6IdaUM0HbwIDTXqIojkNOu+Hkbu53n6jSTIpHmCU0iPFIsIgRDEYa2FV/ynyQPtApZEQKDfnArrl1dwFnnXgFqaECrYH95Q8lSWMqgHCsdd9zEwgyrIARTvOKn2qaYDLBI9o3VOCY6iBb3J4750YZOpFUpgQ4C/X3RIZjrWdxaDpjDGO96s3F/7x+CtFNkDGRpEAFWS6KUu6AdOZBOEOmKAE+MwQTxcytDhljhQmYuComBG/15XXSuax7V/XGQ6PWvC3iKKNTdIYukIeuURPdoxZqI4Km6Bm9ojcrt16sd+tj2VqyipkT9AfW5w8ZZ5Uk</latexit>

⇠ ! constDeep inside inflation

<latexit sha1_base64="cO/ZPtuLeLFYunVb9J5MT2/YYbU="></latexit>

A
+(k, t) =

e
⇡
2 ⇠

p
2k

W
i⇠,

1
2
(2ikt) ' 1p

2k

✓
k

2|⇠|aH

◆1/4

e
⇡|⇠|�2

p
2|⇠|k/aH

[M. M. Anber, L. Sorbo (0908.4089)]

Instability controlled by 
<latexit sha1_base64="D87AbjyD/IPaSqTNcPH3VC6gT3Y=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtabIsunFZ0T6gDWUynbZDJ5MwMxFL6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw8qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbDyeXcb99RqVgsbvU0oUGER4INGcHaSDe9e9Yvlhzbqdb8cgU5dsXzKq5vSM3zfc9Fru0sUIIVGv3ie28QkzSiQhOOleq6TqKDDEvNCKezQi9VNMFkgke0a6jAEVVBtjh1hs6MMkDDWJoSGi3U7xMZjpSaRqHpjLAeq9/eXPzL66Z66AcZE0mqqSDLRcOUIx2j+d9owCQlmk8Nw UQycysiYywx0Sadggnh61P0P2mVbbdmV6+rpfrFKo48nMApnIMLHtThChrQBAIjeIAneLa49Wi9WK/L1py1mjmGH7DePgHfKY43</latexit>

⇠

Basics of the model: linear regime

Not accurate towards th
e end 

of inflation
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<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

Basics of the model: linear regime

<latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20

-6 eFolds

0 eFolds
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<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

Basics of the model: linear regime

<latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20

-6 eFolds

0 eFolds
Vacuum solution

<latexit sha1_base64="/X+Akt/xN5AP37R67mlwhZOJqIc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4rblxWsA+YjiWTZtrQTBKSjFBKwZ9w40IRt36NO//G9LHQ1gOBwzk33HtOrDgz1ve/vdza+sbmVn67sLO7t39QPDxqGplpQhtEcqnbMTaUM0EblllO20pTnMactuLhzdRvPVJtmBT3dqRolOK+YAkj2Dop7CgtlZVo+FDpFkt+2Z8BrZJgQUqwQL1b/Or0JMlSKizh2Jgw8JWNxlhbRjidFDqZoQqTIe7T0FGBU2qi8ezkCTpzSg8lUrsnLJqpv3+McWrMKI3dZIrtwCx7U/E/L8xschWNmVCZpYLMFyUZRy7kND/qMU2J5SNHMNHM3YrIAGtMrGup4EoIliOvkmalHFyUq3fVUu36aV5HHk7gFM4hgEuowS3UoQEEJDzDK7x51nvx3r2P+WjOW1R4DH/gff4AGfWRiw==</latexit>

/ k2
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<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

Basics of the model: linear regime

<latexit sha1_base64="D6+wd44k2fI8KRe8LWZFmADFtXY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4qXHCvYD2qVk02wbmmSXJCuUpeAv8OJBEa/+IW/+G7NtD9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQu8zuPVGkWyQczjakv8EiykBFsMqmMG5eDYsmtuHOgdeItSQmWaA6KX/1hRBJBpSEca93z3Nj4KVaGEU5nhX6iaYzJBI9oz1KJBdV+Or91hi6sMkRhpGxJg+bq74kUC62nIrCdApuxXvUy8T+vl5jwxk+ZjBNDJVksChOOTISyx9GQKUoMn1qCiWL2VkTGWGFibDwFG4K3+vI6aV9VvFqlel8t1W+fFnHk4QzOoQweXEMdGtCEFhAYwzO8wpsjnBfn3flYtOacZYSn8AfO5w9ENI4k</latexit>

(aH) <latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20

-6 eFolds

0 eFolds
Vacuum solution

<latexit sha1_base64="/X+Akt/xN5AP37R67mlwhZOJqIc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4rblxWsA+YjiWTZtrQTBKSjFBKwZ9w40IRt36NO//G9LHQ1gOBwzk33HtOrDgz1ve/vdza+sbmVn67sLO7t39QPDxqGplpQhtEcqnbMTaUM0EblllO20pTnMactuLhzdRvPVJtmBT3dqRolOK+YAkj2Dop7CgtlZVo+FDpFkt+2Z8BrZJgQUqwQL1b/Or0JMlSKizh2Jgw8JWNxlhbRjidFDqZoQqTIe7T0FGBU2qi8ezkCTpzSg8lUrsnLJqpv3+McWrMKI3dZIrtwCx7U/E/L8xschWNmVCZpYLMFyUZRy7kND/qMU2J5SNHMNHM3YrIAGtMrGup4EoIliOvkmalHFyUq3fVUu36aV5HHk7gFM4hgEuowS3UoQEEJDzDK7x51nvx3r2P+WjOW1R4DH/gff4AGfWRiw==</latexit>

/ k2
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[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

Basics of the model: linear regime
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Backreaction effect cannot be neglected

[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

Basics of the model: linear regime
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Basics of the model: linear regime



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio 12

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Expansion equation:

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

Linear regime

Dynamical equations:

Basics of the model: linear regime



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio 12

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Expansion equation:

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

Neglected

Linear regime

Dynamical equations:

Basics of the model: linear regime



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio 13

Basics of the model
Beyond the linear regime: backreaction
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Beyond the linear regime: backreaction
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Beyond the linear regime: backreaction

<latexit sha1_base64="66CHFs0dH1xcgi31Dw4ONgRN0Jw="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

(h�2K� + V i � hKA +GAi)

<latexit sha1_base64="oi4czkydpvKcbQbZpPnqBYqrvSU="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
h ~̃E · ~Bi ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

<latexit sha1_base64="ozXbROqaVOsQj73UUZBvGr2B0Ak="></latexit>

hKA +GAi =
1

a4

Z
dk

4⇡2
k2
 ����

dA+(~k, ⌧)

d⌧

����
2

+ k2|A+(~k, ⌧)|2
!2

<latexit sha1_base64="YUrvugRnaO4NNYEu8KOkesSpEyA="></latexit>

h ~E · ~Bi = � �

a4

Z
dk

4⇡
k3

d

d⌧

���A+(~k, ⌧)
���
2

Due to 
backreaction 
not only 
slow-roll

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

1st a
pproxim

atio
n 

homogeneous

Beyond the linear regime: backreaction

Expansion equation:Dynamical equations:

Basics of the model

[G. Dall’Agata, S. González-Martín, A. Papageorgiou, M. Peloso (1912.09950)]
[V. Domcke, V. Guidetti, Y. Welling A. Westphal (2002.02952)]
+
[E. V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii,  (2109.01651)]
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⌧

◆
A±(k, ⌧) = 0
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n 

homogeneous

Beyond the linear regime: backreaction

Expansion equation:Dynamical equations:

Basics of the model

[G. Dall’Agata, S. González-Martín, A. Papageorgiou, M. Peloso (1912.09950)]
[V. Domcke, V. Guidetti, Y. Welling A. Westphal (2002.02952)]
+
[E. V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii,  (2109.01651)]
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Why in the lattice?

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

Expansion equation:Dynamical equations:
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Why in the lattice?

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

Expansion equation:Dynamical equations:

No gradient terms induced
(yet)
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Why in the lattice?

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>
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6m2
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a

3m2
pl

h�2K� + V �KA �GAi

Lattice provides the solution:
Real time evolution of fields

Expansion equation:Dynamical equations:
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Induce gradients not 
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Expansion equation:Dynamical equations:
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Why in the lattice?

<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

Lattice provides the solution:
Real time evolution of fields

Inhomogeneous source:
Induce gradients not 
tractable analytically

<latexit sha1_base64="tB4P52uBB7rlbXPaNV13euDvGKs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ5lsN+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M39zhNTmsfy0UwT5kc4kjzkFI2VOv0wVijEoFxxq+4CZJ14OalAjuag/NUfxjSNmDRUoNY9z02Mn6EynAo2K/VTzRKkExyxnqUSI6b9bHHujFxYZUjsZlvSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rwxs+4TFLDJF0uClNBTEzmv5MhV4waMbUEqeL2VkLHqJAam1DJhuCtvrxO2ldVr16tPdQqjds8jiKcwTlcggfX0IB7aEILKEzgGV7hzUmcF+fd+Vi2Fpx85hT+wPn8AW7ej6U=</latexit>

8 D.o.F will be simultaneously 
evolved

• Track of all inhomogeneities
• Full backreaction effects included

Expansion equation:Dynamical equations:
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Discretisation procedure

Aμ

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="jCa/Kof0D8l/HDObNJuviFfc7xA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9RLx4jmAckS5idzCZDZmaXeQhhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdCGvKmaRNwwynnVRRLCJO29H4bua3n6jSLJGPZpLSUOChZDEj2DipfdPPesJO++WKX/XnQKskyEkFcjT65a/eICFWUGkIx1p3Az81YYaVYYTTaalnNU0xGeMh7ToqsaA6zObnTtGZUwYoTpQradBc/T2RYaH1RESuU2Az0sveTPzP61oTX4cZk6k1VJLFothyZBI0+x0NmKLE8IkjmCjmbkVkhBUmxiVUciEEyy+vktZFNbis1h5qlfptHkcRTuAUziGAK6jDPTSgCQTG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gBlEI+f</latexit>

Aµ

@ sites

@ links

<latexit sha1_base64="KfxZcu1Z9yQn9vUF1g72MTVDVYQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK6KokUdSOUiuCygn1AE8pkOm2HTiZh5qZQQj7Bjb/ixoUibl2682+cpllo64WBc8+5hzv3+BFnCmz72yisrK6tbxQ3S1vbO7t75v5BS4WxJLRJQh7Kjo8V5UzQJjDgtBNJigOf07Y/vpnp7QmVioXiAaYR9QI8FGzACAZN9cxTd0JJ4grsc5y6wAKqMuY2vXb7ISRZU0/Tnlm2K3ZW1jJwclBGeTV65pf2kzigAgjHSnUdOwIvwRIY4TQtubGiESZjPKRdDQXWm70kOyi1TjTTtwah1E+AlbG/HQkOlJoGvp4MMIzUojYj/9O6MQyuvISJKAYqyHzRIOYWhNYsHavPJCXApxpgIpn+q0VGWGICOsOSDsFZPHkZtM4rzkWlel8t1+p5HEV0hI7RGXLQJaqhO9RATUTQI3pGr+jNeDJejHfjYz5aMHLPIfpTxucPf7ieJw==</latexit>

~r⇥ ~E = ~̇B
<latexit sha1_base64="a/JkcBFLZlem/JLdo51u/f7NzTg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokUdSOUunFZwT6gCWUymbRDJzNhZlIooeDGX3HjQhG3/oQ7/8ZpmoW2HrhwOOde7r0nSBhV2nG+rZXVtfWNzdJWeXtnd2/fPjhsK5FKTFpYMCG7AVKEUU5ammpGuokkKA4Y6QSj25nfGROpqOAPepIQP0YDTiOKkTZS3z72xgRnHkcBQ1MPh0LnQmN64/TtilN1csBl4hakAgo0+/aXFwqcxoRrzJBSPddJtJ8hqSlmZFr2UkUShEdoQHqGchQT5Wf5D1N4ZpQQRkKa4hrm6u+JDMVKTeLAdMZID9WiNxP/83qpjq79jPIk1YTj+aIoZVALOAsEhlQSrNnEEIQlNbdCPEQSYW1iK5sQ3MWXl0n7oupeVmv3tUq9UcRRAifgFJwDF1yBOrgDTdACGDyCZ/AK3qwn68V6tz7mrStWMXME/sD6/AFDZpfr</latexit>

~r · ~B = 0

<latexit sha1_base64="2yjbEttXIb044RojvCIPhzHGqGk=">AAACG3icbVDNS8MwHE3n15xfVY9eikPwNNox1IswFIbgZYL7gLWWNM22sDQtSSqM0v/Di/+KFw+KeBI8+N+YdhV080Hg8d77Jfk9L6JESNP80kpLyyura+X1ysbm1vaOvrvXFWHMEe6gkIa870GBKWG4I4mkuB9xDAOP4p43ucz83j3mgoTsVk4j7ARwxMiQICiV5Or1lpvYQWyzOLUloT5OWundj3JuR5BLAmmeSa9zI3X1qlkzcxiLxCpIFRRou/qH7YcoDjCTiEIhBpYZSSfJrkYUpxU7FjiCaAJHeKAogwEWTpLvlhpHSvGNYcjVYdLI1d8TCQyEmAaeSgZQjsW8l4n/eYNYDs+chLAolpih2UPDmBoyNLKiDJ9wjCSdKgIRJ+qvBhpDDpFUdVZUCdb8youkW69ZJ7XGTaPavCjqKIMDcAiOgQVOQRNcgTboAAQewBN4Aa/ao/asvWnvs2hJK2b2wR9on9/tJqM7</latexit>

Fµ⌫ F̃
µ⌫ = @µK

µ

Want to preserve:
1- Gauge transformations

<latexit sha1_base64="dVlpi3U0plv1323cFHYpoo9OrUw=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2ARKkKZkaIuq25cVrAX6JRyJs20oZkLSUYsQ9/Cja/ixoUibnXn25hpp6CtBwIf/39OkvO7EWdSWda3kVtaXlldy68XNja3tnfM3b2GDGNBaJ2EPBQtFyTlLKB1xRSnrUhQ8F1Om+7wOvWb91RIFgZ3ahTRjg/9gHmMgNJS1yxfdhPHj8fYUSGe8Ql2IhCKAZ+ZwKMBlB6Ou2bRKluTwotgZ1BEWdW65pfTC0ns00ARDlK2bStSnSS9nXA6LjixpBGQIfRpW2MAPpWdZLLXGB9ppYe9UOgTKDxRf08k4Es58l3d6YMayHkvFf/z2rHyLjoJC6JY0YBMH/JijnUGaUi4xwQlio80ABFM/xWTAQggSkdZ0CHY8ysvQuO0bJ+VK7eVYvUqiyOPDtAhKiEbnaMqukE1VEcEPaJn9IrejCfjxXg3PqatOSOb2Ud/yvj8AQ+lnz8=</latexit>

Aµ ! Aµ + @µ↵(x)

2- Bianchi identities

3- Topological nature of the coupling

4- Continuum limit to 
<latexit sha1_base64="u4rxyCdqCM+t9Plv79i2IuR91ko=">AAAB+nicbVDLTgIxFL2DL8TXoEs3jcQEN2SGEHVJdONOTOSRwEg6nQINnUfajkpGPsWNC41x65e482/swCwUPEmTk3PuzT09bsSZVJb1beRWVtfWN/Kbha3tnd09s7jfkmEsCG2SkIei42JJOQtoUzHFaScSFPsup213fJn67XsqJAuDWzWJqOPjYcAGjGClpb5Z7PlYjQjmyfW07D3eVU/6ZsmqWDOgZWJnpAQZGn3zq+eFJPZpoAjHUnZtK1JOgoVihNNpoRdLGmEyxkPa1TTAPpVOMos+Rcda8dAgFPoFCs3U3xsJ9qWc+K6eTIPKRS8V//O6sRqcOwkLoljRgMwPDWKOVIjSHpDHBCWKTzTBRDCdFZERFpgo3VZBl2AvfnmZtKoV+7RSu6mV6hdZHXk4hCMogw1nUIcraEATCDzAM7zCm/FkvBjvxsd8NGdkOwfwB8bnD6Cvk5g=</latexit>

O(dx2)

Exact lattice shift symmetry

[D. G. Figueroa & M. Shaposhnikov (1705.09629)]
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<latexit sha1_base64="A0rYiouidYOv1v8sn68rytt+va8=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIp6rJUBBcuKtgHNKFMJpN26CQTZiaFEvIJbvwVNy4UcevSnX/jNM1CWw8MHM65hzv3eDGjUlnWt1FaWV1b3yhvVra2d3b3zP2DjuSJwKSNOeOi5yFJGI1IW1HFSC8WBIUeI11vfD3zuxMiJOXRg5rGxA3RMKIBxUhpaWCeOoFAOHXiEc1S504HfZQ5E4LTm8zBPlc5b2YDs2rVrBxwmdgFqYICrYH55fgcJyGJFGZIyr5txcpNkVAUM5JVnESSGOExGpK+phEKiXTT/KAMnmjFhwEX+kUK5urvRIpCKaehpydDpEZy0ZuJ/3n9RAVXbkqjOFEkwvNFQcKg4nDWDvSpIFixqSYIC6r/CvEI6YaU7rCiS7AXT14mnfOafVGr39erjWZRRxkcgWNwBmxwCRrgFrRAG2DwCJ7BK3gznowX4934mI+WjCJzCP7A+PwBV1yeDQ==</latexit>

�

⇤
~E · ~B

<latexit sha1_base64="r0s/PFetZpyhiymWbpr7U/ngQGg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQUpSirosFcGFiwr2AU0Mk+mkHTp5MDMRSshPuPFX3LhQxK3gzr9xmmahrQcGDufcw5173IhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BV4Qxx6SDQxbyvosEYTQgHUklI/2IE+S7jPTcyeXM7z0QLmgY3MlpRGwfjQLqUYykkhz91BKx71DL4wgnVjSmaWLdqPgQpVcOvU8q9Wraykijmjp62agZGeAyMXNSBjnajv5lDUMc+ySQmCEhBqYRSTtBXFLMSFqyYkEihCdoRAaKBsgnwk6yq1J4opQh9EKuXiBhpv5OJMgXYuq7atJHciwWvZn4nzeIpXdhJzSIYkkCPF/kxQzKEM4qgkPKCZZsqgjCnKq/QjxGqiCpiiypEszFk5dJt14zz2qN20a52crrKIIjcAwqwATnoAmuQRt0AAaP4Bm8gjftSXvR3rWP+WhByzOH4A+0zx86AJ7S</latexit>X

i

�

⇤
E(2)

i B(4)
iThe only one 

that satisfies 
all conditions

Continuum Lattice

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Discretisation procedure
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<latexit sha1_base64="A0rYiouidYOv1v8sn68rytt+va8=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIp6rJUBBcuKtgHNKFMJpN26CQTZiaFEvIJbvwVNy4UcevSnX/jNM1CWw8MHM65hzv3eDGjUlnWt1FaWV1b3yhvVra2d3b3zP2DjuSJwKSNOeOi5yFJGI1IW1HFSC8WBIUeI11vfD3zuxMiJOXRg5rGxA3RMKIBxUhpaWCeOoFAOHXiEc1S504HfZQ5E4LTm8zBPlc5b2YDs2rVrBxwmdgFqYICrYH55fgcJyGJFGZIyr5txcpNkVAUM5JVnESSGOExGpK+phEKiXTT/KAMnmjFhwEX+kUK5urvRIpCKaehpydDpEZy0ZuJ/3n9RAVXbkqjOFEkwvNFQcKg4nDWDvSpIFixqSYIC6r/CvEI6YaU7rCiS7AXT14mnfOafVGr39erjWZRRxkcgWNwBmxwCRrgFrRAG2DwCJ7BK3gznowX4934mI+WjCJzCP7A+PwBV1yeDQ==</latexit>
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Ẽ(2)

i

⇣
B(4)

i +B(4)

i,+0̂

⌘#

<latexit sha1_base64="RV6jlcBrAJk4cKjJzRFI7fkiNJ0="></latexit>

+
1

2
a
+ 0̂

2

X

i

�
�+

0 Ai ��+
i A0

�2 � 1

4a

X

i,j

�
�+

i Aj ��+
j Ai

�2

Discretisation procedure

Ready for variational 

principle



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio 21

Evolution Kernels
Common kick-drift scheme
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i,+ 0̂
2
= Ẽ
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i Ẽi,+ 0̂

2
= � 1

4⇤

X

±

X

i

⇣
�±

i �+ 0̂
2

⌘⇣
B(4)

i +B(4)

i,+0̂

⌘

±i

Dynamical equations:

<latexit sha1_base64="DjyA5bWLwCBGH227lpuxbvLHTi0="></latexit>

KL
i,A = �1

a

X

j,k

✏ijk�
�
j Bk � 1

2a3⇤

⇣
⇡̃�B

(4)
i + ⇡̃�,+iB

(4)
i,+i

⌘

<latexit sha1_base64="GFCyWU1NbKUDItY4itmeyx5sKOU="></latexit>

KL
� = a

+ 0̂
2

X

i

��
i �

+
i �+ 0̂

2
� a3

+ 0̂
2

m2�
+ 0̂

2
+

1

2a⇤

X

i
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Evolution Kernels
Common kick-drift scheme
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Evolution Kernels
Common kick-drift scheme
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Alternative approach in:
[A. Caravano, E. Komatsu, K. D. Lozanov, J. Weller (2204.12874)]

Discretisation procedure
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Expansion equations:

Hubble’s constraint:
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Discretisation procedure
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Expansion equations:

Hubble’s constraint:
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+ ḠL

�,+0̂/2
) +

1

2
(V̄ L

�,�0̂/2
+ V̄ L

�,+0̂/2
) +

1

2
(K̄L

A,�0̂/2
+ K̄L

A,+0̂/2
) + ḠL
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Dynamical equations:

Evolution Kernels
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Discretisation procedure
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Dynamical equations:

Non-symplectic,
Conjugate momenta in kernels!

[Remember 4th lecture & 1st Topical] 
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Evolution Kernels
Common kick-drift scheme
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Evolution Kernels
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(2)
k,±j ]� 0̂

2

o

Dynamical equations:

Common kick-drift scheme

<latexit sha1_base64="YMbHCse8bvb/+GRRinGcsp5wqYk="></latexit>
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<latexit sha1_base64="+TrcsWwKHKjMPDtCMEUqb5BJc+Q="></latexit>
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i,+ 0̂
2
= Ẽ

i,� 0̂
2
+ dtKL

i,A

Discretisation procedure
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Implicit scheme required
We need the value of the gauge’s 
canonical momentum @ 0/2 for 

obtaining its value @ 0/2!

Evolution Kernels
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Discretisation procedure
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Dynamical equations:

Common kick-drift scheme
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Ẽ

i,+ 0̂
2

<latexit sha1_base64="+TrcsWwKHKjMPDtCMEUqb5BJc+Q="></latexit>
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2
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2
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Need for a non-symplectic integrator!

[Ander]

Discretisation procedure
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<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels
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<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators
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<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV
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Why?

<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV
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<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV

<latexit sha1_base64="6McPIdEJFAtpFyvr3UbINpHW4Xk=">AAACPHicdZDLSsNAFIYnXmu9VV26CRZBKJakiLoRim4ENxXsRZpQJtNJO3RyYeZEKENeTV/AF3CvK1F3rp3GLLTVs/rP+f4D5/xezJkEy3oy5uYXFpeWCyvF1bX1jc3S1nZLRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW90MeHtOyoki8IbGMfUDfAgZD4jGPSoV7p1YtZTFccXmChniEFZaapqaXqWgcNZUHECDEOCubpKu/9tu33olcpW1crKnBV2Lsoor0av9Oj0I5IENATCsZRd24rBVVgAI5ymRSeRNMZkhAe0q2WIAypdlUWQmvt+JEwYUjPrf3oVDqQcB572TA6X02wy/It1E/BPXcXCOAEaEm3RzE+4CZE5SdLsM0EJ8LEWmAimrzTJEOskQOdd1O/b08/Oilatah9X7eujcv08D6KAdtEeOkA2OkF1dIkaqIkIekAv6B19GPfGs/FqvH1b54x8Zwf9KuPzC/A+sOk=</latexit>

⇡
+ 0̂

2
= ⇡� 0̂

2
+K[⇡

+ 0̂
2
]dt
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<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators
Solution

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV

<latexit sha1_base64="6McPIdEJFAtpFyvr3UbINpHW4Xk=">AAACPHicdZDLSsNAFIYnXmu9VV26CRZBKJakiLoRim4ENxXsRZpQJtNJO3RyYeZEKENeTV/AF3CvK1F3rp3GLLTVs/rP+f4D5/xezJkEy3oy5uYXFpeWCyvF1bX1jc3S1nZLRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW90MeHtOyoki8IbGMfUDfAgZD4jGPSoV7p1YtZTFccXmChniEFZaapqaXqWgcNZUHECDEOCubpKu/9tu33olcpW1crKnBV2Lsoor0av9Oj0I5IENATCsZRd24rBVVgAI5ymRSeRNMZkhAe0q2WIAypdlUWQmvt+JEwYUjPrf3oVDqQcB572TA6X02wy/It1E/BPXcXCOAEaEm3RzE+4CZE5SdLsM0EJ8LEWmAimrzTJEOskQOdd1O/b08/Oilatah9X7eujcv08D6KAdtEeOkA2OkF1dIkaqIkIekAv6B19GPfGs/FqvH1b54x8Zwf9KuPzC/A+sOk=</latexit>

⇡
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<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators
Solution

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV

<latexit sha1_base64="CNNfwQfYnqIc7w2ZzICCiSPJVJY=">AAACBHicbVC7TgMxEPTxDOF1QElzECHREN0hBJQRNFQoSOQhJVHkczaJFZ99svcQ0Skt/AxUCOj4An6Av8EXUkDCVLM7s5Znwlhwg77/5czNLywuLedW8qtr6xub7tZ21ahEM6gwJZSuh9SA4BIqyFFAPdZAo1BALRxcZnrtDrThSt7iMIZWRHuSdzmjaFdtd6+JcI/ptZJHZhjFApAzj0uEnqaotBnl227BL/pjeLMkmJACmaDcdj+bHcWSCCQyQY1pBH6MrZRq+7SAUb6ZGIgpG9AeNCyVNALTSsdRRt5BV2kP++CN59/elEbGfjG0nohi30xr2fI/rZFg97yVchknCJJZi9W6ifBQeVkjXodrYCiGllCmeVYA61NNGdresvjBdNhZUj0uBqfF4OakULqYFJEju2SfHJKAnJESuSJlUiGMPJJn8kbenQfnyXlxXn+sc87kZof8gfPxDbrFmLc=</latexit>

Non-sympletic integrators

<latexit sha1_base64="6McPIdEJFAtpFyvr3UbINpHW4Xk=">AAACPHicdZDLSsNAFIYnXmu9VV26CRZBKJakiLoRim4ENxXsRZpQJtNJO3RyYeZEKENeTV/AF3CvK1F3rp3GLLTVs/rP+f4D5/xezJkEy3oy5uYXFpeWCyvF1bX1jc3S1nZLRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW90MeHtOyoki8IbGMfUDfAgZD4jGPSoV7p1YtZTFccXmChniEFZaapqaXqWgcNZUHECDEOCubpKu/9tu33olcpW1crKnBV2Lsoor0av9Oj0I5IENATCsZRd24rBVVgAI5ymRSeRNMZkhAe0q2WIAypdlUWQmvt+JEwYUjPrf3oVDqQcB572TA6X02wy/It1E/BPXcXCOAEaEm3RzE+4CZE5SdLsM0EJ8LEWmAimrzTJEOskQOdd1O/b08/Oilatah9X7eujcv08D6KAdtEeOkA2OkF1dIkaqIkIekAv6B19GPfGs/FqvH1b54x8Zwf9KuPzC/A+sOk=</latexit>
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Why?

<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators
Solution

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV

<latexit sha1_base64="CNNfwQfYnqIc7w2ZzICCiSPJVJY=">AAACBHicbVC7TgMxEPTxDOF1QElzECHREN0hBJQRNFQoSOQhJVHkczaJFZ99svcQ0Skt/AxUCOj4An6Av8EXUkDCVLM7s5Znwlhwg77/5czNLywuLedW8qtr6xub7tZ21ahEM6gwJZSuh9SA4BIqyFFAPdZAo1BALRxcZnrtDrThSt7iMIZWRHuSdzmjaFdtd6+JcI/ptZJHZhjFApAzj0uEnqaotBnl227BL/pjeLMkmJACmaDcdj+bHcWSCCQyQY1pBH6MrZRq+7SAUb6ZGIgpG9AeNCyVNALTSsdRRt5BV2kP++CN59/elEbGfjG0nohi30xr2fI/rZFg97yVchknCJJZi9W6ifBQeVkjXodrYCiGllCmeVYA61NNGdresvjBdNhZUj0uBqfF4OakULqYFJEju2SfHJKAnJESuSJlUiGMPJJn8kbenQfnyXlxXn+sc87kZof8gfPxDbrFmLc=</latexit>

Non-sympletic integrators

<latexit sha1_base64="X06TuJyL1C7/H1apyiQA9CtOYJc=">AAAB9nicbZDLSsNAFIYnXmu9Rbt0EyyCG0sioi6LbgQ3VewF2lAm05N26OTCzBlpCH0VXYm680F8Ad/GpGahrf/qm/P/A+f8Xiy4Qtv+MpaWV1bX1ksb5c2t7Z1dc2+/pSItGTRZJCLZ8agCwUNoIkcBnVgCDTwBbW98nfvtR5CKR+EDJjG4AR2G3OeMYjbqm5UewgTTex0O4eRWI9JpuW9W7Zo9k7UITgFVUqjRNz97g4jpAEJkgirVdewY3ZRK5EzAtNzTCmLKxnQI3QxDGoBy09nyU+vIj6SFI7Bm79/ZlAZKJYGXZQKKIzXv5cP/vK5G/9JNeRhrhJBlkczztbAwsvIOrAGXwFAkGVAmebalxUZUUoZZU/n5zvyxi9A6rTnnNefurFq/KoookQNySI6JQy5IndyQBmkSRhLyTN7IuzExnowX4/UnumQUfyrkj4yPb3lCkl4=</latexit>

Runge-Kutta

<latexit sha1_base64="6McPIdEJFAtpFyvr3UbINpHW4Xk=">AAACPHicdZDLSsNAFIYnXmu9VV26CRZBKJakiLoRim4ENxXsRZpQJtNJO3RyYeZEKENeTV/AF3CvK1F3rp3GLLTVs/rP+f4D5/xezJkEy3oy5uYXFpeWCyvF1bX1jc3S1nZLRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW90MeHtOyoki8IbGMfUDfAgZD4jGPSoV7p1YtZTFccXmChniEFZaapqaXqWgcNZUHECDEOCubpKu/9tu33olcpW1crKnBV2Lsoor0av9Oj0I5IENATCsZRd24rBVVgAI5ymRSeRNMZkhAe0q2WIAypdlUWQmvt+JEwYUjPrf3oVDqQcB572TA6X02wy/It1E/BPXcXCOAEaEm3RzE+4CZE5SdLsM0EJ8LEWmAimrzTJEOskQOdd1O/b08/Oilatah9X7eujcv08D6KAdtEeOkA2OkF1dIkaqIkIekAv6B19GPfGs/FqvH1b54x8Zwf9KuPzC/A+sOk=</latexit>

⇡
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<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators
Solution

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV

<latexit sha1_base64="CNNfwQfYnqIc7w2ZzICCiSPJVJY=">AAACBHicbVC7TgMxEPTxDOF1QElzECHREN0hBJQRNFQoSOQhJVHkczaJFZ99svcQ0Skt/AxUCOj4An6Av8EXUkDCVLM7s5Znwlhwg77/5czNLywuLedW8qtr6xub7tZ21ahEM6gwJZSuh9SA4BIqyFFAPdZAo1BALRxcZnrtDrThSt7iMIZWRHuSdzmjaFdtd6+JcI/ptZJHZhjFApAzj0uEnqaotBnl227BL/pjeLMkmJACmaDcdj+bHcWSCCQyQY1pBH6MrZRq+7SAUb6ZGIgpG9AeNCyVNALTSsdRRt5BV2kP++CN59/elEbGfjG0nohi30xr2fI/rZFg97yVchknCJJZi9W6ifBQeVkjXodrYCiGllCmeVYA61NNGdresvjBdNhZUj0uBqfF4OakULqYFJEju2SfHJKAnJESuSJlUiGMPJJn8kbenQfnyXlxXn+sc87kZof8gfPxDbrFmLc=</latexit>

Non-sympletic integrators

<latexit sha1_base64="X06TuJyL1C7/H1apyiQA9CtOYJc=">AAAB9nicbZDLSsNAFIYnXmu9Rbt0EyyCG0sioi6LbgQ3VewF2lAm05N26OTCzBlpCH0VXYm680F8Ad/GpGahrf/qm/P/A+f8Xiy4Qtv+MpaWV1bX1ksb5c2t7Z1dc2+/pSItGTRZJCLZ8agCwUNoIkcBnVgCDTwBbW98nfvtR5CKR+EDJjG4AR2G3OeMYjbqm5UewgTTex0O4eRWI9JpuW9W7Zo9k7UITgFVUqjRNz97g4jpAEJkgirVdewY3ZRK5EzAtNzTCmLKxnQI3QxDGoBy09nyU+vIj6SFI7Bm79/ZlAZKJYGXZQKKIzXv5cP/vK5G/9JNeRhrhJBlkczztbAwsvIOrAGXwFAkGVAmebalxUZUUoZZU/n5zvyxi9A6rTnnNefurFq/KoookQNySI6JQy5IndyQBmkSRhLyTN7IuzExnowX4/UnumQUfyrkj4yPb3lCkl4=</latexit>

Runge-Kutta

<latexit sha1_base64="Q/7+z+Ox2bwlYYwVZD0R1Iv14dQ=">AAAB/XicbVDLTgJBEJzFF+IL9aaXicQEL2TXGPVI9OIRE3kksCGzQy9MmH1kptdANkR/Rk9GvfkT/oB/44B7ULBO1V3VmanyYik02vaXlVtaXlldy68XNja3tneKu3sNHSWKQ51HMlItj2mQIoQ6CpTQihWwwJPQ9IbXU715D0qLKLzDcQxuwPqh8AVnaFbd4kEHYYRpGUbmNS6QZuaTSaFbLNkVewa6SJyMlEiGWrf42elFPAkgRC6Z1m3HjtFNmULBJUwKnURDzPiQ9aFtaMgC0G46yzChx36kKA6Azubf3pQFWo8Dz3gChgM9r02X/2ntBP1LNxVhnCCE3FiM5ieSYkSnVdCeUMBRjg1hXAnzS8oHTDGOpoNpfGc+7CJpnFac84pze1aqXmVF5MkhOSJl4pALUiU3pEbqhJNH8kzeyLv1YD1ZL9brjzVnZTf75A+sj2+oRpVG</latexit>

(explicit version)

<latexit sha1_base64="6McPIdEJFAtpFyvr3UbINpHW4Xk=">AAACPHicdZDLSsNAFIYnXmu9VV26CRZBKJakiLoRim4ENxXsRZpQJtNJO3RyYeZEKENeTV/AF3CvK1F3rp3GLLTVs/rP+f4D5/xezJkEy3oy5uYXFpeWCyvF1bX1jc3S1nZLRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW90MeHtOyoki8IbGMfUDfAgZD4jGPSoV7p1YtZTFccXmChniEFZaapqaXqWgcNZUHECDEOCubpKu/9tu33olcpW1crKnBV2Lsoor0av9Oj0I5IENATCsZRd24rBVVgAI5ymRSeRNMZkhAe0q2WIAypdlUWQmvt+JEwYUjPrf3oVDqQcB572TA6X02wy/It1E/BPXcXCOAEaEm3RzE+4CZE5SdLsM0EJ8LEWmAimrzTJEOskQOdd1O/b08/Oilatah9X7eujcv08D6KAdtEeOkA2OkF1dIkaqIkIekAv6B19GPfGs/FqvH1b54x8Zwf9KuPzC/A+sOk=</latexit>

⇡
+ 0̂

2
= ⇡� 0̂

2
+K[⇡

+ 0̂
2
]dt
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Why?

<latexit sha1_base64="lh9OR6cn+F1bawrjqgNllgQOPeo=">AAACBnicbVC7TgMxEPTxDOEVoKSxiJCoojuEgDKCBrogkQQpidCe2Uus+Hwnew8RndLDz0CFgI4P4Af4G5yQAgJTze7MWp4JUyUt+f6nNzM7N7+wWFgqLq+srq2XNjYbNsmMwLpIVGKuQrCopMY6SVJ4lRqEOFTYDPunI715i8bKRF/SIMVODF0tIymA3Oq6VG4T3lF+HvE4iVETcEhTBMOl5n00GpUdOpdf8cfgf0kwIWU2Qe269NG+SUQ2ek8osLYV+Cl1cjAkhcJhsZ1ZTEH0oYstRzXEaDv5OMyQ70aJ4dRDPp5/enOIrR3EofPEQD07rY2W/2mtjKLjTi51mhFq4SxOizLFKeGjTviNNChIDRwBYaT7JRc9MCDINVd08YPpsH9JY78SHFaCi4Ny9WRSRIFtsx22xwJ2xKrsjNVYnQn2wJ7YK3vz7r1H79l7+bbOeJObLfYL3vsXlDWZIQ==</latexit>

If momenta appear in kernels

<latexit sha1_base64="AklheuuYidGKSD6rul8iSHZ13AU=">AAACInicbVDLTgIxFO34RHyhLt00EhNXZMYYdSfRjSuDiTwShpBOuUBDZzpp7xDIhL/Rn1E3Rl2Y+DGWx0LBszq959y25wSxFAZd98tZWl5ZXVvPbGQ3t7Z3dnN7+xWjEs2hzJVUuhYwA1JEUEaBEmqxBhYGEqpB72asV/ugjVDRAw5jaISsE4m24AztqJm78hEGmN4ppEbJPrN7NBhSGNjHucCR72enDjMMYwkcBaciQuhohkqbUTOXdwvuBHSReDOSJzOUmrlXv6V4EkKEXDJj6p4bYyNl2t4sYZT1EwMx4z3WgbqlEQvBNNJJ0BE9bitNsQt0cv7tTVlo7BcD6wkZds28Nh7+p9UTbF82UhHFCULErcVq7URSVHTcF20JbVPLoSWMazHOz7tMM4621ayN782HXSSV04J3XvDuz/LF61kRGXJIjsgJ8cgFKZJbUiJlwskTeSEf5NN5dJ6dN+d9al1yZjsH5A+c7x8yXqXl</latexit>

Not solvable by explicit

symplectic integrators
Solution

<latexit sha1_base64="53BOSjCnS4nyrwq/8i62eojyZ58=">AAAB+nicbVDLSgNBEJyNrxhfUQ8evAwGwdOyK6Ieg4J48BDBPCC7hNlJJxky+2CmVwxrfkZPot78DH/Av3ES96CJdaruqmamKkik0Og4X1ZhYXFpeaW4Wlpb39jcKm/vNHScKg51HstYtQKmQYoI6ihQQitRwMJAQjMYXk705j0oLeLoDkcJ+CHrR6InOEOz6pT3PIQHzIQNNr25orGijcbY80qdcsWxnSnoPHFzUiE5ap3yp9eNeRpChFwyrduuk6CfMYWCSxiXvFRDwviQ9aFtaMRC0H42DTCmhz3zMA6ATuff3oyFWo/CwHhChgM9q02W/2ntFHvnfiaiJEWIuLEYrZdKijGd9EC7QgFHOTKEcSXMLykfMMU4mrYm8d3ZsPOkcWy7p7Z7e1KpXuRFFMk+OSBHxCVnpEquSY3UCSdj8kzeyLv1aD1ZL9brj7Vg5Te75A+sj29f/5Kw</latexit>

i.e. LF or VV

<latexit sha1_base64="CNNfwQfYnqIc7w2ZzICCiSPJVJY=">AAACBHicbVC7TgMxEPTxDOF1QElzECHREN0hBJQRNFQoSOQhJVHkczaJFZ99svcQ0Skt/AxUCOj4An6Av8EXUkDCVLM7s5Znwlhwg77/5czNLywuLedW8qtr6xub7tZ21ahEM6gwJZSuh9SA4BIqyFFAPdZAo1BALRxcZnrtDrThSt7iMIZWRHuSdzmjaFdtd6+JcI/ptZJHZhjFApAzj0uEnqaotBnl227BL/pjeLMkmJACmaDcdj+bHcWSCCQyQY1pBH6MrZRq+7SAUb6ZGIgpG9AeNCyVNALTSsdRRt5BV2kP++CN59/elEbGfjG0nohi30xr2fI/rZFg97yVchknCJJZi9W6ifBQeVkjXodrYCiGllCmeVYA61NNGdresvjBdNhZUj0uBqfF4OakULqYFJEju2SfHJKAnJESuSJlUiGMPJJn8kbenQfnyXlxXn+sc87kZof8gfPxDbrFmLc=</latexit>

Non-sympletic integrators

<latexit sha1_base64="X06TuJyL1C7/H1apyiQA9CtOYJc=">AAAB9nicbZDLSsNAFIYnXmu9Rbt0EyyCG0sioi6LbgQ3VewF2lAm05N26OTCzBlpCH0VXYm680F8Ad/GpGahrf/qm/P/A+f8Xiy4Qtv+MpaWV1bX1ksb5c2t7Z1dc2+/pSItGTRZJCLZ8agCwUNoIkcBnVgCDTwBbW98nfvtR5CKR+EDJjG4AR2G3OeMYjbqm5UewgTTex0O4eRWI9JpuW9W7Zo9k7UITgFVUqjRNz97g4jpAEJkgirVdewY3ZRK5EzAtNzTCmLKxnQI3QxDGoBy09nyU+vIj6SFI7Bm79/ZlAZKJYGXZQKKIzXv5cP/vK5G/9JNeRhrhJBlkczztbAwsvIOrAGXwFAkGVAmebalxUZUUoZZU/n5zvyxi9A6rTnnNefurFq/KoookQNySI6JQy5IndyQBmkSRhLyTN7IuzExnowX4/UnumQUfyrkj4yPb3lCkl4=</latexit>

Runge-Kutta

<latexit sha1_base64="Q/7+z+Ox2bwlYYwVZD0R1Iv14dQ=">AAAB/XicbVDLTgJBEJzFF+IL9aaXicQEL2TXGPVI9OIRE3kksCGzQy9MmH1kptdANkR/Rk9GvfkT/oB/44B7ULBO1V3VmanyYik02vaXlVtaXlldy68XNja3tneKu3sNHSWKQ51HMlItj2mQIoQ6CpTQihWwwJPQ9IbXU715D0qLKLzDcQxuwPqh8AVnaFbd4kEHYYRpGUbmNS6QZuaTSaFbLNkVewa6SJyMlEiGWrf42elFPAkgRC6Z1m3HjtFNmULBJUwKnURDzPiQ9aFtaMgC0G46yzChx36kKA6Azubf3pQFWo8Dz3gChgM9r02X/2ntBP1LNxVhnCCE3FiM5ieSYkSnVdCeUMBRjg1hXAnzS8oHTDGOpoNpfGc+7CJpnFac84pze1aqXmVF5MkhOSJl4pALUiU3pEbqhJNH8kzeyLv1YD1ZL9brjzVnZTf75A+sj2+oRpVG</latexit>

(explicit version)

<latexit sha1_base64="7eR3b9mn3hfNeCCz3Qh/s9mAxtM=">AAAB9XicbZDNTsJAFIWn/iL+VVy6GSUmrkhrjLokunFlMJGfBAiZDrcwYdppZm4V0vAoujLqzhfxBXwbW+xCwbP65p4zyb3Hi6Qw6Dhf1tLyyuraemGjuLm1vbNr75UaRsWaQ50rqXTLYwakCKGOAiW0Ig0s8CQ0vdF15jcfQBuhwnucRNAN2CAUvuAM01HPLnUQxpjcKipVOAB9OC327LJTcWaii+DmUCa5aj37s9NXPA4gRC6ZMW3XibCbMI2CS5gWO7GBiPERG0A7xZAFYLrJbPcpPfaVpjgEOnv/ziYsMGYSeGkmYDg08142/M9rx+hfdhMRRjFCyNNI6vmxpKhoVgHtCw0c5SQFxrVIt6R8yDTjmBaVne/OH7sIjdOKe15x787K1au8iAI5IEfkhLjkglTJDamROuFkTJ7JG3m3Hq0n68V6/YkuWfmfffJH1sc3QbKRog==</latexit>

No longer!

<latexit sha1_base64="6McPIdEJFAtpFyvr3UbINpHW4Xk=">AAACPHicdZDLSsNAFIYnXmu9VV26CRZBKJakiLoRim4ENxXsRZpQJtNJO3RyYeZEKENeTV/AF3CvK1F3rp3GLLTVs/rP+f4D5/xezJkEy3oy5uYXFpeWCyvF1bX1jc3S1nZLRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW90MeHtOyoki8IbGMfUDfAgZD4jGPSoV7p1YtZTFccXmChniEFZaapqaXqWgcNZUHECDEOCubpKu/9tu33olcpW1crKnBV2Lsoor0av9Oj0I5IENATCsZRd24rBVVgAI5ymRSeRNMZkhAe0q2WIAypdlUWQmvt+JEwYUjPrf3oVDqQcB572TA6X02wy/It1E/BPXcXCOAEaEm3RzE+4CZE5SdLsM0EJ8LEWmAimrzTJEOskQOdd1O/b08/Oilatah9X7eujcv08D6KAdtEeOkA2OkF1dIkaqIkIekAv6B19GPfGs/FqvH1b54x8Zwf9KuPzC/A+sOk=</latexit>

⇡
+ 0̂

2
= ⇡� 0̂

2
+K[⇡

+ 0̂
2
]dt
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<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="4+skz6FVlJb0TmPyYJfEIkC0XAU=">AAACEXicbZDNSgMxFIUz/tb6V3XpZrAILYUyKaJuhKILXSrYKrRlyKR32mAmMyR3xDL0KfRldCXqTl/AtzGtXWj1rr7ccwL3nCCRwqDnfTozs3PzC4u5pfzyyuraemFjs2niVHNo8FjG+jpgBqRQ0ECBEq4TDSwKJFwFNycj/eoWtBGxusRBAp2I9ZQIBWdoV36heldCP1MVOiwfjVCVK11sSwixFPj01KeVwK+d+rW2Fr0+lv1C0at643H/Ap1AkUzm3C98tLsxTyNQyCUzpkW9BDsZ0yi4hGG+nRpIGL9hPWhZVCwC08nGuYbubhhrF/vgjt8/vRmLjBlEgfVEDPtmWhst/9NaKYaHnUyoJEVQ3FqsFqbSxdgd1eN2hQaOcmCBcS3slS7vM8042hLzNj6dDvsXmrUq3a/Si71i/XhSRI5skx1SIpQckDo5I+ekQTh5IE/klbw5986j8+y8fFtnnMmfLfJrnPcvObObSw==</latexit>

x(tn+1) = x(tn) + dt (b1G1 + b2G2)

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="4+skz6FVlJb0TmPyYJfEIkC0XAU=">AAACEXicbZDNSgMxFIUz/tb6V3XpZrAILYUyKaJuhKILXSrYKrRlyKR32mAmMyR3xDL0KfRldCXqTl/AtzGtXWj1rr7ccwL3nCCRwqDnfTozs3PzC4u5pfzyyuraemFjs2niVHNo8FjG+jpgBqRQ0ECBEq4TDSwKJFwFNycj/eoWtBGxusRBAp2I9ZQIBWdoV36heldCP1MVOiwfjVCVK11sSwixFPj01KeVwK+d+rW2Fr0+lv1C0at643H/Ap1AkUzm3C98tLsxTyNQyCUzpkW9BDsZ0yi4hGG+nRpIGL9hPWhZVCwC08nGuYbubhhrF/vgjt8/vRmLjBlEgfVEDPtmWhst/9NaKYaHnUyoJEVQ3FqsFqbSxdgd1eN2hQaOcmCBcS3slS7vM8042hLzNj6dDvsXmrUq3a/Si71i/XhSRI5skx1SIpQckDo5I+ekQTh5IE/klbw5986j8+y8fFtnnMmfLfJrnPcvObObSw==</latexit>

x(tn+1) = x(tn) + dt (b1G1 + b2G2)

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="wGAuxr/vw/EG15eZ9FhfmUPTILM=">AAACBnicbZDLSsNAFIYnXmu9VV26CRahpVKSIOpGKLqoywr2Am0Ik8m0HTq5MHNSLKF7fRldibrzAXwB38ZJzUJbz+qb8/8D5//diDMJhvGlLS2vrK6t5zbym1vbO7uFvf2WDGNBaJOEPBQdF0vKWUCbwIDTTiQo9l1O2+7oOtXbYyokC4M7mETU9vEgYH1GMKiVUyjWHetyXAInqBDH8uDkPuVyBTuJZU7rjulBWbmMqjEbfRHMDIoom4ZT+Ox5IYl9GgDhWMquaURgJ1gAI5xO871Y0giTER7QrsIA+1TaySzMVD/uh0KHIdVn79/eBPtSTnxXeXwMQzmvpcv/tG4M/Qs7YUEUAw2IsiitH3MdQj3tRPeYoAT4RAEmgqkrdTLEAhNQzeVVfHM+7CK0rKp5VjVvT4u1q6yIHDpER6iETHSOaugGNVATEfSIntEbetcetCftRXv9sS5p2Z8D9Ge0j28V45bj</latexit>

G2 = v(tn + c2dt, x(tn) + a21G1dt)

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

<latexit sha1_base64="RAm8YkcsNzDQQFRGjJtvW+BSvKI=">AAACJXicbVDJSgNBFOxxjXGLevQyGISIGGaiqBdBkovgwQWjQjZ6Oi9Jk56eofuNGIb5Hv0Y9SQuJ3/FTgyi0TpVV1XDq/JCwTU6zrs1Nj4xOTWdmknPzs0vLGaWli91ECkGZRaIQF17VIPgEsrIUcB1qID6noArr1vq+1c3oDQP5AX2Qqj5tC15izOKRmpkirf1uIpwi3EpkJgkOWzEctNNNra+jfPjwg/9oOpT7DAq4pMk18T69kYjk3XyzgD2X+IOSZYMcdrIPFSbAYt8kMgE1briOiHWYqqQMwFJuhppCCnr0jZUDJXUB12LB10Te70VKBs7YA/eP7Mx9bXu+Z7J9E/Uo15f/M+rRNjar8VchhGCZCZivFYkbAzs/mR2kytgKHqGUKa4udJmHaooQzNs2tR3R8v+JZeFvLubd892sofF4RApskrWSI64ZI8ckiNySsqEkXvyRF7Jm3VnPVrP1stXdMwa/lkhv2B9fAIRF6V4</latexit>

xCont(tn+1)� xRK2(tn+1) = O(dt3)

<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="4+skz6FVlJb0TmPyYJfEIkC0XAU=">AAACEXicbZDNSgMxFIUz/tb6V3XpZrAILYUyKaJuhKILXSrYKrRlyKR32mAmMyR3xDL0KfRldCXqTl/AtzGtXWj1rr7ccwL3nCCRwqDnfTozs3PzC4u5pfzyyuraemFjs2niVHNo8FjG+jpgBqRQ0ECBEq4TDSwKJFwFNycj/eoWtBGxusRBAp2I9ZQIBWdoV36heldCP1MVOiwfjVCVK11sSwixFPj01KeVwK+d+rW2Fr0+lv1C0at643H/Ap1AkUzm3C98tLsxTyNQyCUzpkW9BDsZ0yi4hGG+nRpIGL9hPWhZVCwC08nGuYbubhhrF/vgjt8/vRmLjBlEgfVEDPtmWhst/9NaKYaHnUyoJEVQ3FqsFqbSxdgd1eN2hQaOcmCBcS3slS7vM8042hLzNj6dDvsXmrUq3a/Si71i/XhSRI5skx1SIpQckDo5I+ekQTh5IE/klbw5986j8+y8fFtnnMmfLfJrnPcvObObSw==</latexit>

x(tn+1) = x(tn) + dt (b1G1 + b2G2)

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="wGAuxr/vw/EG15eZ9FhfmUPTILM=">AAACBnicbZDLSsNAFIYnXmu9VV26CRahpVKSIOpGKLqoywr2Am0Ik8m0HTq5MHNSLKF7fRldibrzAXwB38ZJzUJbz+qb8/8D5//diDMJhvGlLS2vrK6t5zbym1vbO7uFvf2WDGNBaJOEPBQdF0vKWUCbwIDTTiQo9l1O2+7oOtXbYyokC4M7mETU9vEgYH1GMKiVUyjWHetyXAInqBDH8uDkPuVyBTuJZU7rjulBWbmMqjEbfRHMDIoom4ZT+Ox5IYl9GgDhWMquaURgJ1gAI5xO871Y0giTER7QrsIA+1TaySzMVD/uh0KHIdVn79/eBPtSTnxXeXwMQzmvpcv/tG4M/Qs7YUEUAw2IsiitH3MdQj3tRPeYoAT4RAEmgqkrdTLEAhNQzeVVfHM+7CK0rKp5VjVvT4u1q6yIHDpER6iETHSOaugGNVATEfSIntEbetcetCftRXv9sS5p2Z8D9Ge0j28V45bj</latexit>

G2 = v(tn + c2dt, x(tn) + a21G1dt)

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

<latexit sha1_base64="ZhZhanh7RnFcnZ4GqbVwUUukglQ="></latexit>

Constraints ! b1 + b2 = 1 , b2c2 = 1/2 , b2a21 = 1/2

<latexit sha1_base64="RAm8YkcsNzDQQFRGjJtvW+BSvKI=">AAACJXicbVDJSgNBFOxxjXGLevQyGISIGGaiqBdBkovgwQWjQjZ6Oi9Jk56eofuNGIb5Hv0Y9SQuJ3/FTgyi0TpVV1XDq/JCwTU6zrs1Nj4xOTWdmknPzs0vLGaWli91ECkGZRaIQF17VIPgEsrIUcB1qID6noArr1vq+1c3oDQP5AX2Qqj5tC15izOKRmpkirf1uIpwi3EpkJgkOWzEctNNNra+jfPjwg/9oOpT7DAq4pMk18T69kYjk3XyzgD2X+IOSZYMcdrIPFSbAYt8kMgE1briOiHWYqqQMwFJuhppCCnr0jZUDJXUB12LB10Te70VKBs7YA/eP7Mx9bXu+Z7J9E/Uo15f/M+rRNjar8VchhGCZCZivFYkbAzs/mR2kytgKHqGUKa4udJmHaooQzNs2tR3R8v+JZeFvLubd892sofF4RApskrWSI64ZI8ckiNySsqEkXvyRF7Jm3VnPVrP1stXdMwa/lkhv2B9fAIRF6V4</latexit>

xCont(tn+1)� xRK2(tn+1) = O(dt3)

<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="4+skz6FVlJb0TmPyYJfEIkC0XAU=">AAACEXicbZDNSgMxFIUz/tb6V3XpZrAILYUyKaJuhKILXSrYKrRlyKR32mAmMyR3xDL0KfRldCXqTl/AtzGtXWj1rr7ccwL3nCCRwqDnfTozs3PzC4u5pfzyyuraemFjs2niVHNo8FjG+jpgBqRQ0ECBEq4TDSwKJFwFNycj/eoWtBGxusRBAp2I9ZQIBWdoV36heldCP1MVOiwfjVCVK11sSwixFPj01KeVwK+d+rW2Fr0+lv1C0at643H/Ap1AkUzm3C98tLsxTyNQyCUzpkW9BDsZ0yi4hGG+nRpIGL9hPWhZVCwC08nGuYbubhhrF/vgjt8/vRmLjBlEgfVEDPtmWhst/9NaKYaHnUyoJEVQ3FqsFqbSxdgd1eN2hQaOcmCBcS3slS7vM8042hLzNj6dDvsXmrUq3a/Si71i/XhSRI5skx1SIpQckDo5I+ekQTh5IE/klbw5986j8+y8fFtnnMmfLfJrnPcvObObSw==</latexit>

x(tn+1) = x(tn) + dt (b1G1 + b2G2)

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="wGAuxr/vw/EG15eZ9FhfmUPTILM=">AAACBnicbZDLSsNAFIYnXmu9VV26CRahpVKSIOpGKLqoywr2Am0Ik8m0HTq5MHNSLKF7fRldibrzAXwB38ZJzUJbz+qb8/8D5//diDMJhvGlLS2vrK6t5zbym1vbO7uFvf2WDGNBaJOEPBQdF0vKWUCbwIDTTiQo9l1O2+7oOtXbYyokC4M7mETU9vEgYH1GMKiVUyjWHetyXAInqBDH8uDkPuVyBTuJZU7rjulBWbmMqjEbfRHMDIoom4ZT+Ox5IYl9GgDhWMquaURgJ1gAI5xO871Y0giTER7QrsIA+1TaySzMVD/uh0KHIdVn79/eBPtSTnxXeXwMQzmvpcv/tG4M/Qs7YUEUAw2IsiitH3MdQj3tRPeYoAT4RAEmgqkrdTLEAhNQzeVVfHM+7CK0rKp5VjVvT4u1q6yIHDpER6iETHSOaugGNVATEfSIntEbetcetCftRXv9sS5p2Z8D9Ge0j28V45bj</latexit>

G2 = v(tn + c2dt, x(tn) + a21G1dt)

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

<latexit sha1_base64="ZhZhanh7RnFcnZ4GqbVwUUukglQ="></latexit>

Constraints ! b1 + b2 = 1 , b2c2 = 1/2 , b2a21 = 1/2Modified Euler

<latexit sha1_base64="RAm8YkcsNzDQQFRGjJtvW+BSvKI=">AAACJXicbVDJSgNBFOxxjXGLevQyGISIGGaiqBdBkovgwQWjQjZ6Oi9Jk56eofuNGIb5Hv0Y9SQuJ3/FTgyi0TpVV1XDq/JCwTU6zrs1Nj4xOTWdmknPzs0vLGaWli91ECkGZRaIQF17VIPgEsrIUcB1qID6noArr1vq+1c3oDQP5AX2Qqj5tC15izOKRmpkirf1uIpwi3EpkJgkOWzEctNNNra+jfPjwg/9oOpT7DAq4pMk18T69kYjk3XyzgD2X+IOSZYMcdrIPFSbAYt8kMgE1briOiHWYqqQMwFJuhppCCnr0jZUDJXUB12LB10Te70VKBs7YA/eP7Mx9bXu+Z7J9E/Uo15f/M+rRNjar8VchhGCZCZivFYkbAzs/mR2kytgKHqGUKa4udJmHaooQzNs2tR3R8v+JZeFvLubd892sofF4RApskrWSI64ZI8ckiNySsqEkXvyRF7Jm3VnPVrP1stXdMwa/lkhv2B9fAIRF6V4</latexit>

xCont(tn+1)� xRK2(tn+1) = O(dt3)

<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="4+skz6FVlJb0TmPyYJfEIkC0XAU=">AAACEXicbZDNSgMxFIUz/tb6V3XpZrAILYUyKaJuhKILXSrYKrRlyKR32mAmMyR3xDL0KfRldCXqTl/AtzGtXWj1rr7ccwL3nCCRwqDnfTozs3PzC4u5pfzyyuraemFjs2niVHNo8FjG+jpgBqRQ0ECBEq4TDSwKJFwFNycj/eoWtBGxusRBAp2I9ZQIBWdoV36heldCP1MVOiwfjVCVK11sSwixFPj01KeVwK+d+rW2Fr0+lv1C0at643H/Ap1AkUzm3C98tLsxTyNQyCUzpkW9BDsZ0yi4hGG+nRpIGL9hPWhZVCwC08nGuYbubhhrF/vgjt8/vRmLjBlEgfVEDPtmWhst/9NaKYaHnUyoJEVQ3FqsFqbSxdgd1eN2hQaOcmCBcS3slS7vM8042hLzNj6dDvsXmrUq3a/Si71i/XhSRI5skx1SIpQckDo5I+ekQTh5IE/klbw5986j8+y8fFtnnMmfLfJrnPcvObObSw==</latexit>

x(tn+1) = x(tn) + dt (b1G1 + b2G2)

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="wGAuxr/vw/EG15eZ9FhfmUPTILM=">AAACBnicbZDLSsNAFIYnXmu9VV26CRahpVKSIOpGKLqoywr2Am0Ik8m0HTq5MHNSLKF7fRldibrzAXwB38ZJzUJbz+qb8/8D5//diDMJhvGlLS2vrK6t5zbym1vbO7uFvf2WDGNBaJOEPBQdF0vKWUCbwIDTTiQo9l1O2+7oOtXbYyokC4M7mETU9vEgYH1GMKiVUyjWHetyXAInqBDH8uDkPuVyBTuJZU7rjulBWbmMqjEbfRHMDIoom4ZT+Ox5IYl9GgDhWMquaURgJ1gAI5xO871Y0giTER7QrsIA+1TaySzMVD/uh0KHIdVn79/eBPtSTnxXeXwMQzmvpcv/tG4M/Qs7YUEUAw2IsiitH3MdQj3tRPeYoAT4RAEmgqkrdTLEAhNQzeVVfHM+7CK0rKp5VjVvT4u1q6yIHDpER6iETHSOaugGNVATEfSIntEbetcetCftRXv9sS5p2Z8D9Ge0j28V45bj</latexit>

G2 = v(tn + c2dt, x(tn) + a21G1dt)

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

<latexit sha1_base64="ZhZhanh7RnFcnZ4GqbVwUUukglQ="></latexit>

Constraints ! b1 + b2 = 1 , b2c2 = 1/2 , b2a21 = 1/2Modified Euler

<latexit sha1_base64="/9n5gVmHWXwXcIJYSp10h888OuU=">AAACEXicbVBLSwMxGMzWV62vVY9egkXwIHWziApSKHrxWME+oLss2TRtQ7MPkqxQlv4K/TN6EvWmf8B/Y3bdQ22d08w3E8iMH3MmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryygRhLZIxCPR9bGknIW0pZjitBsLigOf044/vsn8zgMVkkXhvZrE1A3wMGQDRrDSJ8+s+R6qo1PbuYIn0IG+Z88okqmcYy+10bSOPLNq1awccJGgglRBgaZnfjn9iCQBDRXhWMoesmLlplgoRjidVpxE0hiTMR7SnqYhDqh007zXFB4NIgHViMJcz2ZTHEg5CXydCbAayXkvO/7n9RI1uHRTFsaJoiHREe0NEg5VBLN5YJ8JShSfaIKJYPqXkIywwETpESu6Ppovu0jadg2d19DdWbVxXQxRBgfgEBwDBC5AA9yCJmgBAp7AC3gHH8aj8Wy8Gm+/0ZJRvNkHf2B8/gAz6peB</latexit>

b1 = 1/2 , b2 = 1/2 , c2 = 1 , a21 = 1

<latexit sha1_base64="RAm8YkcsNzDQQFRGjJtvW+BSvKI=">AAACJXicbVDJSgNBFOxxjXGLevQyGISIGGaiqBdBkovgwQWjQjZ6Oi9Jk56eofuNGIb5Hv0Y9SQuJ3/FTgyi0TpVV1XDq/JCwTU6zrs1Nj4xOTWdmknPzs0vLGaWli91ECkGZRaIQF17VIPgEsrIUcB1qID6noArr1vq+1c3oDQP5AX2Qqj5tC15izOKRmpkirf1uIpwi3EpkJgkOWzEctNNNra+jfPjwg/9oOpT7DAq4pMk18T69kYjk3XyzgD2X+IOSZYMcdrIPFSbAYt8kMgE1briOiHWYqqQMwFJuhppCCnr0jZUDJXUB12LB10Te70VKBs7YA/eP7Mx9bXu+Z7J9E/Uo15f/M+rRNjar8VchhGCZCZivFYkbAzs/mR2kytgKHqGUKa4udJmHaooQzNs2tR3R8v+JZeFvLubd892sofF4RApskrWSI64ZI8ckiNySsqEkXvyRF7Jm3VnPVrP1stXdMwa/lkhv2B9fAIRF6V4</latexit>

xCont(tn+1)� xRK2(tn+1) = O(dt3)

<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="4+skz6FVlJb0TmPyYJfEIkC0XAU=">AAACEXicbZDNSgMxFIUz/tb6V3XpZrAILYUyKaJuhKILXSrYKrRlyKR32mAmMyR3xDL0KfRldCXqTl/AtzGtXWj1rr7ccwL3nCCRwqDnfTozs3PzC4u5pfzyyuraemFjs2niVHNo8FjG+jpgBqRQ0ECBEq4TDSwKJFwFNycj/eoWtBGxusRBAp2I9ZQIBWdoV36heldCP1MVOiwfjVCVK11sSwixFPj01KeVwK+d+rW2Fr0+lv1C0at643H/Ap1AkUzm3C98tLsxTyNQyCUzpkW9BDsZ0yi4hGG+nRpIGL9hPWhZVCwC08nGuYbubhhrF/vgjt8/vRmLjBlEgfVEDPtmWhst/9NaKYaHnUyoJEVQ3FqsFqbSxdgd1eN2hQaOcmCBcS3slS7vM8042hLzNj6dDvsXmrUq3a/Si71i/XhSRI5skx1SIpQckDo5I+ekQTh5IE/klbw5986j8+y8fFtnnMmfLfJrnPcvObObSw==</latexit>

x(tn+1) = x(tn) + dt (b1G1 + b2G2)

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="wGAuxr/vw/EG15eZ9FhfmUPTILM=">AAACBnicbZDLSsNAFIYnXmu9VV26CRahpVKSIOpGKLqoywr2Am0Ik8m0HTq5MHNSLKF7fRldibrzAXwB38ZJzUJbz+qb8/8D5//diDMJhvGlLS2vrK6t5zbym1vbO7uFvf2WDGNBaJOEPBQdF0vKWUCbwIDTTiQo9l1O2+7oOtXbYyokC4M7mETU9vEgYH1GMKiVUyjWHetyXAInqBDH8uDkPuVyBTuJZU7rjulBWbmMqjEbfRHMDIoom4ZT+Ox5IYl9GgDhWMquaURgJ1gAI5xO871Y0giTER7QrsIA+1TaySzMVD/uh0KHIdVn79/eBPtSTnxXeXwMQzmvpcv/tG4M/Qs7YUEUAw2IsiitH3MdQj3tRPeYoAT4RAEmgqkrdTLEAhNQzeVVfHM+7CK0rKp5VjVvT4u1q6yIHDpER6iETHSOaugGNVATEfSIntEbetcetCftRXv9sS5p2Z8D9Ge0j28V45bj</latexit>

G2 = v(tn + c2dt, x(tn) + a21G1dt)

Explicit-in-time integrator
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RK2 & 2 stages
<latexit sha1_base64="p5QvkbyRGKeJOqBWcAtzRgJQmuw=">AAAB+XicbZDLSsNAFIYn9VbrLSq4cTNYhApSEhF1IxTduKxgL9CGMplM2qGTCzMnpSXmYXQl6s7X8AV8G6c1C239V9+c/x8453djwRVY1pdRWFpeWV0rrpc2Nre2d8zdvaaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vB26rdGTCoehQ8wiZkTkH7IfU4J6FHPPOj6ktDUG2epBxm+xqMKnI5PembZqloz4UWwcyijXPWe+dn1IpoELAQqiFId24rBSYkETgXLSt1EsZjQIemzjsaQBEw56Wz/DB/7kcQwYHj2/p1NSaDUJHB1JiAwUPPedPif10nAv3JSHsYJsJDqiPb8RGCI8LQG7HHJKIiJBkIl11tiOiC6CtBllfT59vyxi9A8q9oXVfv+vFy7yYsookN0hCrIRpeohu5QHTUQRY/oGb2hdyM1nowX4/UnWjDyP/voj4yPb+oWkxo=</latexit>

dx

dt
= v(t, x)1st order ODE

<latexit sha1_base64="ZhZhanh7RnFcnZ4GqbVwUUukglQ="></latexit>

Constraints ! b1 + b2 = 1 , b2c2 = 1/2 , b2a21 = 1/2Modified Euler

<latexit sha1_base64="/9n5gVmHWXwXcIJYSp10h888OuU=">AAACEXicbVBLSwMxGMzWV62vVY9egkXwIHWziApSKHrxWME+oLss2TRtQ7MPkqxQlv4K/TN6EvWmf8B/Y3bdQ22d08w3E8iMH3MmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryygRhLZIxCPR9bGknIW0pZjitBsLigOf044/vsn8zgMVkkXhvZrE1A3wMGQDRrDSJ8+s+R6qo1PbuYIn0IG+Z88okqmcYy+10bSOPLNq1awccJGgglRBgaZnfjn9iCQBDRXhWMoesmLlplgoRjidVpxE0hiTMR7SnqYhDqh007zXFB4NIgHViMJcz2ZTHEg5CXydCbAayXkvO/7n9RI1uHRTFsaJoiHREe0NEg5VBLN5YJ8JShSfaIKJYPqXkIywwETpESu6Ppovu0jadg2d19DdWbVxXQxRBgfgEBwDBC5AA9yCJmgBAp7AC3gHH8aj8Wy8Gm+/0ZJRvNkHf2B8/gAz6peB</latexit>

b1 = 1/2 , b2 = 1/2 , c2 = 1 , a21 = 1

<latexit sha1_base64="RAm8YkcsNzDQQFRGjJtvW+BSvKI=">AAACJXicbVDJSgNBFOxxjXGLevQyGISIGGaiqBdBkovgwQWjQjZ6Oi9Jk56eofuNGIb5Hv0Y9SQuJ3/FTgyi0TpVV1XDq/JCwTU6zrs1Nj4xOTWdmknPzs0vLGaWli91ECkGZRaIQF17VIPgEsrIUcB1qID6noArr1vq+1c3oDQP5AX2Qqj5tC15izOKRmpkirf1uIpwi3EpkJgkOWzEctNNNra+jfPjwg/9oOpT7DAq4pMk18T69kYjk3XyzgD2X+IOSZYMcdrIPFSbAYt8kMgE1briOiHWYqqQMwFJuhppCCnr0jZUDJXUB12LB10Te70VKBs7YA/eP7Mx9bXu+Z7J9E/Uo15f/M+rRNjar8VchhGCZCZivFYkbAzs/mR2kytgKHqGUKa4udJmHaooQzNs2tR3R8v+JZeFvLubd892sofF4RApskrWSI64ZI8ckiNySsqEkXvyRF7Jm3VnPVrP1stXdMwa/lkhv2B9fAIRF6V4</latexit>

xCont(tn+1)� xRK2(tn+1) = O(dt3)

<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="wv/eaR7BqRLKprOgwyx5sXlXZxg=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9Ql0Y1LNPJIgJCepgY69DzSXWNCJnyBroy684/8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dF9N+uXK27VnYstg5dDBXLV++XP7iAWaYgRCcWN6XhuQr2Ma5JC4bTUTQ0mXIz5EDsWIx6i6WXzTafsJIg1oxGy+ft3NuOhMZPQt5mQ08gserPhf14npeCql8koSQkjYSPWC1LFKGazwmwgNQpSEwtcaGm3ZGLENRdkz1Ky9b3FssvQPKt6F1Xv7rxSu84PUYQjOIZT8OASanALdWiAgACe4Q3eHXSenBfn9SdacPI/h/BHzsc3kDyLAA==</latexit>

{
<latexit sha1_base64="4+skz6FVlJb0TmPyYJfEIkC0XAU=">AAACEXicbZDNSgMxFIUz/tb6V3XpZrAILYUyKaJuhKILXSrYKrRlyKR32mAmMyR3xDL0KfRldCXqTl/AtzGtXWj1rr7ccwL3nCCRwqDnfTozs3PzC4u5pfzyyuraemFjs2niVHNo8FjG+jpgBqRQ0ECBEq4TDSwKJFwFNycj/eoWtBGxusRBAp2I9ZQIBWdoV36heldCP1MVOiwfjVCVK11sSwixFPj01KeVwK+d+rW2Fr0+lv1C0at643H/Ap1AkUzm3C98tLsxTyNQyCUzpkW9BDsZ0yi4hGG+nRpIGL9hPWhZVCwC08nGuYbubhhrF/vgjt8/vRmLjBlEgfVEDPtmWhst/9NaKYaHnUyoJEVQ3FqsFqbSxdgd1eN2hQaOcmCBcS3slS7vM8042hLzNj6dDvsXmrUq3a/Si71i/XhSRI5skx1SIpQckDo5I+ekQTh5IE/klbw5986j8+y8fFtnnMmfLfJrnPcvObObSw==</latexit>

x(tn+1) = x(tn) + dt (b1G1 + b2G2)

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="wGAuxr/vw/EG15eZ9FhfmUPTILM=">AAACBnicbZDLSsNAFIYnXmu9VV26CRahpVKSIOpGKLqoywr2Am0Ik8m0HTq5MHNSLKF7fRldibrzAXwB38ZJzUJbz+qb8/8D5//diDMJhvGlLS2vrK6t5zbym1vbO7uFvf2WDGNBaJOEPBQdF0vKWUCbwIDTTiQo9l1O2+7oOtXbYyokC4M7mETU9vEgYH1GMKiVUyjWHetyXAInqBDH8uDkPuVyBTuJZU7rjulBWbmMqjEbfRHMDIoom4ZT+Ox5IYl9GgDhWMquaURgJ1gAI5xO871Y0giTER7QrsIA+1TaySzMVD/uh0KHIdVn79/eBPtSTnxXeXwMQzmvpcv/tG4M/Qs7YUEUAw2IsiitH3MdQj3tRPeYoAT4RAEmgqkrdTLEAhNQzeVVfHM+7CK0rKp5VjVvT4u1q6yIHDpER6iETHSOaugGNVATEfSIntEbetcetCftRXv9sS5p2Z8D9Ge0j28V45bj</latexit>

G2 = v(tn + c2dt, x(tn) + a21G1dt)

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="Z9+4BpA2Fri+ybAwfMypKBowgIk=">AAAB/XicbZDNTsJAFIWn+If4V3Wnm0ZiAsGQlhh1Y0J0gUtM5CcB0kyHKUyYTpuZWyIhRF9GV0bd+RK+gG/jgF0oeFff3HMmued4EWcKbPvLSC0tr6yupdczG5tb2zvm7l5dhbEktEZCHsqmhxXlTNAaMOC0GUmKA4/Thje4nuqNIZWKheIORhHtBLgnmM8IBr1yzYOKW7oc5sAVhS6c3E8hX6i4Thfyrpm1i/ZsrEVwEsiiZKqu+dnuhiQOqADCsVItx46gM8YSGOF0kmnHikaYDHCPtjQKHFDVGc8yTKxjP5QW9Kk1e//2jnGg1CjwtCfA0Ffz2nT5n9aKwb/ojJmIYqCCaIvW/JhbEFrTKqwuk5QAH2nARDJ9pUX6WGICurCMju/Mh12EeqnonBWd29Ns+SopIo0O0RHKIQedozK6QVVUQwQ9omf0ht6NB+PJeDFef6wpI/mzj/6M8fEN3paTeg==</latexit>

G2 = v(tn + dt, x(tn) +G1dt)

<latexit sha1_base64="7NqG/Ie/v8BVjGNnr6jTh9pLTKc=">AAACFXicbZBLS8NAFIUnPmt9VV26CRahpVCSIupGKLrQpYK1QlPCZHrTDp1MwsyNWEJ+h/4ZXYm6EFz7b5zWLnzd1Tf3nIF7TpAIrtFxPqyZ2bn5hcXCUnF5ZXVtvbSxeaXjVDFosVjE6jqgGgSX0EKOAq4TBTQKBLSD4clYb9+A0jyWlzhKoBvRvuQhZxTNyi81bivoZ7Lm5tWjMcpqzQsVZVkP86yRewJCrJz6bu3Ub3iK9wdY9Utlp+5Mxv4L7hTKZDrnfunN68UsjUAiE1Trjusk2M2oQs4E5EUv1ZBQNqR96BiUNALdzSbZcns3jJWNA7An7+/ejEZaj6LAeCKKA/1bGy//0zophofdjMskRZDMWIwWpsLG2B5XZPe4AoZiZIAyxc2VNhtQUwqaIosmvvs77F+4atTd/bp7sVduHk+LKJBtskMqxCUHpEnOyDlpEUbuySN5Ia/WnfVgPVnPX9YZa/pni/wY6/0TbT+dqA==</latexit>

x(tn+1) = x(tn) +
dt

2
(G1 +G2)

Explicit-in-time integrator
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Explicit-in-time integrator
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2nd order ODE
<latexit sha1_base64="eDs5Scr3KYOQcbrZKfiOf1Tu/9o=">AAACH3icbZBLSwMxFIUzPmt9VV26CRZBQcpMEXWhUHQjuKlgW6FTSya90wYzD5I7Yhnmx+if0YWIuuu/Ma2z8HVXJ/d8gXuOF0uh0bZH1tT0zOzcfGGhuLi0vLJaWltv6ihRHBo8kpG69pgGKUJooEAJ17ECFngSWt7t2dhv3YHSIgqvcBhDJ2D9UPiCMzSrbunY9RXjae+mSu+ztIc31ezEDRgOOJPpReZK8HEH9+73cm4CZa4S/QHudktlu2JPhv4VTi7KJJ96t/Ti9iKeBBAil0zrtmPH2EmZQsElZEU30RAzfsv60DYyZAHoTjpJmdFtP1IUB0An7+9sygKth4FnmPHp+rc3Xv7ntRP0jzqpCOMEIeQGMZ6fSIoRHZdFe0IBRzk0gnElzJWUD5gpAk2lRRPf+R32r2hWK85BxbncL9dO8yIKZJNskR3ikENSI+ekThqEk0fyTN7Jh/VgPVmv1tsXOmXlfzbIj7FGn5Owo+I=</latexit>

d2x

dt2
= K

✓
t, x,

dx

dt

◆

Explicit-in-time integrator
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2nd order ODE
<latexit sha1_base64="eDs5Scr3KYOQcbrZKfiOf1Tu/9o=">AAACH3icbZBLSwMxFIUzPmt9VV26CRZBQcpMEXWhUHQjuKlgW6FTSya90wYzD5I7Yhnmx+if0YWIuuu/Ma2z8HVXJ/d8gXuOF0uh0bZH1tT0zOzcfGGhuLi0vLJaWltv6ihRHBo8kpG69pgGKUJooEAJ17ECFngSWt7t2dhv3YHSIgqvcBhDJ2D9UPiCMzSrbunY9RXjae+mSu+ztIc31ezEDRgOOJPpReZK8HEH9+73cm4CZa4S/QHudktlu2JPhv4VTi7KJJ96t/Ti9iKeBBAil0zrtmPH2EmZQsElZEU30RAzfsv60DYyZAHoTjpJmdFtP1IUB0An7+9sygKth4FnmPHp+rc3Xv7ntRP0jzqpCOMEIeQGMZ6fSIoRHZdFe0IBRzk0gnElzJWUD5gpAk2lRRPf+R32r2hWK85BxbncL9dO8yIKZJNskR3ikENSI+ekThqEk0fyTN7Jh/VgPVmv1tsXOmXlfzbIj7FGn5Owo+I=</latexit>

d2x

dt2
= K

✓
t, x,

dx

dt

◆

<latexit sha1_base64="IBB1b3StownyTcbJjg8L6BVA5sw=">AAAB/XicbVDLSgNBEJyNrxhfq970MhgET2E3iHoz+ADBg1HMA5IQZiedZMjsg5leMSxBf0ZPot78CX/Av3ESc9DEOlV3VUNXeZEUGh3ny0rNzM7NL6QXM0vLK6tr9vpGWYex4lDioQxV1WMapAighAIlVCMFzPckVLze6VCv3IHSIgxusR9Bw2edQLQFZ2hWTXurjnCPiauRhqoFil6dndObyzw9HjTtrJNzRqDTxB2TLBmj2LQ/662Qxz4EyCXTuuY6ETYSplBwCYNMPdYQMd5jHagZGjAfdCMZZRjQ3XaoKHaBjubf3oT5Wvd9z3h8hl09qQ2X/2m1GNtHjUQEUYwQcGMxWjuWFEM6rIK2hAKOsm8I40qYLynvMsU4msIyJr47GXaalPM59yDnXu9nCyfjItJkm+yQPeKSQ1IgF6RISoSTR/JM3si79WA9WS/W6481ZY1vNskfWB/fsnST/Q==</latexit>

1st order ODE RK2 ?

Explicit-in-time integrator
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2nd order ODE
<latexit sha1_base64="eDs5Scr3KYOQcbrZKfiOf1Tu/9o=">AAACH3icbZBLSwMxFIUzPmt9VV26CRZBQcpMEXWhUHQjuKlgW6FTSya90wYzD5I7Yhnmx+if0YWIuuu/Ma2z8HVXJ/d8gXuOF0uh0bZH1tT0zOzcfGGhuLi0vLJaWltv6ihRHBo8kpG69pgGKUJooEAJ17ECFngSWt7t2dhv3YHSIgqvcBhDJ2D9UPiCMzSrbunY9RXjae+mSu+ztIc31ezEDRgOOJPpReZK8HEH9+73cm4CZa4S/QHudktlu2JPhv4VTi7KJJ96t/Ti9iKeBBAil0zrtmPH2EmZQsElZEU30RAzfsv60DYyZAHoTjpJmdFtP1IUB0An7+9sygKth4FnmPHp+rc3Xv7ntRP0jzqpCOMEIeQGMZ6fSIoRHZdFe0IBRzk0gnElzJWUD5gpAk2lRRPf+R32r2hWK85BxbncL9dO8yIKZJNskR3ikENSI+ekThqEk0fyTN7Jh/VgPVmv1tsXOmXlfzbIj7FGn5Owo+I=</latexit>

d2x

dt2
= K

✓
t, x,

dx

dt

◆

<latexit sha1_base64="IBB1b3StownyTcbJjg8L6BVA5sw=">AAAB/XicbVDLSgNBEJyNrxhfq970MhgET2E3iHoz+ADBg1HMA5IQZiedZMjsg5leMSxBf0ZPot78CX/Av3ESc9DEOlV3VUNXeZEUGh3ny0rNzM7NL6QXM0vLK6tr9vpGWYex4lDioQxV1WMapAighAIlVCMFzPckVLze6VCv3IHSIgxusR9Bw2edQLQFZ2hWTXurjnCPiauRhqoFil6dndObyzw9HjTtrJNzRqDTxB2TLBmj2LQ/662Qxz4EyCXTuuY6ETYSplBwCYNMPdYQMd5jHagZGjAfdCMZZRjQ3XaoKHaBjubf3oT5Wvd9z3h8hl09qQ2X/2m1GNtHjUQEUYwQcGMxWjuWFEM6rIK2hAKOsm8I40qYLynvMsU4msIyJr47GXaalPM59yDnXu9nCyfjItJkm+yQPeKSQ1IgF6RISoSTR/JM3si79WA9WS/W6481ZY1vNskfWB/fsnST/Q==</latexit>

1st order ODE RK2 ?

Coupled 1st order ODEs

Explicit-in-time integrator
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2nd order ODE
<latexit sha1_base64="eDs5Scr3KYOQcbrZKfiOf1Tu/9o=">AAACH3icbZBLSwMxFIUzPmt9VV26CRZBQcpMEXWhUHQjuKlgW6FTSya90wYzD5I7Yhnmx+if0YWIuuu/Ma2z8HVXJ/d8gXuOF0uh0bZH1tT0zOzcfGGhuLi0vLJaWltv6ihRHBo8kpG69pgGKUJooEAJ17ECFngSWt7t2dhv3YHSIgqvcBhDJ2D9UPiCMzSrbunY9RXjae+mSu+ztIc31ezEDRgOOJPpReZK8HEH9+73cm4CZa4S/QHudktlu2JPhv4VTi7KJJ96t/Ti9iKeBBAil0zrtmPH2EmZQsElZEU30RAzfsv60DYyZAHoTjpJmdFtP1IUB0An7+9sygKth4FnmPHp+rc3Xv7ntRP0jzqpCOMEIeQGMZ6fSIoRHZdFe0IBRzk0gnElzJWUD5gpAk2lRRPf+R32r2hWK85BxbncL9dO8yIKZJNskR3ikENSI+ekThqEk0fyTN7Jh/VgPVmv1tsXOmXlfzbIj7FGn5Owo+I=</latexit>

d2x

dt2
= K

✓
t, x,

dx

dt

◆

<latexit sha1_base64="IBB1b3StownyTcbJjg8L6BVA5sw=">AAAB/XicbVDLSgNBEJyNrxhfq970MhgET2E3iHoz+ADBg1HMA5IQZiedZMjsg5leMSxBf0ZPot78CX/Av3ESc9DEOlV3VUNXeZEUGh3ny0rNzM7NL6QXM0vLK6tr9vpGWYex4lDioQxV1WMapAighAIlVCMFzPckVLze6VCv3IHSIgxusR9Bw2edQLQFZ2hWTXurjnCPiauRhqoFil6dndObyzw9HjTtrJNzRqDTxB2TLBmj2LQ/662Qxz4EyCXTuuY6ETYSplBwCYNMPdYQMd5jHagZGjAfdCMZZRjQ3XaoKHaBjubf3oT5Wvd9z3h8hl09qQ2X/2m1GNtHjUQEUYwQcGMxWjuWFEM6rIK2hAKOsm8I40qYLynvMsU4msIyJr47GXaalPM59yDnXu9nCyfjItJkm+yQPeKSQ1IgF6RISoSTR/JM3si79WA9WS/W6481ZY1vNskfWB/fsnST/Q==</latexit>

1st order ODE RK2 ?

Coupled 1st order ODEs
<latexit sha1_base64="q/BCtXkCOJI95eiVTZf2RGglA3A=">AAACBHicbVDLSsNAFJ3UV62vqEs3o0WoUEoiom6EohvBTQX7gKaUyXTSDp08mLkplpCt/oyuRN35Bf6Af+OkdqGtZ3XuPefCPceNBFdgWV9GbmFxaXklv1pYW9/Y3DK3dxoqjCVldRqKULZcopjgAasDB8FakWTEdwVrusOrTG+OmFQ8DO5gHLGOT/oB9zgloFddc9/xJKFJb5QmPUgvHJ/AgBKR3KQlKN+X8eioaxatijUBnif2lBTRFLWu+en0Qhr7LAAqiFJt24qgkxAJnAqWFpxYsYjQIemztqYB8ZnqJJMoKT70QolhwPBk/u1NiK/U2He1J3tSzWrZ8j+tHYN33kl4EMXAAqotWvNigSHEWSO4xyWjIMaaECq5/hLTAdGtgO6toOPbs2HnSeO4Yp9W7NuTYvVyWkQe7aEDVEI2OkNVdI1qqI4oekTP6A29Gw/Gk/FivP5Yc8b0Zhf9gfHxDbpNmAs=</latexit>

dv

dt
= K(t, x, v)

<latexit sha1_base64="bLsAVhNvC7RThfHE2ZzeP0Qbiq8=">AAAB93icbZDLSsNAFIYn9VbrLV52bgaLUEFKIqJuhKIblxXsBdpQJpNJO3RyYeaktIY8i65E3fkevoBv47Rmoa3/6pvz/wPn/G4suALL+jIKS8srq2vF9dLG5tb2jrm711RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHd5O/daIScWj8AEmMXMC0g+5zykBPeqZB11fEpp64yz1ILseVeB0fNIzy1bVmgkvgp1DGeWq98zPrhfRJGAhUEGU6thWDE5KJHAqWFbqJorFhA5Jn3U0hiRgykln22f42I8khgHDs/fvbEoCpSaBqzMBgYGa96bD/7xOAv6Vk/IwToCFVEe05ycCQ4SnJWCPS0ZBTDQQKrneEtMB0UWArqqkz7fnj12E5lnVvqja9+fl2k1eRBEdoiNUQTa6RDV0h+qogSh6RM/oDb0bE+PJeDFef6IFI/+zj/7I+PgGMxmSxg==</latexit>

dx

dt
= v(t, x)

Explicit-in-time integrator
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2nd order ODE
<latexit sha1_base64="eDs5Scr3KYOQcbrZKfiOf1Tu/9o=">AAACH3icbZBLSwMxFIUzPmt9VV26CRZBQcpMEXWhUHQjuKlgW6FTSya90wYzD5I7Yhnmx+if0YWIuuu/Ma2z8HVXJ/d8gXuOF0uh0bZH1tT0zOzcfGGhuLi0vLJaWltv6ihRHBo8kpG69pgGKUJooEAJ17ECFngSWt7t2dhv3YHSIgqvcBhDJ2D9UPiCMzSrbunY9RXjae+mSu+ztIc31ezEDRgOOJPpReZK8HEH9+73cm4CZa4S/QHudktlu2JPhv4VTi7KJJ96t/Ti9iKeBBAil0zrtmPH2EmZQsElZEU30RAzfsv60DYyZAHoTjpJmdFtP1IUB0An7+9sygKth4FnmPHp+rc3Xv7ntRP0jzqpCOMEIeQGMZ6fSIoRHZdFe0IBRzk0gnElzJWUD5gpAk2lRRPf+R32r2hWK85BxbncL9dO8yIKZJNskR3ikENSI+ekThqEk0fyTN7Jh/VgPVmv1tsXOmXlfzbIj7FGn5Owo+I=</latexit>

d2x

dt2
= K

✓
t, x,

dx

dt

◆

<latexit sha1_base64="IBB1b3StownyTcbJjg8L6BVA5sw=">AAAB/XicbVDLSgNBEJyNrxhfq970MhgET2E3iHoz+ADBg1HMA5IQZiedZMjsg5leMSxBf0ZPot78CX/Av3ESc9DEOlV3VUNXeZEUGh3ny0rNzM7NL6QXM0vLK6tr9vpGWYex4lDioQxV1WMapAighAIlVCMFzPckVLze6VCv3IHSIgxusR9Bw2edQLQFZ2hWTXurjnCPiauRhqoFil6dndObyzw9HjTtrJNzRqDTxB2TLBmj2LQ/662Qxz4EyCXTuuY6ETYSplBwCYNMPdYQMd5jHagZGjAfdCMZZRjQ3XaoKHaBjubf3oT5Wvd9z3h8hl09qQ2X/2m1GNtHjUQEUYwQcGMxWjuWFEM6rIK2hAKOsm8I40qYLynvMsU4msIyJr47GXaalPM59yDnXu9nCyfjItJkm+yQPeKSQ1IgF6RISoSTR/JM3si79WA9WS/W6481ZY1vNskfWB/fsnST/Q==</latexit>

1st order ODE RK2 ?

Coupled 1st order ODEs
<latexit sha1_base64="q/BCtXkCOJI95eiVTZf2RGglA3A=">AAACBHicbVDLSsNAFJ3UV62vqEs3o0WoUEoiom6EohvBTQX7gKaUyXTSDp08mLkplpCt/oyuRN35Bf6Af+OkdqGtZ3XuPefCPceNBFdgWV9GbmFxaXklv1pYW9/Y3DK3dxoqjCVldRqKULZcopjgAasDB8FakWTEdwVrusOrTG+OmFQ8DO5gHLGOT/oB9zgloFddc9/xJKFJb5QmPUgvHJ/AgBKR3KQlKN+X8eioaxatijUBnif2lBTRFLWu+en0Qhr7LAAqiFJt24qgkxAJnAqWFpxYsYjQIemztqYB8ZnqJJMoKT70QolhwPBk/u1NiK/U2He1J3tSzWrZ8j+tHYN33kl4EMXAAqotWvNigSHEWSO4xyWjIMaaECq5/hLTAdGtgO6toOPbs2HnSeO4Yp9W7NuTYvVyWkQe7aEDVEI2OkNVdI1qqI4oekTP6A29Gw/Gk/FivP5Yc8b0Zhf9gfHxDbpNmAs=</latexit>

dv

dt
= K(t, x, v)

<latexit sha1_base64="bLsAVhNvC7RThfHE2ZzeP0Qbiq8=">AAAB93icbZDLSsNAFIYn9VbrLV52bgaLUEFKIqJuhKIblxXsBdpQJpNJO3RyYeaktIY8i65E3fkevoBv47Rmoa3/6pvz/wPn/G4suALL+jIKS8srq2vF9dLG5tb2jrm711RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHd5O/daIScWj8AEmMXMC0g+5zykBPeqZB11fEpp64yz1ILseVeB0fNIzy1bVmgkvgp1DGeWq98zPrhfRJGAhUEGU6thWDE5KJHAqWFbqJorFhA5Jn3U0hiRgykln22f42I8khgHDs/fvbEoCpSaBqzMBgYGa96bD/7xOAv6Vk/IwToCFVEe05ycCQ4SnJWCPS0ZBTDQQKrneEtMB0UWArqqkz7fnj12E5lnVvqja9+fl2k1eRBEdoiNUQTa6RDV0h+qogSh6RM/oDb0bE+PJeDFef6IFI/+zj/7I+PgGMxmSxg==</latexit>

dx

dt
= v(t, x)

<latexit sha1_base64="lOiNiVpqAqEWF5Y4c6dBe2Rv108=">AAAB6nicbZC9TsMwFIWd8lfKX4GRxaJCYqoShICxggWJpSD6g9qoctyb1qqdRPYNoor6EjAhYONxeAHeBrdkgMKZPt9zLN1zg0QKg6776RQWFpeWV4qrpbX1jc2t8vZO08Sp5tDgsYx1O2AGpIiggQIltBMNTAUSWsHoYuq37kEbEUe3OE7AV2wQiVBwhnZ010V4wOzmatIrV9yqOxP9C14OFZKr3it/dPsxTxVEyCUzpuO5CfoZ0yi4hEmpmxpIGB+xAXQsRkyB8bPZwhN6EMaa4hDo7P0zmzFlzFgFNqMYDs28Nx3+53VSDM/8TERJihBxG7FemEqKMZ32pn2hgaMcW2BcC7sl5UOmGUd7nZKt782X/QvNo6p3UvWujyu18/wQRbJH9skh8cgpqZFLUicNwokiT+SVvDnSeXSenZfvaMHJ/+ySX3LevwDqKY4l</latexit>

RK

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="Z9+4BpA2Fri+ybAwfMypKBowgIk=">AAAB/XicbZDNTsJAFIWn+If4V3Wnm0ZiAsGQlhh1Y0J0gUtM5CcB0kyHKUyYTpuZWyIhRF9GV0bd+RK+gG/jgF0oeFff3HMmued4EWcKbPvLSC0tr6yupdczG5tb2zvm7l5dhbEktEZCHsqmhxXlTNAaMOC0GUmKA4/Thje4nuqNIZWKheIORhHtBLgnmM8IBr1yzYOKW7oc5sAVhS6c3E8hX6i4Thfyrpm1i/ZsrEVwEsiiZKqu+dnuhiQOqADCsVItx46gM8YSGOF0kmnHikaYDHCPtjQKHFDVGc8yTKxjP5QW9Kk1e//2jnGg1CjwtCfA0Ffz2nT5n9aKwb/ojJmIYqCCaIvW/JhbEFrTKqwuk5QAH2nARDJ9pUX6WGICurCMju/Mh12EeqnonBWd29Ns+SopIo0O0RHKIQedozK6QVVUQwQ9omf0ht6NB+PJeDFef6wpI/mzj/6M8fEN3paTeg==</latexit>

G2 = v(tn + dt, x(tn) +G1dt)
<latexit sha1_base64="7NqG/Ie/v8BVjGNnr6jTh9pLTKc=">AAACFXicbZBLS8NAFIUnPmt9VV26CRahpVCSIupGKLrQpYK1QlPCZHrTDp1MwsyNWEJ+h/4ZXYm6EFz7b5zWLnzd1Tf3nIF7TpAIrtFxPqyZ2bn5hcXCUnF5ZXVtvbSxeaXjVDFosVjE6jqgGgSX0EKOAq4TBTQKBLSD4clYb9+A0jyWlzhKoBvRvuQhZxTNyi81bivoZ7Lm5tWjMcpqzQsVZVkP86yRewJCrJz6bu3Ub3iK9wdY9Utlp+5Mxv4L7hTKZDrnfunN68UsjUAiE1Trjusk2M2oQs4E5EUv1ZBQNqR96BiUNALdzSbZcns3jJWNA7An7+/ejEZaj6LAeCKKA/1bGy//0zophofdjMskRZDMWIwWpsLG2B5XZPe4AoZiZIAyxc2VNhtQUwqaIosmvvs77F+4atTd/bp7sVduHk+LKJBtskMqxCUHpEnOyDlpEUbuySN5Ia/WnfVgPVnPX9YZa/pni/wY6/0TbT+dqA==</latexit>

x(tn+1) = x(tn) +
dt

2
(G1 +G2)

Explicit-in-time integrator
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2nd order ODE
<latexit sha1_base64="eDs5Scr3KYOQcbrZKfiOf1Tu/9o=">AAACH3icbZBLSwMxFIUzPmt9VV26CRZBQcpMEXWhUHQjuKlgW6FTSya90wYzD5I7Yhnmx+if0YWIuuu/Ma2z8HVXJ/d8gXuOF0uh0bZH1tT0zOzcfGGhuLi0vLJaWltv6ihRHBo8kpG69pgGKUJooEAJ17ECFngSWt7t2dhv3YHSIgqvcBhDJ2D9UPiCMzSrbunY9RXjae+mSu+ztIc31ezEDRgOOJPpReZK8HEH9+73cm4CZa4S/QHudktlu2JPhv4VTi7KJJ96t/Ti9iKeBBAil0zrtmPH2EmZQsElZEU30RAzfsv60DYyZAHoTjpJmdFtP1IUB0An7+9sygKth4FnmPHp+rc3Xv7ntRP0jzqpCOMEIeQGMZ6fSIoRHZdFe0IBRzk0gnElzJWUD5gpAk2lRRPf+R32r2hWK85BxbncL9dO8yIKZJNskR3ikENSI+ekThqEk0fyTN7Jh/VgPVmv1tsXOmXlfzbIj7FGn5Owo+I=</latexit>

d2x

dt2
= K

✓
t, x,

dx

dt

◆

<latexit sha1_base64="IBB1b3StownyTcbJjg8L6BVA5sw=">AAAB/XicbVDLSgNBEJyNrxhfq970MhgET2E3iHoz+ADBg1HMA5IQZiedZMjsg5leMSxBf0ZPot78CX/Av3ESc9DEOlV3VUNXeZEUGh3ny0rNzM7NL6QXM0vLK6tr9vpGWYex4lDioQxV1WMapAighAIlVCMFzPckVLze6VCv3IHSIgxusR9Bw2edQLQFZ2hWTXurjnCPiauRhqoFil6dndObyzw9HjTtrJNzRqDTxB2TLBmj2LQ/662Qxz4EyCXTuuY6ETYSplBwCYNMPdYQMd5jHagZGjAfdCMZZRjQ3XaoKHaBjubf3oT5Wvd9z3h8hl09qQ2X/2m1GNtHjUQEUYwQcGMxWjuWFEM6rIK2hAKOsm8I40qYLynvMsU4msIyJr47GXaalPM59yDnXu9nCyfjItJkm+yQPeKSQ1IgF6RISoSTR/JM3si79WA9WS/W6481ZY1vNskfWB/fsnST/Q==</latexit>

1st order ODE RK2 ?

Coupled 1st order ODEs
<latexit sha1_base64="q/BCtXkCOJI95eiVTZf2RGglA3A=">AAACBHicbVDLSsNAFJ3UV62vqEs3o0WoUEoiom6EohvBTQX7gKaUyXTSDp08mLkplpCt/oyuRN35Bf6Af+OkdqGtZ3XuPefCPceNBFdgWV9GbmFxaXklv1pYW9/Y3DK3dxoqjCVldRqKULZcopjgAasDB8FakWTEdwVrusOrTG+OmFQ8DO5gHLGOT/oB9zgloFddc9/xJKFJb5QmPUgvHJ/AgBKR3KQlKN+X8eioaxatijUBnif2lBTRFLWu+en0Qhr7LAAqiFJt24qgkxAJnAqWFpxYsYjQIemztqYB8ZnqJJMoKT70QolhwPBk/u1NiK/U2He1J3tSzWrZ8j+tHYN33kl4EMXAAqotWvNigSHEWSO4xyWjIMaaECq5/hLTAdGtgO6toOPbs2HnSeO4Yp9W7NuTYvVyWkQe7aEDVEI2OkNVdI1qqI4oekTP6A29Gw/Gk/FivP5Yc8b0Zhf9gfHxDbpNmAs=</latexit>

dv

dt
= K(t, x, v)

<latexit sha1_base64="bLsAVhNvC7RThfHE2ZzeP0Qbiq8=">AAAB93icbZDLSsNAFIYn9VbrLV52bgaLUEFKIqJuhKIblxXsBdpQJpNJO3RyYeaktIY8i65E3fkevoBv47Rmoa3/6pvz/wPn/G4suALL+jIKS8srq2vF9dLG5tb2jrm711RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHd5O/daIScWj8AEmMXMC0g+5zykBPeqZB11fEpp64yz1ILseVeB0fNIzy1bVmgkvgp1DGeWq98zPrhfRJGAhUEGU6thWDE5KJHAqWFbqJorFhA5Jn3U0hiRgykln22f42I8khgHDs/fvbEoCpSaBqzMBgYGa96bD/7xOAv6Vk/IwToCFVEe05ycCQ4SnJWCPS0ZBTDQQKrneEtMB0UWArqqkz7fnj12E5lnVvqja9+fl2k1eRBEdoiNUQTa6RDV0h+qogSh6RM/oDb0bE+PJeDFef6IFI/+zj/7I+PgGMxmSxg==</latexit>

dx

dt
= v(t, x)

<latexit sha1_base64="lOiNiVpqAqEWF5Y4c6dBe2Rv108=">AAAB6nicbZC9TsMwFIWd8lfKX4GRxaJCYqoShICxggWJpSD6g9qoctyb1qqdRPYNoor6EjAhYONxeAHeBrdkgMKZPt9zLN1zg0QKg6776RQWFpeWV4qrpbX1jc2t8vZO08Sp5tDgsYx1O2AGpIiggQIltBMNTAUSWsHoYuq37kEbEUe3OE7AV2wQiVBwhnZ010V4wOzmatIrV9yqOxP9C14OFZKr3it/dPsxTxVEyCUzpuO5CfoZ0yi4hEmpmxpIGB+xAXQsRkyB8bPZwhN6EMaa4hDo7P0zmzFlzFgFNqMYDs28Nx3+53VSDM/8TERJihBxG7FemEqKMZ32pn2hgaMcW2BcC7sl5UOmGUd7nZKt782X/QvNo6p3UvWujyu18/wQRbJH9skh8cgpqZFLUicNwokiT+SVvDnSeXSenZfvaMHJ/+ySX3LevwDqKY4l</latexit>

RK

<latexit sha1_base64="/ERES2l6ssg/qjPYYzXE0YRxbhU=">AAAB9HicbVDLSsNAFJ34rPWV6tJNsAgtSElE1I1QdKHLCvYBbQiT6aQdOpmEmZtqCf0TXYm680v8Af/GSc1CW8/icu4958K9x485U2DbX8bS8srq2npho7i5tb2za5b2WipKJKFNEvFIdnysKGeCNoEBp51YUhz6nLb90XWmt8dUKhaJe5jE1A3xQLCAEQx65JmlG8+5HFfAE8ePWa1WPbNs1+wZrEXi5KSMcjQ887PXj0gSUgGEY6W6jh2Dm2IJjHA6LfYSRWNMRnhAu5oKHFLlprPTp9ZREEkLhtSa9b+9KQ6VmoS+9oQYhmpey4b/ad0Eggs3ZSJOgAqiLVoLEm5BZGUJWH0mKQE+0QQTyfSVFhliiQnonIr6fWf+2UXSOqk5ZzXn7rRcv8qDKKADdIgqyEHnqI5uUQM1EUEP6Bm9oXdjbDwZL8brj3XJyHf20R8YH98MQJBC</latexit>

G1 = v(tn, x(tn))
<latexit sha1_base64="Z9+4BpA2Fri+ybAwfMypKBowgIk=">AAAB/XicbZDNTsJAFIWn+If4V3Wnm0ZiAsGQlhh1Y0J0gUtM5CcB0kyHKUyYTpuZWyIhRF9GV0bd+RK+gG/jgF0oeFff3HMmued4EWcKbPvLSC0tr6yupdczG5tb2zvm7l5dhbEktEZCHsqmhxXlTNAaMOC0GUmKA4/Thje4nuqNIZWKheIORhHtBLgnmM8IBr1yzYOKW7oc5sAVhS6c3E8hX6i4Thfyrpm1i/ZsrEVwEsiiZKqu+dnuhiQOqADCsVItx46gM8YSGOF0kmnHikaYDHCPtjQKHFDVGc8yTKxjP5QW9Kk1e//2jnGg1CjwtCfA0Ffz2nT5n9aKwb/ojJmIYqCCaIvW/JhbEFrTKqwuk5QAH2nARDJ9pUX6WGICurCMju/Mh12EeqnonBWd29Ns+SopIo0O0RHKIQedozK6QVVUQwQ9omf0ht6NB+PJeDFef6wpI/mzj/6M8fEN3paTeg==</latexit>

G2 = v(tn + dt, x(tn) +G1dt)
<latexit sha1_base64="7NqG/Ie/v8BVjGNnr6jTh9pLTKc=">AAACFXicbZBLS8NAFIUnPmt9VV26CRahpVCSIupGKLrQpYK1QlPCZHrTDp1MwsyNWEJ+h/4ZXYm6EFz7b5zWLnzd1Tf3nIF7TpAIrtFxPqyZ2bn5hcXCUnF5ZXVtvbSxeaXjVDFosVjE6jqgGgSX0EKOAq4TBTQKBLSD4clYb9+A0jyWlzhKoBvRvuQhZxTNyi81bivoZ7Lm5tWjMcpqzQsVZVkP86yRewJCrJz6bu3Ub3iK9wdY9Utlp+5Mxv4L7hTKZDrnfunN68UsjUAiE1Trjusk2M2oQs4E5EUv1ZBQNqR96BiUNALdzSbZcns3jJWNA7An7+/ejEZaj6LAeCKKA/1bGy//0zophofdjMskRZDMWIwWpsLG2B5XZPe4AoZiZIAyxc2VNhtQUwqaIosmvvs77F+4atTd/bp7sVduHk+LKJBtskMqxCUHpEnOyDlpEUbuySN5Ia/WnfVgPVnPX9YZa/pni/wY6/0TbT+dqA==</latexit>

x(tn+1) = x(tn) +
dt

2
(G1 +G2)

<latexit sha1_base64="lOiNiVpqAqEWF5Y4c6dBe2Rv108=">AAAB6nicbZC9TsMwFIWd8lfKX4GRxaJCYqoShICxggWJpSD6g9qoctyb1qqdRPYNoor6EjAhYONxeAHeBrdkgMKZPt9zLN1zg0QKg6776RQWFpeWV4qrpbX1jc2t8vZO08Sp5tDgsYx1O2AGpIiggQIltBMNTAUSWsHoYuq37kEbEUe3OE7AV2wQiVBwhnZ010V4wOzmatIrV9yqOxP9C14OFZKr3it/dPsxTxVEyCUzpuO5CfoZ0yi4hEmpmxpIGB+xAXQsRkyB8bPZwhN6EMaa4hDo7P0zmzFlzFgFNqMYDs28Nx3+53VSDM/8TERJihBxG7FemEqKMZ32pn2hgaMcW2BcC7sl5UOmGUd7nZKt782X/QvNo6p3UvWujyu18/wQRbJH9skh8cgpqZFLUicNwokiT+SVvDnSeXSenZfvaMHJ/+ySX3LevwDqKY4l</latexit>

RK

<latexit sha1_base64="wDoQb9WR9IE4ubh/S4zDnVw8A+Y=">AAACHHicbZDJSgNBEIZ74hbjFvXoZTAIiYYwE8TlIAQ9RPASwSyQxKGn05M06VnorgmGIa+iL6Mnt5vg29gTg2hinb6q/y+ov+yAMwmG8akl5uYXFpeSy6mV1bX1jfTmVk36oSC0Snzui4aNJeXMo1VgwGkjEBS7Nqd1u38R6/UBFZL53g0MA9p2cddjDiMY1MhKn5Zvo/2RVTxruRh6BPPoapQFyzvoQP4uhpyismXmBz/NeMHMWemMUTDGpc+COYEMmlTFSr+0Oj4JXeoB4VjKpmkE0I6wAEY4HaVaoaQBJn3cpU2FHnapbEfjiCN9z/GFDj2qj/vf3gi7Ug5dW3niCHJai4f/ac0QnJN2xLwgBOoRZVGaE3IdfD3+lN5hghLgQwWYCKau1EkPC0xA/TOl4pvTYWehViyYRwXz+jBTOp88Iol20C7KIhMdoxK6RBVURQQ9oCf0ht61e+1Re9Zev60JbbKzjf6U9vEFrLqfwQ==</latexit>

G⇤
2 = K(tn + dt, x(tn) + dtG1, v(tn) + dtG⇤

1)

<latexit sha1_base64="krsCpvU/dlmHshsH98v/FnzmOB4=">AAACCXicbVDLSgMxFM3UV62vUZdugkVppZQZEXUjFF0ouKlgH9COQyZN29DMgyRTLMN8gf6MrkTdufUH/Bsz4yy09SySk3tO4J7jBIwKaRhfWm5ufmFxKb9cWFldW9/QN7eawg85Jg3sM5+3HSQIox5pSCoZaQecINdhpOWMLhK9NSZcUN+7lZOAWC4aeLRPMZJqZOv7l3fRQWybZ10XySFGLLqOS9L2KvfJWa6M06ts60WjaqSAs8TMSBFkqNv6Z7fn49AlnsQMCdExjUBaEeKSYkbiQjcUJEB4hAako6iHXCKsKM0Tw72+z6EcEpi+f3sj5AoxcR3lSfYV01oy/E/rhLJ/akXUC0JJPKwsSuuHDEofJrXAHuUESzZRBGFO1ZYQDxFHWKryCiq+OR12ljQPq+Zx1bw5KtbOsyLyYAfsghIwwQmogStQBw2AwSN4Bm/gXXvQnrQX7fXHmtOyP9vgD7SPb2vpmMs=</latexit>

G⇤
1 = K(tn, x(tn), v(tn))

<latexit sha1_base64="qDn6TyzfD+PTvhEqz08AimmftSc=">AAACEnicbZDLTgIxGIU7eEO8oS7dTCQmIAnOEKNuTIgudImJXBLASad0oKHTmbT/kJDJvIW+jK6MuuMFfBvLZaHg2fTrf06T/scNOVNgWd9GamV1bX0jvZnZ2t7Z3cvuH9RVEElCayTggWy6WFHOBK0BA06boaTYdzltuIPbid8YUqlYIB5hFNKOj3uCeYxg0CMnezbMgxOLop0UricoCsW2JzGJu5DE5SR/9xSfJo5dnJ3lgpPNWSVrKnMZ7Dnk0FxVJztudwMS+VQA4Viplm2F0ImxBEY4TTLtSNEQkwHu0ZZGgX2qOvF0scQ88QJpQp+a0/vvbIx9pUa+qzM+hr5a9CbD/7xWBN5VJ2YijIAKoiPa8yJuQmBO+jG7TFICfKQBE8n0L03Sx7oR0C1m9Pr24rLLUC+X7IuS/XCeq9zMi0ijI3SM8shGl6iC7lEV1RBBL+gNfaIv49l4Nd6Nj1k0ZczfHKI/MsY/gb+cBQ==</latexit>

v(tn+1) = v(tn) +
dt

2
(G⇤

1 +G⇤
2)

Explicit-in-time integrator
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Axion-Inflation using RK2

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

Axion-Inflation using RK2

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

Axion-Inflation using RK2

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

Axion-Inflation using RK2

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

<latexit sha1_base64="BzyZPiYjkmWubTVn6zcuesJm+Zg="></latexit>8
>>>><

>>>>:

K(1)
� = K�

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
A = KA

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
a = Ka

h
a(1),K(1)

� , V (1),K(1)
A , G(1)

A

i
.

Axion-Inflation using RK2

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

<latexit sha1_base64="BzyZPiYjkmWubTVn6zcuesJm+Zg="></latexit>8
>>>><

>>>>:

K(1)
� = K�

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
A = KA

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
a = Ka

h
a(1),K(1)

� , V (1),K(1)
A , G(1)

A

i
.

Axion-Inflation using RK2

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

<latexit sha1_base64="BzyZPiYjkmWubTVn6zcuesJm+Zg="></latexit>8
>>>><

>>>>:

K(1)
� = K�

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
A = KA

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
a = Ka

h
a(1),K(1)

� , V (1),K(1)
A , G(1)

A

i
.

Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

<latexit sha1_base64="BzyZPiYjkmWubTVn6zcuesJm+Zg="></latexit>8
>>>><

>>>>:

K(1)
� = K�

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
A = KA

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
a = Ka

h
a(1),K(1)

� , V (1),K(1)
A , G(1)

A

i
.

Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

<latexit sha1_base64="BzyZPiYjkmWubTVn6zcuesJm+Zg="></latexit>8
>>>><

>>>>:

K(1)
� = K�

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
A = KA

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
a = Ka

h
a(1),K(1)

� , V (1),K(1)
A , G(1)

A

i
.

Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

<latexit sha1_base64="gdhMkTTnjEMuKHS1L+Lu2nsTU9w="></latexit>8
>>>>><

>>>>>:

K(2)
� = K�(a

(2), ⇡̃(2)
� )

V (2) = V (�(2))

K(2)
A = KA(a

(2), Ẽ(2)
i )

G(2)
A = GA(a

(2), A(2)
i )

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

<latexit sha1_base64="BzyZPiYjkmWubTVn6zcuesJm+Zg="></latexit>8
>>>><

>>>>:

K(1)
� = K�

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
A = KA

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
a = Ka

h
a(1),K(1)

� , V (1),K(1)
A , G(1)

A

i
.

Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

<latexit sha1_base64="5oEBWhVb+0RGMgopcaZNoN6IHnE="></latexit>8
>>>><

>>>>:

K(2)
� = K�

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
A = KA

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
a = Ka

h
a(2),K(2)

� , V (2),K(2)
A , G(2)

A

i
.

<latexit sha1_base64="gdhMkTTnjEMuKHS1L+Lu2nsTU9w="></latexit>8
>>>>><

>>>>>:

K(2)
� = K�(a

(2), ⇡̃(2)
� )

V (2) = V (�(2))

K(2)
A = KA(a

(2), Ẽ(2)
i )

G(2)
A = GA(a

(2), A(2)
i )

Explicit-in-time integrator
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<latexit sha1_base64="5JfP3ocfAm0gkmZnN5J0kEw3BsY=">AAAB8nicbZDLTsJAFIaneEO8UHXpZiIxwQ1pjVGXRDcuMZFLAk0zHQ4wYXpx5pSENLyIroy681F8Ad/GAbtQ8F99c/5/kvOfIJFCo+N8WYW19Y3NreJ2aWd3b79sHxy2dJwqDk0ey1h1AqZBigiaKFBCJ1HAwkBCOxjfzv32BJQWcfSA0wS8kA0jMRCcoRn5dhn9LJr14DEVE1p1z3y74tSchegquDlUSK6Gb3/2+jFPQ4iQS6Z113US9DKmUHAJs1Iv1ZAwPmZD6BqMWAjayxaLz+jpIFYUR0AX79/ZjIVaT8PAZEKGI73szYf/ed0UB9deJqIkRYi4iRhvkEqKMZ33p32hgKOcGmBcCbMl5SOmGEdzpZKp7y6XXYXWec29rLn3F5X6TX6IIjkmJ6RKXHJF6uSONEiTcJKSZ/JG3i20nqwX6/UnWrDyP0fkj6yPb9jUkD0=</latexit>

tn ⌘ (1)

<latexit sha1_base64="QM8wGGnyiwoH4GWo2UgLEpTee8Y="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(1) = �(tn) ,

A(1)
i = Ai(tn) ,

a(1) = a(tn) ,

⇡̃(1)
� = ⇡̃�(tn) ,

Ẽ(1)
i = Ẽi(tn) ,

⇡(1)
a = ⇡a(tn) ,

<latexit sha1_base64="gMwGNr/dVCUpl3+QT7VMXlJYOcU="></latexit>8
>>>>><

>>>>>:

K(1)
� = K�(a

(1), ⇡̃(1)
� )

V (1) = V (�(1))

K(1)
A = KA(a

(1), Ẽ(1)
i )

G(1)
A = GA(a

(1), A(1)
i )

<latexit sha1_base64="BzyZPiYjkmWubTVn6zcuesJm+Zg="></latexit>8
>>>><

>>>>:

K(1)
� = K�

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
A = KA

h
�(1), ⇡̃(1)

� , a(1), ~̃E(1), ~B(1)
i
,

K(1)
a = Ka

h
a(1),K(1)

� , V (1),K(1)
A , G(1)

A

i
.

Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

<latexit sha1_base64="5oEBWhVb+0RGMgopcaZNoN6IHnE="></latexit>8
>>>><

>>>>:

K(2)
� = K�

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
A = KA

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
a = Ka

h
a(2),K(2)

� , V (2),K(2)
A , G(2)

A

i
.

<latexit sha1_base64="gdhMkTTnjEMuKHS1L+Lu2nsTU9w="></latexit>8
>>>>><

>>>>>:

K(2)
� = K�(a

(2), ⇡̃(2)
� )

V (2) = V (�(2))

K(2)
A = KA(a

(2), Ẽ(2)
i )

G(2)
A = GA(a

(2), A(2)
i )

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="5oEBWhVb+0RGMgopcaZNoN6IHnE="></latexit>8
>>>><

>>>>:

K(2)
� = K�

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
A = KA

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
a = Ka

h
a(2),K(2)

� , V (2),K(2)
A , G(2)

A

i
.

<latexit sha1_base64="gdhMkTTnjEMuKHS1L+Lu2nsTU9w="></latexit>8
>>>>><

>>>>>:

K(2)
� = K�(a

(2), ⇡̃(2)
� )

V (2) = V (�(2))

K(2)
A = KA(a

(2), Ẽ(2)
i )

G(2)
A = GA(a

(2), A(2)
i )

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="5oEBWhVb+0RGMgopcaZNoN6IHnE="></latexit>8
>>>><

>>>>:

K(2)
� = K�

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
A = KA

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
a = Ka

h
a(2),K(2)

� , V (2),K(2)
A , G(2)

A

i
.

<latexit sha1_base64="gdhMkTTnjEMuKHS1L+Lu2nsTU9w="></latexit>8
>>>>><

>>>>>:

K(2)
� = K�(a

(2), ⇡̃(2)
� )

V (2) = V (�(2))

K(2)
A = KA(a

(2), Ẽ(2)
i )

G(2)
A = GA(a

(2), A(2)
i )

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>

⇡̃�(tn+1) = ⇡̃�(tn) +
1

2
(K(1)

� +K(2)
� )�t

Ẽi(tn+1) = Ẽi(tn) +
1

2
(K(1)

A +K(2)
A )�t

⇡a(tn+1) = ⇡a(tn) +
1

2
(K(1)

a +K(2)
a )�t

<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>

�(tn+1) = �(tn) +
h
(a(1))�3⇡̃(1)

� + (a(2))�3⇡̃(2)
�

i
�t/2

Ai(tn+1) = Ai(tn) +
h
(a(1))�1Ẽ(1)

i + (a(2))�1Ẽ(2)
i

i
�t/2

a(tn+1) = a(tn) + (⇡(1)
a + ⇡(2)

a )�t/2

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="5oEBWhVb+0RGMgopcaZNoN6IHnE="></latexit>8
>>>><

>>>>:

K(2)
� = K�

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
A = KA

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
a = Ka

h
a(2),K(2)

� , V (2),K(2)
A , G(2)

A

i
.

<latexit sha1_base64="gdhMkTTnjEMuKHS1L+Lu2nsTU9w="></latexit>8
>>>>><

>>>>>:

K(2)
� = K�(a

(2), ⇡̃(2)
� )

V (2) = V (�(2))

K(2)
A = KA(a

(2), Ẽ(2)
i )

G(2)
A = GA(a

(2), A(2)
i )

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>

⇡̃�(tn+1) = ⇡̃�(tn) +
1

2
(K(1)

� +K(2)
� )�t

Ẽi(tn+1) = Ẽi(tn) +
1

2
(K(1)

A +K(2)
A )�t

⇡a(tn+1) = ⇡a(tn) +
1

2
(K(1)

a +K(2)
a )�t

<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>

�(tn+1) = �(tn) +
h
(a(1))�3⇡̃(1)

� + (a(2))�3⇡̃(2)
�

i
�t/2

Ai(tn+1) = Ai(tn) +
h
(a(1))�1Ẽ(1)

i + (a(2))�1Ẽ(2)
i

i
�t/2

a(tn+1) = a(tn) + (⇡(1)
a + ⇡(2)

a )�t/2

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="nsRRxBLVP8r+N0nkKKlsSH4kgwo=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxCRShJEXVZdOOygr1AG8JketoOnUziXAol9El0JerON/EFfBunNQtt/VffnP8fOOePUs6U9rwvZ2V1bX1js7BV3N7Z3dt3Dw6bKjGSQoMmPJHtiCjgTEBDM82hnUogccShFY1uZ35rDFKxRDzoSQpBTAaC9Rkl2o5C19VhJs79aRceDRuXq2ehW/Iq3lx4GfwcSihXPXQ/u72EmhiEppwo1fG9VAcZkZpRDtNi1yhICR2RAXQsChKDCrL55lN82k8k1kPA8/fvbEZipSZxZDMx0UO16M2G/3kdo/vXQcZEajQIaiPW6xuOdYJnBeAek0A1n1ggVDK7JaZDIgnVtqaiPd9fPHYZmtWKf1nx7y9KtZu8iAI6RieojHx0hWroDtVRA1E0Rs/oDb07xnlyXpzXn+iKk/85Qn/kfHwDWx+QhA==</latexit>

tn+1 ⌘ (2)

<latexit sha1_base64="5oEBWhVb+0RGMgopcaZNoN6IHnE="></latexit>8
>>>><

>>>>:

K(2)
� = K�

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
A = KA

h
�(2), ⇡̃(2)

� , a(2), ~̃E(2), ~B(2)
i
,

K(2)
a = Ka

h
a(2),K(2)

� , V (2),K(2)
A , G(2)

A

i
.

<latexit sha1_base64="gdhMkTTnjEMuKHS1L+Lu2nsTU9w="></latexit>8
>>>>><

>>>>>:

K(2)
� = K�(a

(2), ⇡̃(2)
� )

V (2) = V (�(2))

K(2)
A = KA(a

(2), Ẽ(2)
i )

G(2)
A = GA(a

(2), A(2)
i )

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>

⇡̃�(tn+1) = ⇡̃�(tn) +
1

2
(K(1)

� +K(2)
� )�t

Ẽi(tn+1) = Ẽi(tn) +
1

2
(K(1)

A +K(2)
A )�t

⇡a(tn+1) = ⇡a(tn) +
1

2
(K(1)

a +K(2)
a )�t

<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>

�(tn+1) = �(tn) +
h
(a(1))�3⇡̃(1)

� + (a(2))�3⇡̃(2)
�

i
�t/2

Ai(tn+1) = Ai(tn) +
h
(a(1))�1Ẽ(1)

i + (a(2))�1Ẽ(2)
i

i
�t/2

a(tn+1) = a(tn) + (⇡(1)
a + ⇡(2)

a )�t/2

<latexit sha1_base64="AIetWByG/PMzvhm4yZ+6TGtZK9w="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

�(2) = �(1) + (a(1))�3⇡̃(1)
� �t ,

A(2)
i = A(1)

i + (a(1))�1Ẽ(1)
i �t ,

a(2) = a(1) + ⇡(1)
a �t ,

⇡̃(2)
� = ⇡̃(1)

� +K(1)
� �t ,

Ẽ(2)
i = Ẽ(1)

i +K(1)
A �t ,

⇡(2)
a = ⇡(1)

a +K(1)
a �t .

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>

⇡̃�(tn+1) = ⇡̃�(tn) +
1

2
(K(1)

� +K(2)
� )�t

Ẽi(tn+1) = Ẽi(tn) +
1

2
(K(1)

A +K(2)
A )�t

⇡a(tn+1) = ⇡a(tn) +
1

2
(K(1)

a +K(2)
a )�t

<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>

�(tn+1) = �(tn) +
h
(a(1))�3⇡̃(1)

� + (a(2))�3⇡̃(2)
�

i
�t/2

Ai(tn+1) = Ai(tn) +
h
(a(1))�1Ẽ(1)

i + (a(2))�1Ẽ(2)
i

i
�t/2

a(tn+1) = a(tn) + (⇡(1)
a + ⇡(2)

a )�t/2

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>

⇡̃�(tn+1) = ⇡̃�(tn) +
1

2
(K(1)

� +K(2)
� )�t

Ẽi(tn+1) = Ẽi(tn) +
1

2
(K(1)

A +K(2)
A )�t

⇡a(tn+1) = ⇡a(tn) +
1

2
(K(1)

a +K(2)
a )�t

<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>

�(tn+1) = �(tn) +
h
(a(1))�3⇡̃(1)

� + (a(2))�3⇡̃(2)
�

i
�t/2

Ai(tn+1) = Ai(tn) +
h
(a(1))�1Ẽ(1)

i + (a(2))�1Ẽ(2)
i

i
�t/2

a(tn+1) = a(tn) + (⇡(1)
a + ⇡(2)

a )�t/2

<latexit sha1_base64="aQDy9/8hupSPm5WKr9DLVnl9X/U=">AAACF3icbVBLTwIxGOz6RHyhHr00EoknsmuIeiR68WKCiTwSdkO65QMauo+03xoJ2R+if0ZPRo0Xj/4bC+xBwTnNNzNNOuPHUmi07W9raXlldW09t5Hf3Nre2S3s7Td0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH15N/OY9KC2i8A5HMXgB64eiJzhDI3UKFRfhAcc3kYK0RF06O0WIoALoCoaQum6+NJOHoEKQOu0UinbZnoIuEicjRZKh1il8ut2IJwGEyCXTuu3YMXpjplBwCWneTTTEjA9ZH9qGhiwA7Y2n7VJ63IsUxQHQ6f07O2aB1qPAN5mA4UDPexPxP6+dYO/CMy3jBCHkJmK8XiIpRnQyEu0KBRzlyBDGlTC/pHzAFONmFp039Z35soukcVp2zsrObaVYvcyGyJFDckROiEPOSZVckxqpE06eyAt5Jx/Wo/VsvVpvs+iSlb05IH9gff0AltWgxQ==</latexit>

More intermediate

kernels

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>
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<latexit sha1_base64="aQDy9/8hupSPm5WKr9DLVnl9X/U=">AAACF3icbVBLTwIxGOz6RHyhHr00EoknsmuIeiR68WKCiTwSdkO65QMauo+03xoJ2R+if0ZPRo0Xj/4bC+xBwTnNNzNNOuPHUmi07W9raXlldW09t5Hf3Nre2S3s7Td0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH15N/OY9KC2i8A5HMXgB64eiJzhDI3UKFRfhAcc3kYK0RF06O0WIoALoCoaQum6+NJOHoEKQOu0UinbZnoIuEicjRZKh1il8ut2IJwGEyCXTuu3YMXpjplBwCWneTTTEjA9ZH9qGhiwA7Y2n7VJ63IsUxQHQ6f07O2aB1qPAN5mA4UDPexPxP6+dYO/CMy3jBCHkJmK8XiIpRnQyEu0KBRzlyBDGlTC/pHzAFONmFp039Z35soukcVp2zsrObaVYvcyGyJFDckROiEPOSZVckxqpE06eyAt5Jx/Wo/VsvVpvs+iSlb05IH9gff0AltWgxQ==</latexit>

More intermediate

kernels

<latexit sha1_base64="xqV/8IbvwIkby39IjcO5furh8aY=">AAAB9HicbZDLTsJAFIanXhFvRZduJhITV6Q1Rl2iblxiIpcEGjIdTmHC9JKZU4Q0vImujLrzSXwB38YBu1DwX31z/n+Sc34/kUKj43xZK6tr6xubha3i9s7u3r5dOmjoOFUc6jyWsWr5TIMUEdRRoIRWooCFvoSmP7yd+c0RKC3i6AEnCXgh60ciEJyhGXXtUgdhjNl1OqaBANnT065ddirOXHQZ3BzKJFeta392ejFPQ4iQS6Z123US9DKmUHAJ02In1ZAwPmR9aBuMWAjay+arT+lJECuKA6Dz9+9sxkKtJ6FvMiHDgV70ZsP/vHaKwZWXiShJESJuIsYLUkkxprMGaE8o4CgnBhhXwmxJ+YApxtH0VDTnu4vHLkPjrOJeVNz783L1Ji+iQI7IMTklLrkkVXJHaqROOHkkz+SNvFsj68l6sV5/oitW/ueQ/JH18Q1m35HO</latexit>

Aux fields

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>
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⇡a(tn+1) = ⇡a(tn) +
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<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>

�(tn+1) = �(tn) +
h
(a(1))�3⇡̃(1)

� + (a(2))�3⇡̃(2)
�

i
�t/2

Ai(tn+1) = Ai(tn) +
h
(a(1))�1Ẽ(1)

i + (a(2))�1Ẽ(2)
i

i
�t/2

a(tn+1) = a(tn) + (⇡(1)
a + ⇡(2)

a )�t/2

<latexit sha1_base64="aQDy9/8hupSPm5WKr9DLVnl9X/U=">AAACF3icbVBLTwIxGOz6RHyhHr00EoknsmuIeiR68WKCiTwSdkO65QMauo+03xoJ2R+if0ZPRo0Xj/4bC+xBwTnNNzNNOuPHUmi07W9raXlldW09t5Hf3Nre2S3s7Td0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH15N/OY9KC2i8A5HMXgB64eiJzhDI3UKFRfhAcc3kYK0RF06O0WIoALoCoaQum6+NJOHoEKQOu0UinbZnoIuEicjRZKh1il8ut2IJwGEyCXTuu3YMXpjplBwCWneTTTEjA9ZH9qGhiwA7Y2n7VJ63IsUxQHQ6f07O2aB1qPAN5mA4UDPexPxP6+dYO/CMy3jBCHkJmK8XiIpRnQyEu0KBRzlyBDGlTC/pHzAFONmFp039Z35soukcVp2zsrObaVYvcyGyJFDckROiEPOSZVckxqpE06eyAt5Jx/Wo/VsvVpvs+iSlb05IH9gff0AltWgxQ==</latexit>

More intermediate

kernels

<latexit sha1_base64="xqV/8IbvwIkby39IjcO5furh8aY=">AAAB9HicbZDLTsJAFIanXhFvRZduJhITV6Q1Rl2iblxiIpcEGjIdTmHC9JKZU4Q0vImujLrzSXwB38YBu1DwX31z/n+Sc34/kUKj43xZK6tr6xubha3i9s7u3r5dOmjoOFUc6jyWsWr5TIMUEdRRoIRWooCFvoSmP7yd+c0RKC3i6AEnCXgh60ciEJyhGXXtUgdhjNl1OqaBANnT065ddirOXHQZ3BzKJFeta392ejFPQ4iQS6Z123US9DKmUHAJ02In1ZAwPmR9aBuMWAjay+arT+lJECuKA6Dz9+9sxkKtJ6FvMiHDgV70ZsP/vHaKwZWXiShJESJuIsYLUkkxprMGaE8o4CgnBhhXwmxJ+YApxtH0VDTnu4vHLkPjrOJeVNz783L1Ji+iQI7IMTklLrkkVXJHaqROOHkkz+SNvFsj68l6sV5/oitW/ueQ/JH18Q1m35HO</latexit>

Aux fields
<latexit sha1_base64="bVYjANR/2HaSWB9h6hnbahAZw5U=">AAAB/nicbVDLSsNAFJ34rPUVddlNsAiuSiKiLotu3AgV7APaUCbT23boTBJmboolFPRndCXqzo/wB/wbJzULbT2rc+85d5hzglhwja77ZS0tr6yurRc2iptb2zu79t5+Q0eJYlBnkYhUK6AaBA+hjhwFtGIFVAYCmsHoKtObY1CaR+EdTmLwJR2EvM8ZRbPq2qUOwj2mNyAjNXF6XNPemIZIB6CnXbvsVtwZnEXi5aRMctS69menF7FEQohMUK3bnhujn1KFnAmYFjuJhpiykXm9bWhIJWg/nYWYOkf9SDk4BGc2//amVGo9kYHxSIpDPa9ly/+0doL9Cz/lYZwghMxYjNZPhIORk3Vh4ipgKLLclClufumwIVWUoWmsaOJ782EXSeOk4p1VvNvTcvUyL6JASuSQHBOPnJMquSY1UieMPJJn8kberQfryXqxXn+sS1Z+c0D+wPr4BnWjlmQ=</latexit>

Memory disadvantages

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>
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<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>
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<latexit sha1_base64="aQDy9/8hupSPm5WKr9DLVnl9X/U=">AAACF3icbVBLTwIxGOz6RHyhHr00EoknsmuIeiR68WKCiTwSdkO65QMauo+03xoJ2R+if0ZPRo0Xj/4bC+xBwTnNNzNNOuPHUmi07W9raXlldW09t5Hf3Nre2S3s7Td0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH15N/OY9KC2i8A5HMXgB64eiJzhDI3UKFRfhAcc3kYK0RF06O0WIoALoCoaQum6+NJOHoEKQOu0UinbZnoIuEicjRZKh1il8ut2IJwGEyCXTuu3YMXpjplBwCWneTTTEjA9ZH9qGhiwA7Y2n7VJ63IsUxQHQ6f07O2aB1qPAN5mA4UDPexPxP6+dYO/CMy3jBCHkJmK8XiIpRnQyEu0KBRzlyBDGlTC/pHzAFONmFp039Z35soukcVp2zsrObaVYvcyGyJFDckROiEPOSZVckxqpE06eyAt5Jx/Wo/VsvVpvs+iSlb05IH9gff0AltWgxQ==</latexit>

More intermediate

kernels

<latexit sha1_base64="CNtxjNoaeHBTVPE3hd2vdaOkL/Y=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLosunEjVLAXaEOZTE/aoZMLMyfVEvomuhJ155P4Ar6N05qFtv6rb87/D5zz+4kUGh3nyyqsrK6tbxQ3S1vbO7t7dnm/qeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7oeua3xqC0iKN7nCTghWwQiUBwhmbUs8tdhEfMbmMFVCMketqzK07VmYsug5tDheSq9+zPbj/maQgRcsm07rhOgl7GFAouYVrqphoSxkdsAB2DEQtBe9l89Sk9DmJFcQh0/v6dzVio9ST0TSZkONSL3mz4n9dJMbj0MhElKULETcR4QSopxnTWAO0LBRzlxADjSpgtKR8yxTiankrmfHfx2GVonlbd86p7d1apXeVFFMkhOSInxCUXpEZuSJ00CCcP5Jm8kXdrbD1ZL9brT7Rg5X8OyB9ZH9+S55Hr</latexit>

More steps

<latexit sha1_base64="xqV/8IbvwIkby39IjcO5furh8aY=">AAAB9HicbZDLTsJAFIanXhFvRZduJhITV6Q1Rl2iblxiIpcEGjIdTmHC9JKZU4Q0vImujLrzSXwB38YBu1DwX31z/n+Sc34/kUKj43xZK6tr6xubha3i9s7u3r5dOmjoOFUc6jyWsWr5TIMUEdRRoIRWooCFvoSmP7yd+c0RKC3i6AEnCXgh60ciEJyhGXXtUgdhjNl1OqaBANnT065ddirOXHQZ3BzKJFeta392ejFPQ4iQS6Z123US9DKmUHAJ02In1ZAwPmR9aBuMWAjay+arT+lJECuKA6Dz9+9sxkKtJ6FvMiHDgV70ZsP/vHaKwZWXiShJESJuIsYLUkkxprMGaE8o4CgnBhhXwmxJ+YApxtH0VDTnu4vHLkPjrOJeVNz783L1Ji+iQI7IMTklLrkkVXJHaqROOHkkz+SNvFsj68l6sV5/oitW/ueQ/JH18Q1m35HO</latexit>

Aux fields
<latexit sha1_base64="bVYjANR/2HaSWB9h6hnbahAZw5U=">AAAB/nicbVDLSsNAFJ34rPUVddlNsAiuSiKiLotu3AgV7APaUCbT23boTBJmboolFPRndCXqzo/wB/wbJzULbT2rc+85d5hzglhwja77ZS0tr6yurRc2iptb2zu79t5+Q0eJYlBnkYhUK6AaBA+hjhwFtGIFVAYCmsHoKtObY1CaR+EdTmLwJR2EvM8ZRbPq2qUOwj2mNyAjNXF6XNPemIZIB6CnXbvsVtwZnEXi5aRMctS69menF7FEQohMUK3bnhujn1KFnAmYFjuJhpiykXm9bWhIJWg/nYWYOkf9SDk4BGc2//amVGo9kYHxSIpDPa9ly/+0doL9Cz/lYZwghMxYjNZPhIORk3Vh4ipgKLLclClufumwIVWUoWmsaOJ782EXSeOk4p1VvNvTcvUyL6JASuSQHBOPnJMquSY1UieMPJJn8kberQfryXqxXn+sS1Z+c0D+wPr4BnWjlmQ=</latexit>

Memory disadvantages

Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>
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<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>
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<latexit sha1_base64="aQDy9/8hupSPm5WKr9DLVnl9X/U=">AAACF3icbVBLTwIxGOz6RHyhHr00EoknsmuIeiR68WKCiTwSdkO65QMauo+03xoJ2R+if0ZPRo0Xj/4bC+xBwTnNNzNNOuPHUmi07W9raXlldW09t5Hf3Nre2S3s7Td0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH15N/OY9KC2i8A5HMXgB64eiJzhDI3UKFRfhAcc3kYK0RF06O0WIoALoCoaQum6+NJOHoEKQOu0UinbZnoIuEicjRZKh1il8ut2IJwGEyCXTuu3YMXpjplBwCWneTTTEjA9ZH9qGhiwA7Y2n7VJ63IsUxQHQ6f07O2aB1qPAN5mA4UDPexPxP6+dYO/CMy3jBCHkJmK8XiIpRnQyEu0KBRzlyBDGlTC/pHzAFONmFp039Z35soukcVp2zsrObaVYvcyGyJFDckROiEPOSZVckxqpE06eyAt5Jx/Wo/VsvVpvs+iSlb05IH9gff0AltWgxQ==</latexit>

More intermediate

kernels

<latexit sha1_base64="CNtxjNoaeHBTVPE3hd2vdaOkL/Y=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLosunEjVLAXaEOZTE/aoZMLMyfVEvomuhJ155P4Ar6N05qFtv6rb87/D5zz+4kUGh3nyyqsrK6tbxQ3S1vbO7t7dnm/qeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7oeua3xqC0iKN7nCTghWwQiUBwhmbUs8tdhEfMbmMFVCMketqzK07VmYsug5tDheSq9+zPbj/maQgRcsm07rhOgl7GFAouYVrqphoSxkdsAB2DEQtBe9l89Sk9DmJFcQh0/v6dzVio9ST0TSZkONSL3mz4n9dJMbj0MhElKULETcR4QSopxnTWAO0LBRzlxADjSpgtKR8yxTiankrmfHfx2GVonlbd86p7d1apXeVFFMkhOSInxCUXpEZuSJ00CCcP5Jm8kXdrbD1ZL9brT7Rg5X8OyB9ZH9+S55Hr</latexit>

More steps

<latexit sha1_base64="xqV/8IbvwIkby39IjcO5furh8aY=">AAAB9HicbZDLTsJAFIanXhFvRZduJhITV6Q1Rl2iblxiIpcEGjIdTmHC9JKZU4Q0vImujLrzSXwB38YBu1DwX31z/n+Sc34/kUKj43xZK6tr6xubha3i9s7u3r5dOmjoOFUc6jyWsWr5TIMUEdRRoIRWooCFvoSmP7yd+c0RKC3i6AEnCXgh60ciEJyhGXXtUgdhjNl1OqaBANnT065ddirOXHQZ3BzKJFeta392ejFPQ4iQS6Z123US9DKmUHAJ02In1ZAwPmR9aBuMWAjay+arT+lJECuKA6Dz9+9sxkKtJ6FvMiHDgV70ZsP/vHaKwZWXiShJESJuIsYLUkkxprMGaE8o4CgnBhhXwmxJ+YApxtH0VDTnu4vHLkPjrOJeVNz783L1Ji+iQI7IMTklLrkkVXJHaqROOHkkz+SNvFsj68l6sV5/oitW/ueQ/JH18Q1m35HO</latexit>

Aux fields
<latexit sha1_base64="bVYjANR/2HaSWB9h6hnbahAZw5U=">AAAB/nicbVDLSsNAFJ34rPUVddlNsAiuSiKiLotu3AgV7APaUCbT23boTBJmboolFPRndCXqzo/wB/wbJzULbT2rc+85d5hzglhwja77ZS0tr6yurRc2iptb2zu79t5+Q0eJYlBnkYhUK6AaBA+hjhwFtGIFVAYCmsHoKtObY1CaR+EdTmLwJR2EvM8ZRbPq2qUOwj2mNyAjNXF6XNPemIZIB6CnXbvsVtwZnEXi5aRMctS69menF7FEQohMUK3bnhujn1KFnAmYFjuJhpiykXm9bWhIJWg/nYWYOkf9SDk4BGc2//amVGo9kYHxSIpDPa9ly/+0doL9Cz/lYZwghMxYjNZPhIORk3Vh4ipgKLLclClufumwIVWUoWmsaOJ782EXSeOk4p1VvNvTcvUyL6JASuSQHBOPnJMquSY1UieMPJJn8kberQfryXqxXn+sS1Z+c0D+wPr4BnWjlmQ=</latexit>

Memory disadvantages

<latexit sha1_base64="xu3BOLTXq14239J3PBZXM+dN3Ws=">AAAB/HicbVDLTsMwEHR4lvIKcEJcIiokTlWCEHCs4MKxSH1JbVQ57qa1aieRvamoosLPwAkBN76CH+BvcEsO0DKn2Z1ZyzNBIrhG1/2ylpZXVtfWCxvFza3tnV17b7+h41QxqLNYxKoVUA2CR1BHjgJaiQIqAwHNYHgz1ZsjUJrHUQ3HCfiS9iMeckbRrLr2YQfhHrMal+D0uKa9EY2Q9kFPunbJLbszOIvEy0mJ5Kh27c9OL2aphAiZoFq3PTdBP6MKORMwKXZSDQllQ/N629CIStB+NoswcU7CWDk4AGc2//ZmVGo9loHxSIoDPa9Nl/9p7RTDKz/jUZIiRMxYjBamwsHYmTZh4ipgKMaGUKa4+aXDBlRRhqavoonvzYddJI2zsndR9u7OS5XrvIgCOSLH5JR45JJUyC2pkjph5JE8kzfybj1YT9aL9fpjXbLymwPyB9bHN7eelWY=</latexit>

Time disadvantages

Explicit-in-time integrator
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<latexit sha1_base64="/PdRclvKqbljXEOlnKtGuLgEeg4="></latexit>
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<latexit sha1_base64="6MPHlTXBF8VIzq2zl6gWzSRZnQY="></latexit>
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<latexit sha1_base64="aQDy9/8hupSPm5WKr9DLVnl9X/U=">AAACF3icbVBLTwIxGOz6RHyhHr00EoknsmuIeiR68WKCiTwSdkO65QMauo+03xoJ2R+if0ZPRo0Xj/4bC+xBwTnNNzNNOuPHUmi07W9raXlldW09t5Hf3Nre2S3s7Td0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH15N/OY9KC2i8A5HMXgB64eiJzhDI3UKFRfhAcc3kYK0RF06O0WIoALoCoaQum6+NJOHoEKQOu0UinbZnoIuEicjRZKh1il8ut2IJwGEyCXTuu3YMXpjplBwCWneTTTEjA9ZH9qGhiwA7Y2n7VJ63IsUxQHQ6f07O2aB1qPAN5mA4UDPexPxP6+dYO/CMy3jBCHkJmK8XiIpRnQyEu0KBRzlyBDGlTC/pHzAFONmFp039Z35soukcVp2zsrObaVYvcyGyJFDckROiEPOSZVckxqpE06eyAt5Jx/Wo/VsvVpvs+iSlb05IH9gff0AltWgxQ==</latexit>

More intermediate

kernels

<latexit sha1_base64="CNtxjNoaeHBTVPE3hd2vdaOkL/Y=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLosunEjVLAXaEOZTE/aoZMLMyfVEvomuhJ155P4Ar6N05qFtv6rb87/D5zz+4kUGh3nyyqsrK6tbxQ3S1vbO7t7dnm/qeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7oeua3xqC0iKN7nCTghWwQiUBwhmbUs8tdhEfMbmMFVCMketqzK07VmYsug5tDheSq9+zPbj/maQgRcsm07rhOgl7GFAouYVrqphoSxkdsAB2DEQtBe9l89Sk9DmJFcQh0/v6dzVio9ST0TSZkONSL3mz4n9dJMbj0MhElKULETcR4QSopxnTWAO0LBRzlxADjSpgtKR8yxTiankrmfHfx2GVonlbd86p7d1apXeVFFMkhOSInxCUXpEZuSJ00CCcP5Jm8kXdrbD1ZL9brT7Rg5X8OyB9ZH9+S55Hr</latexit>

More steps

<latexit sha1_base64="xqV/8IbvwIkby39IjcO5furh8aY=">AAAB9HicbZDLTsJAFIanXhFvRZduJhITV6Q1Rl2iblxiIpcEGjIdTmHC9JKZU4Q0vImujLrzSXwB38YBu1DwX31z/n+Sc34/kUKj43xZK6tr6xubha3i9s7u3r5dOmjoOFUc6jyWsWr5TIMUEdRRoIRWooCFvoSmP7yd+c0RKC3i6AEnCXgh60ciEJyhGXXtUgdhjNl1OqaBANnT065ddirOXHQZ3BzKJFeta392ejFPQ4iQS6Z123US9DKmUHAJ02In1ZAwPmR9aBuMWAjay+arT+lJECuKA6Dz9+9sxkKtJ6FvMiHDgV70ZsP/vHaKwZWXiShJESJuIsYLUkkxprMGaE8o4CgnBhhXwmxJ+YApxtH0VDTnu4vHLkPjrOJeVNz783L1Ji+iQI7IMTklLrkkVXJHaqROOHkkz+SNvFsj68l6sV5/oitW/ueQ/JH18Q1m35HO</latexit>

Aux fields
<latexit sha1_base64="bVYjANR/2HaSWB9h6hnbahAZw5U=">AAAB/nicbVDLSsNAFJ34rPUVddlNsAiuSiKiLotu3AgV7APaUCbT23boTBJmboolFPRndCXqzo/wB/wbJzULbT2rc+85d5hzglhwja77ZS0tr6yurRc2iptb2zu79t5+Q0eJYlBnkYhUK6AaBA+hjhwFtGIFVAYCmsHoKtObY1CaR+EdTmLwJR2EvM8ZRbPq2qUOwj2mNyAjNXF6XNPemIZIB6CnXbvsVtwZnEXi5aRMctS69menF7FEQohMUK3bnhujn1KFnAmYFjuJhpiykXm9bWhIJWg/nYWYOkf9SDk4BGc2//amVGo9kYHxSIpDPa9ly/+0doL9Cz/lYZwghMxYjNZPhIORk3Vh4ipgKLLclClufumwIVWUoWmsaOJ782EXSeOk4p1VvNvTcvUyL6JASuSQHBOPnJMquSY1UieMPJJn8kberQfryXqxXn+sS1Z+c0D+wPr4BnWjlmQ=</latexit>

Memory disadvantages

<latexit sha1_base64="xu3BOLTXq14239J3PBZXM+dN3Ws=">AAAB/HicbVDLTsMwEHR4lvIKcEJcIiokTlWCEHCs4MKxSH1JbVQ57qa1aieRvamoosLPwAkBN76CH+BvcEsO0DKn2Z1ZyzNBIrhG1/2ylpZXVtfWCxvFza3tnV17b7+h41QxqLNYxKoVUA2CR1BHjgJaiQIqAwHNYHgz1ZsjUJrHUQ3HCfiS9iMeckbRrLr2YQfhHrMal+D0uKa9EY2Q9kFPunbJLbszOIvEy0mJ5Kh27c9OL2aphAiZoFq3PTdBP6MKORMwKXZSDQllQ/N629CIStB+NoswcU7CWDk4AGc2//ZmVGo9loHxSIoDPa9Nl/9p7RTDKz/jUZIiRMxYjBamwsHYmTZh4ipgKMaGUKa4+aXDBlRRhqavoonvzYddJI2zsndR9u7OS5XrvIgCOSLH5JR45JJUyC2pkjph5JE8kzfybj1YT9aL9fpjXbLymwPyB9bHN7eelWY=</latexit>

Time disadvantages

We use low storage RK methods

[D. G. Figueroa, A. Florio, T. Opferkuch, B. Stefanek (2112.08388)]

Explicit-in-time integrator
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Axion-Inflation using RK2

Explicit-in-time integrator
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Axion-Inflation using RK2

Dynamical equations
<latexit sha1_base64="QPYG9o79coPHa3iaTPtnfIR1zec="></latexit>
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Explicit-in-time integrator
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Axion-Inflation using RK2

<latexit sha1_base64="lHCu6bqsBkhGbISbffuFSlhHook="></latexit>X
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Constraints

Dynamical equations
<latexit sha1_base64="QPYG9o79coPHa3iaTPtnfIR1zec="></latexit>
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Axion-Inflation using RK2

<latexit sha1_base64="lHCu6bqsBkhGbISbffuFSlhHook="></latexit>X
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No temporal semi-sums

Dynamical equations
<latexit sha1_base64="QPYG9o79coPHa3iaTPtnfIR1zec="></latexit>
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Axion-Inflation using RK2

<latexit sha1_base64="lHCu6bqsBkhGbISbffuFSlhHook="></latexit>X
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Dynamical equations
<latexit sha1_base64="QPYG9o79coPHa3iaTPtnfIR1zec="></latexit>
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Axion-Inflation using RK2: validation of the scheme 

<latexit sha1_base64="skYRSamZ6+/HJxE4Oa0jQ7vvFLI=">AAAB/3icbVC7TgMxEPSFVwivA0ooLCIkqugOIUBUETR0BEEeUnKKfM5eYsX3kL2HiE4p4GegQkDHP/AD/A1OSAEJU83ujFee8RMpNDrOl5Wbm19YXMovF1ZW19Y37M2tmo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv9i5FevwOlRRzd4iABL2TdSASCMzSrtr3bQrjH7MbMCOqMXqWKat6DEIaFQtsuOiVnDDpL3Akpkgkqbfuz1Yl5GkKEXDKtm66ToJcxhYJLc7GVakgY77MuNA2NWAjay8YphnQ/iBXFHtDx/NubsVDrQegbT8iwp6e10fI/rZlicOplIkpShIgbi9GCVFKM6agM2hEKOMqBIYwrYX5JeY8pxk0XehTfnQ47S2qHJfe45F4fFcvnkyLyZIfskQPikhNSJpekQqqEk0fyTN7Iu/VgPVkv1uuPNWdN3myTP7A+vgFFmpWG</latexit>

Scatter: Our scheme

Preheating 
example

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa

[J. R. C. Cuissa , D. G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 

<latexit sha1_base64="skYRSamZ6+/HJxE4Oa0jQ7vvFLI=">AAAB/3icbVC7TgMxEPSFVwivA0ooLCIkqugOIUBUETR0BEEeUnKKfM5eYsX3kL2HiE4p4GegQkDHP/AD/A1OSAEJU83ujFee8RMpNDrOl5Wbm19YXMovF1ZW19Y37M2tmo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv9i5FevwOlRRzd4iABL2TdSASCMzSrtr3bQrjH7MbMCOqMXqWKat6DEIaFQtsuOiVnDDpL3Akpkgkqbfuz1Yl5GkKEXDKtm66ToJcxhYJLc7GVakgY77MuNA2NWAjay8YphnQ/iBXFHtDx/NubsVDrQegbT8iwp6e10fI/rZlicOplIkpShIgbi9GCVFKM6agM2hEKOMqBIYwrYX5JeY8pxk0XehTfnQ47S2qHJfe45F4fFcvnkyLyZIfskQPikhNSJpekQqqEk0fyTN7Iu/VgPVkv1uuPNWdN3myTP7A+vgFFmpWG</latexit>

Scatter: Our scheme

Preheating 
example

<latexit sha1_base64="sIdEP0AhZ/LO5yDknrGWC7X2eJ4=">AAAB9XicbVDLSgNBEJyNrxhfazx6GQyCp7Aroh6DgnjwEME8IFnC7KQ3GTL7YKZXE5Z8ip5Evfkj/oB/4yTuQaN1qumqobvKT6TQ6DifVmFpeWV1rbhe2tjc2t6xd8tNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8keXM711D0qLOLrDSQJeyAaRCARnaEY9u9xFGGN2c0VFZPZxgdOeXXGqzhz0L3FzUiE56j37o9uPeRpChFwyrTuuk6CXMYWCS5iWuqmGhPERG0DH0IiFoL1sfvuUHgaxojgEOn//9GYs1HoS+sYTMhzqRW02/E/rpBice5nJkyJE3FiMFqSSYkxnFdC+UMBRTgxhXAlzJeVDphhHU1TJxHcXw/4lzeOqe1p1b08qtYu8iCLZJwfkiLjkjNTINamTBuFkTJ7IK3mzHqxH69l6+bYWrPzPHvkF6/0L/fSSIQ==</latexit>

LF inplicit

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa

[J. R. C. Cuissa , D. G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 

<latexit sha1_base64="skYRSamZ6+/HJxE4Oa0jQ7vvFLI=">AAAB/3icbVC7TgMxEPSFVwivA0ooLCIkqugOIUBUETR0BEEeUnKKfM5eYsX3kL2HiE4p4GegQkDHP/AD/A1OSAEJU83ujFee8RMpNDrOl5Wbm19YXMovF1ZW19Y37M2tmo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv9i5FevwOlRRzd4iABL2TdSASCMzSrtr3bQrjH7MbMCOqMXqWKat6DEIaFQtsuOiVnDDpL3Akpkgkqbfuz1Yl5GkKEXDKtm66ToJcxhYJLc7GVakgY77MuNA2NWAjay8YphnQ/iBXFHtDx/NubsVDrQegbT8iwp6e10fI/rZlicOplIkpShIgbi9GCVFKM6agM2hEKOMqBIYwrYX5JeY8pxk0XehTfnQ47S2qHJfe45F4fFcvnkyLyZIfskQPikhNSJpekQqqEk0fyTN7Iu/VgPVkv1uuPNWdN3myTP7A+vgFFmpWG</latexit>

Scatter: Our scheme

Preheating 
example

<latexit sha1_base64="WzNrmO2MPixJ4EVzl6Ah7cZSeT8=">AAAB9nicbVDLTgJBEJz1ifhCOXqZSEw8kV1i1CPRi4kXNPJIYENmh16YMPvITK9hs+FX9GTUmx/iD/g3DrgHBetU3VWd7i4vlkKjbX9ZK6tr6xubha3i9s7u3n7p4LClo0RxaPJIRqrjMQ1ShNBEgRI6sQIWeBLa3vh6prcfQWkRhQ+YxuAGbBgKX3CGptUvlXsIE8zub2sUJmYhFzjtlyp21Z6DLhMnJxWSo9EvffYGEU8CCJFLpnXXsWN0M6ZQcAnTYi/REDM+ZkPoGhqyALSbzY+f0hM/UhRHQOf1b2/GAq3TwDOegOFIL2qz5n9aN0H/0s1EGCcIITcWo/mJpBjRWQZ0IBRwlKkhjCthrqR8xBTjaJIqmvedxWeXSatWdc6rzt1ZpX6VB1EgR+SYnBKHXJA6uSEN0iScpOSZvJF3a2I9WS/W6491xcpnyuQPrI9vjOOSbg==</latexit>

RK2 explicit

<latexit sha1_base64="sIdEP0AhZ/LO5yDknrGWC7X2eJ4=">AAAB9XicbVDLSgNBEJyNrxhfazx6GQyCp7Aroh6DgnjwEME8IFnC7KQ3GTL7YKZXE5Z8ip5Evfkj/oB/4yTuQaN1qumqobvKT6TQ6DifVmFpeWV1rbhe2tjc2t6xd8tNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8keXM711D0qLOLrDSQJeyAaRCARnaEY9u9xFGGN2c0VFZPZxgdOeXXGqzhz0L3FzUiE56j37o9uPeRpChFwyrTuuk6CXMYWCS5iWuqmGhPERG0DH0IiFoL1sfvuUHgaxojgEOn//9GYs1HoS+sYTMhzqRW02/E/rpBice5nJkyJE3FiMFqSSYkxnFdC+UMBRTgxhXAlzJeVDphhHU1TJxHcXw/4lzeOqe1p1b08qtYu8iCLZJwfkiLjkjNTINamTBuFkTJ7IK3mzHqxH69l6+bYWrPzPHvkF6/0L/fSSIQ==</latexit>

LF inplicit

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa

[J. R. C. Cuissa , D. G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 

<latexit sha1_base64="R6n8t2/aiOFdJ0Jl+ixb9WBE4b0=">AAAB+XicbVC7TsNAEDyHVwgvAxINzYkIiSqyEQLKAA1lEOQhxVZ0vqyTU84P3a0RkcnHQIWAjt/gB/gbLiEFJEw1uzMr7UyQSqHRcb6swsLi0vJKcbW0tr6xuWVv7zR0kikOdZ7IRLUCpkGKGOooUEIrVcCiQEIzGFyN9eY9KC2S+A6HKfgR68UiFJyhWXXsPQ/hAfPbFDiqLKJJOPLoRaljl52KMwGdJ+6UlMkUtY796XUTnkUQI5dM67brpOjnTKHgEkYlL9OQMj5gPWgbGrMItJ9P/h/RwzBRFPtAJ/Nvb84irYdRYDwRw76e1cbL/7R2huG5n4s4zRBibixGCzNJMaHjGmhXKJNYDg1hXAnzJeV9phhHU9Y4vjsbdp40jivuacW9OSlXL6dFFMk+OSBHxCVnpEquSY3UCSeP5Jm8kXcrt56sF+v1x1qwpje75A+sj281FpNK</latexit>

Spectrum of A

<latexit sha1_base64="skYRSamZ6+/HJxE4Oa0jQ7vvFLI=">AAAB/3icbVC7TgMxEPSFVwivA0ooLCIkqugOIUBUETR0BEEeUnKKfM5eYsX3kL2HiE4p4GegQkDHP/AD/A1OSAEJU83ujFee8RMpNDrOl5Wbm19YXMovF1ZW19Y37M2tmo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv9i5FevwOlRRzd4iABL2TdSASCMzSrtr3bQrjH7MbMCOqMXqWKat6DEIaFQtsuOiVnDDpL3Akpkgkqbfuz1Yl5GkKEXDKtm66ToJcxhYJLc7GVakgY77MuNA2NWAjay8YphnQ/iBXFHtDx/NubsVDrQegbT8iwp6e10fI/rZlicOplIkpShIgbi9GCVFKM6agM2hEKOMqBIYwrYX5JeY8pxk0XehTfnQ47S2qHJfe45F4fFcvnkyLyZIfskQPikhNSJpekQqqEk0fyTN7Iu/VgPVkv1uuPNWdN3myTP7A+vgFFmpWG</latexit>

Scatter: Our scheme

Preheating 
example

<latexit sha1_base64="WzNrmO2MPixJ4EVzl6Ah7cZSeT8=">AAAB9nicbVDLTgJBEJz1ifhCOXqZSEw8kV1i1CPRi4kXNPJIYENmh16YMPvITK9hs+FX9GTUmx/iD/g3DrgHBetU3VWd7i4vlkKjbX9ZK6tr6xubha3i9s7u3n7p4LClo0RxaPJIRqrjMQ1ShNBEgRI6sQIWeBLa3vh6prcfQWkRhQ+YxuAGbBgKX3CGptUvlXsIE8zub2sUJmYhFzjtlyp21Z6DLhMnJxWSo9EvffYGEU8CCJFLpnXXsWN0M6ZQcAnTYi/REDM+ZkPoGhqyALSbzY+f0hM/UhRHQOf1b2/GAq3TwDOegOFIL2qz5n9aN0H/0s1EGCcIITcWo/mJpBjRWQZ0IBRwlKkhjCthrqR8xBTjaJIqmvedxWeXSatWdc6rzt1ZpX6VB1EgR+SYnBKHXJA6uSEN0iScpOSZvJF3a2I9WS/W6491xcpnyuQPrI9vjOOSbg==</latexit>

RK2 explicit

<latexit sha1_base64="sIdEP0AhZ/LO5yDknrGWC7X2eJ4=">AAAB9XicbVDLSgNBEJyNrxhfazx6GQyCp7Aroh6DgnjwEME8IFnC7KQ3GTL7YKZXE5Z8ip5Evfkj/oB/4yTuQaN1qumqobvKT6TQ6DifVmFpeWV1rbhe2tjc2t6xd8tNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8keXM711D0qLOLrDSQJeyAaRCARnaEY9u9xFGGN2c0VFZPZxgdOeXXGqzhz0L3FzUiE56j37o9uPeRpChFwyrTuuk6CXMYWCS5iWuqmGhPERG0DH0IiFoL1sfvuUHgaxojgEOn//9GYs1HoS+sYTMhzqRW02/E/rpBice5nJkyJE3FiMFqSSYkxnFdC+UMBRTgxhXAlzJeVDphhHU1TJxHcXw/4lzeOqe1p1b08qtYu8iCLZJwfkiLjkjNTINamTBuFkTJ7IK3mzHqxH69l6+bYWrPzPHvkF6/0L/fSSIQ==</latexit>

LF inplicit

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa

[J. R. C. Cuissa , D. G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 

<latexit sha1_base64="R6n8t2/aiOFdJ0Jl+ixb9WBE4b0=">AAAB+XicbVC7TsNAEDyHVwgvAxINzYkIiSqyEQLKAA1lEOQhxVZ0vqyTU84P3a0RkcnHQIWAjt/gB/gbLiEFJEw1uzMr7UyQSqHRcb6swsLi0vJKcbW0tr6xuWVv7zR0kikOdZ7IRLUCpkGKGOooUEIrVcCiQEIzGFyN9eY9KC2S+A6HKfgR68UiFJyhWXXsPQ/hAfPbFDiqLKJJOPLoRaljl52KMwGdJ+6UlMkUtY796XUTnkUQI5dM67brpOjnTKHgEkYlL9OQMj5gPWgbGrMItJ9P/h/RwzBRFPtAJ/Nvb84irYdRYDwRw76e1cbL/7R2huG5n4s4zRBibixGCzNJMaHjGmhXKJNYDg1hXAnzJeV9phhHU9Y4vjsbdp40jivuacW9OSlXL6dFFMk+OSBHxCVnpEquSY3UCSeP5Jm8kXcrt56sF+v1x1qwpje75A+sj281FpNK</latexit>

Spectrum of A

<latexit sha1_base64="aSHi9ZNo9TbWoh9sdS+2zMHA2jw=">AAAB+3icbVDLTgJBEJzFF+IL9WLiZSIx8UR2jVGPRC4eMZFHAoTMDg1MmNnZzPQSyQZ/Rk9GvfkX/oB/44AcFKxTdVd10lVhLIVF3//yMiura+sb2c3c1vbO7l5+/6BmdWI4VLmW2jRCZkGKCKooUEIjNsBUKKEeDstTvT4CY4WO7nEcQ1uxfiR6gjN0q07+qIXwgGlZKz0SUZ8qrSDCRE06+YJf9GegyySYkwKZo9LJf7a6mifTcy6Ztc3Aj7GdMoOCS5jkWomFmPEh60PT0YgpsO10lmBCT3vaUBwAnc2/vSlT1o5V6DyK4cAuatPlf1ozwd51OxVRnCBE3Fmc1kskRU2nRdCuMMBRjh1h3Aj3JeUDZhhHV1fOxQ8Wwy6T2nkxuCwGdxeF0s28iCw5JifkjATkipTILamQKuHkkTyTN/LuTbwn78V7/bFmvPnNIfkD7+MbNg6VIw==</latexit>

Comoving momentum

<latexit sha1_base64="skYRSamZ6+/HJxE4Oa0jQ7vvFLI=">AAAB/3icbVC7TgMxEPSFVwivA0ooLCIkqugOIUBUETR0BEEeUnKKfM5eYsX3kL2HiE4p4GegQkDHP/AD/A1OSAEJU83ujFee8RMpNDrOl5Wbm19YXMovF1ZW19Y37M2tmo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv9i5FevwOlRRzd4iABL2TdSASCMzSrtr3bQrjH7MbMCOqMXqWKat6DEIaFQtsuOiVnDDpL3Akpkgkqbfuz1Yl5GkKEXDKtm66ToJcxhYJLc7GVakgY77MuNA2NWAjay8YphnQ/iBXFHtDx/NubsVDrQegbT8iwp6e10fI/rZlicOplIkpShIgbi9GCVFKM6agM2hEKOMqBIYwrYX5JeY8pxk0XehTfnQ47S2qHJfe45F4fFcvnkyLyZIfskQPikhNSJpekQqqEk0fyTN7Iu/VgPVkv1uuPNWdN3myTP7A+vgFFmpWG</latexit>

Scatter: Our scheme

Preheating 
example

<latexit sha1_base64="WzNrmO2MPixJ4EVzl6Ah7cZSeT8=">AAAB9nicbVDLTgJBEJz1ifhCOXqZSEw8kV1i1CPRi4kXNPJIYENmh16YMPvITK9hs+FX9GTUmx/iD/g3DrgHBetU3VWd7i4vlkKjbX9ZK6tr6xubha3i9s7u3n7p4LClo0RxaPJIRqrjMQ1ShNBEgRI6sQIWeBLa3vh6prcfQWkRhQ+YxuAGbBgKX3CGptUvlXsIE8zub2sUJmYhFzjtlyp21Z6DLhMnJxWSo9EvffYGEU8CCJFLpnXXsWN0M6ZQcAnTYi/REDM+ZkPoGhqyALSbzY+f0hM/UhRHQOf1b2/GAq3TwDOegOFIL2qz5n9aN0H/0s1EGCcIITcWo/mJpBjRWQZ0IBRwlKkhjCthrqR8xBTjaJIqmvedxWeXSatWdc6rzt1ZpX6VB1EgR+SYnBKHXJA6uSEN0iScpOSZvJF3a2I9WS/W6491xcpnyuQPrI9vjOOSbg==</latexit>

RK2 explicit

<latexit sha1_base64="sIdEP0AhZ/LO5yDknrGWC7X2eJ4=">AAAB9XicbVDLSgNBEJyNrxhfazx6GQyCp7Aroh6DgnjwEME8IFnC7KQ3GTL7YKZXE5Z8ip5Evfkj/oB/4yTuQaN1qumqobvKT6TQ6DifVmFpeWV1rbhe2tjc2t6xd8tNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8keXM711D0qLOLrDSQJeyAaRCARnaEY9u9xFGGN2c0VFZPZxgdOeXXGqzhz0L3FzUiE56j37o9uPeRpChFwyrTuuk6CXMYWCS5iWuqmGhPERG0DH0IiFoL1sfvuUHgaxojgEOn//9GYs1HoS+sYTMhzqRW02/E/rpBice5nJkyJE3FiMFqSSYkxnFdC+UMBRTgxhXAlzJeVDphhHU1TJxHcXw/4lzeOqe1p1b08qtYu8iCLZJwfkiLjkjNTINamTBuFkTJ7IK3mzHqxH69l6+bYWrPzPHvkF6/0L/fSSIQ==</latexit>

LF inplicit

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa

[J. R. C. Cuissa , D. G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 

Preheating 
example

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa
<latexit sha1_base64="xTtkCjpidnRn270FXYzvC0Q8NRk=">AAAB/HicbVDLSgNBEJyNrxhfUU/iZTAInsKuiIqnoB68GcE8IFnC7KQ3O2T2wUyvGJboz+hJ1Jtf4Q/4N05iDppYp+quaugqL5FCo21/Wbm5+YXFpfxyYWV1bX2juLlV13GqONR4LGPV9JgGKSKooUAJzUQBCz0JDa9/MdIbd6C0iKNbHCTghqwXCV9whmbVKe60Ee4xu2Q6gO4ZvU4V1TyAEIadYsku22PQWeJMSIlMUO0UP9vdmKchRMgl07rl2Am6GVMouIRhoZ1qSBjvsx60DI1YCNrNxhGGdN+PFcUA6Hj+7c1YqPUg9IwnZBjoaW20/E9rpeifupmIkhQh4sZiND+VFGM6aoJ2hQKOcmAI40qYLykPmGIcTV8FE9+ZDjtL6odl57js3ByVKueTIvJkl+yRA+KQE1IhV6RKaoSTR/JM3si79WA9WS/W6481Z01utskfWB/fxRKUxw==</latexit>

Dashed: Our scheme

[J. R. C. Cuissa , D. .G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 

Preheating 
example

<latexit sha1_base64="V5gMu/KleSEE9G+7612Gb2EpSkg=">AAAB/nicbVDLSgNBEJyNrxhfqx5zGQyCp7Aroh6DIniMYB6QhDA76SRDZmeXmV4xLAH9GT2JevMj/AH/xkncgybWqbqrGroqiKUw6HlfTm5peWV1Lb9e2Njc2t5xd/fqJko0hxqPZKSbATMghYIaCpTQjDWwMJDQCEaXU71xB9qISN3iOIZOyAZK9AVnaFddt9hGuMf0SoEejGkPlBE4pnqqTrpuySt7M9BF4mekRDJUu+5nuxfxJASFXDJjWr4XYydlGgWXMCm0EwMx4yM2gJalioVgOuksxIQe9iNNcQh0Nv/2piw0ZhwG1hMyHJp5bbr8T2sl2D/vpELFCYLi1mK1fiIpRnTaBe0JDRylzS0Y18J+SfmQacbRNlaw8f35sIukflz2T8v+zUmpcpEVkSdFckCOiE/OSIVckyqpEU4eyTN5I+/Og/PkvDivP9ack93skz9wPr4BL1yWNg==</latexit>

Energy density ratio

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa
<latexit sha1_base64="xTtkCjpidnRn270FXYzvC0Q8NRk=">AAAB/HicbVDLSgNBEJyNrxhfUU/iZTAInsKuiIqnoB68GcE8IFnC7KQ3O2T2wUyvGJboz+hJ1Jtf4Q/4N05iDppYp+quaugqL5FCo21/Wbm5+YXFpfxyYWV1bX2juLlV13GqONR4LGPV9JgGKSKooUAJzUQBCz0JDa9/MdIbd6C0iKNbHCTghqwXCV9whmbVKe60Ee4xu2Q6gO4ZvU4V1TyAEIadYsku22PQWeJMSIlMUO0UP9vdmKchRMgl07rl2Am6GVMouIRhoZ1qSBjvsx60DI1YCNrNxhGGdN+PFcUA6Hj+7c1YqPUg9IwnZBjoaW20/E9rpeifupmIkhQh4sZiND+VFGM6aoJ2hQKOcmAI40qYLykPmGIcTV8FE9+ZDjtL6odl57js3ByVKueTIvJkl+yRA+KQE1IhV6RKaoSTR/JM3si79WA9WS/W6481Z01utskfWB/fxRKUxw==</latexit>

Dashed: Our scheme

[J. R. C. Cuissa , D. .G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 

Preheating 
example

<latexit sha1_base64="V5gMu/KleSEE9G+7612Gb2EpSkg=">AAAB/nicbVDLSgNBEJyNrxhfqx5zGQyCp7Aroh6DIniMYB6QhDA76SRDZmeXmV4xLAH9GT2JevMj/AH/xkncgybWqbqrGroqiKUw6HlfTm5peWV1Lb9e2Njc2t5xd/fqJko0hxqPZKSbATMghYIaCpTQjDWwMJDQCEaXU71xB9qISN3iOIZOyAZK9AVnaFddt9hGuMf0SoEejGkPlBE4pnqqTrpuySt7M9BF4mekRDJUu+5nuxfxJASFXDJjWr4XYydlGgWXMCm0EwMx4yM2gJalioVgOuksxIQe9iNNcQh0Nv/2piw0ZhwG1hMyHJp5bbr8T2sl2D/vpELFCYLi1mK1fiIpRnTaBe0JDRylzS0Y18J+SfmQacbRNlaw8f35sIukflz2T8v+zUmpcpEVkSdFckCOiE/OSIVckyqpEU4eyTN5I+/Og/PkvDivP9ack93skz9wPr4BL1yWNg==</latexit>

Energy density ratio

<latexit sha1_base64="e7rF084yyy7Z8Jm2vEXVwfaaPjc=">AAACBnicbVDLSgNBEJz1bXxFPXoZDIKnsCui4kkUxGNEE4UkSO+kkwzOziwzvWJYctef0ZOoNz/AH/BvnMQcfNWpuqsauipOlXQUhh/B2PjE5NT0zGxhbn5hcam4vFJzJrMCq8IoYy9jcKikxipJUniZWoQkVngRXx8N9IsbtE4afU69FJsJdLRsSwHkV1fFUoPwlvIzo2Rrnx+BljdIyEG3+LHsZGgN9L0rLIdD8L8kGpESG6FyVXxvtIzIEtQkFDhXj8KUmjlYkkJhv9DIHKYgrqGDdU81JOia+TBMn2+0jeXURT6cv3tzSJzrJbH3JEBd91sbLP/T6hm195q51GlGqIW3eK2dKU6GDzrhLWlRkOp5AsJK/yUXXbAgyDdX8PGj32H/ktpWOdopR6fbpYPDUREzbI2ts00WsV12wE5YhVWZYPfskb2w1+AueAiegucv61gwulllPxC8fQI5i5jm</latexit>

Solid: Canivete and Figueroa
<latexit sha1_base64="xTtkCjpidnRn270FXYzvC0Q8NRk=">AAAB/HicbVDLSgNBEJyNrxhfUU/iZTAInsKuiIqnoB68GcE8IFnC7KQ3O2T2wUyvGJboz+hJ1Jtf4Q/4N05iDppYp+quaugqL5FCo21/Wbm5+YXFpfxyYWV1bX2juLlV13GqONR4LGPV9JgGKSKooUAJzUQBCz0JDa9/MdIbd6C0iKNbHCTghqwXCV9whmbVKe60Ee4xu2Q6gO4ZvU4V1TyAEIadYsku22PQWeJMSIlMUO0UP9vdmKchRMgl07rl2Am6GVMouIRhoZ1qSBjvsx60DI1YCNrNxhGGdN+PFcUA6Hj+7c1YqPUg9IwnZBjoaW20/E9rpeifupmIkhQh4sZiND+VFGM6aoJ2hQKOcmAI40qYLykPmGIcTV8FE9+ZDjtL6odl57js3ByVKueTIvJkl+yRA+KQE1IhV6RKaoSTR/JM3si79WA9WS/W6481Z01utskfWB/fxRKUxw==</latexit>

Dashed: Our scheme
<latexit sha1_base64="dMfNr0xdHLIoaISDjoiKEsYhfeA=">AAAB9nicbVBNT8JAEN3iF+IXytHLRmLiibTGqEciF4+YCJJAQ7bLABt222Z3amga/oqejHrzh/gH/DdukYOC7/Rm3pvJzAtiKQy67pdTWFvf2Nwqbpd2dvf2D8qHR20TJZpDi0cy0p2AGZAihBYKlNCJNTAVSHgIJo1cf3gEbUQU3mMag6/YKBRDwRnaVr9c6SFMMWtERglOUSiYlfrlqltz56CrxFuQKlmg2S9/9gYRTxSEyCUzpuu5MfoZ0yi4tAt7iYGY8QkbQdfSkCkwfjY/fkZPh5GmOAY6r397M6aMSVVgPYrh2CxrefM/rZvg8NrPRBgnCCG3FqsNE0kxonkGdCA0cJSpJYxrYa+kfMw042iTyt/3lp9dJe3zmndZ8+4uqvWbRRBFckxOyBnxyBWpk1vSJC3CSUqeyRt5d6bOk/PivP5YC85ipkL+wPn4BmoiklQ=</latexit>

Cosmic time

[J. R. C. Cuissa , D. .G. Figueroa (1812.03132)]

Explicit-in-time integrator
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Axion-Inflation using RK2: validation of the scheme 
Explicit-in-time integrator
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<latexit sha1_base64="VVMSwKjafNZgp0ucpLWKQ3GF3UU=">AAAB+3icbVDLSsNAFJ34rPVVdSO4GSyCq5KIqMuiC11WsA9oQ5lMb9qhk0mYuRFLiD+jK1F3/oU/4N+Y1Cy09azOvedcuOd4kRQGbfvLWlhcWl5ZLa2V1zc2t7YrO7stE8aaQ5OHMtQdjxmQQkETBUroRBpY4Eloe+OrXG/fgzYiVHc4icAN2FAJX3CG2apf2e8hPGByzWJjKA+VQc2EwrTcr1Ttmj0FnSdOQaqkQKNf+ewNQh4HoJBLZkzXsSN0E6ZRcAlpuRcbiBgfsyF0M6pYAMZNpglSeuSHmuII6HT+7U1YYMwk8DJPwHBkZrV8+Z/WjdG/cBOhohhB8cySaX4sKYY0L4IOhAaOcpIRxrXIvqR8xDTjmNWVx3dmw86T1knNOas5t6fV+mVRRIkckENyTBxyTurkhjRIk3DySJ7JG3m3UuvJerFef6wLVnGzR/7A+vgGox6UwQ==</latexit>

Gauss constraint
<latexit sha1_base64="FBNkToeOj+k337NjKwHZL76hL2M=">AAAB9XicbVBNT8JAEN3iF+IX4tHLRmLiibTGqEeiF4+YyEcCDdkuU9jQdpvdKUIafoqejHrzj/gH/DdusQcF3+nNvDeTmefFgdBo219WYW19Y3OruF3a2d3bPygfVlpaJopDk8tAqo7HNAQigiYKDKATK2ChF0DbG99mensCSgsZPeAsBjdkw0j4gjM0rX650kOYYio9DWrCzNS81C9X7Zq9AF0lTk6qJEejX/7sDSRPQoiQB0zrrmPH6KZMoeDZwl6iIWZ8zIbQNTRiIWg3Xdw+p6e+VBRHQBf1b2/KQq1noWc8IcORXtay5n9aN0H/2k1FFCcIETcWo/lJQFHSLAI6EAo4BjNDGFfCXEn5iCnG0QSVve8sP7tKWuc157Lm3F9U6zd5EEVyTE7IGXHIFamTO9IgTcLJlDyTN/JuPVpP1ov1+mMtWPnMEfkD6+MbNK6SQg==</latexit>

observable

Axion-Inflation using RK2: validation of the scheme 
Explicit-in-time integrator
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Initial Conditions in the Linear Regime

<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B
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Initial Conditions in the Linear Regime

<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

Helicity basis

Conformal time
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Initial Conditions in the Linear Regime

<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

Helicity basis

Conformal time
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Initial Conditions in the Linear Regime

<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤
Helicity basis

Conformal time
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Initial Conditions in the Linear Regime

<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤
Helicity basis

Conformal time <latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|
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Initial Conditions in the Linear Regime

<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤
Helicity basis

Conformal time <latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0
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Initial Conditions in the Linear Regime

<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤
Helicity basis

Conformal time <latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤
Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Bunch-Davies solution

Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Bunch-Davies solution
<latexit sha1_base64="Yq6G3Jj16d0SFy+u0whuyZsq5Bc=">AAACFHicbVDLSgNBEJz1bXxFPXpZDEJEDbtB1GPUi8cIxgSyMcxOes2wsw9neoUw7G/oz+hJ1It492+cxBx81am6qxq6yk8FV+g4H9bE5NT0zOzcfGFhcWl5pbi6dqmSTDJosEQksuVTBYLH0ECOAlqpBBr5App+eDrUm7cgFU/iCxyk0InodcwDziiaVbfoHnf1Tl4Odz2k2baneAQ3XiAp026uPXUjUVfDPIcrvcfDoSfvFktOxRnB/kvcMSmRMerd4pvXS1gWQYxMUKXarpNiR1OJnAnIC16mIKUspNfQNjSmEaiOHkXL7a0gkTb2wR7N372aRkoNIt94Iop99VsbLv/T2hkGRx3N4zRDiJmxGC3IhI2JPWzI7nEJDMXAEMokN1/arE9NJWh6LJj47u+wf8llteIeVNzz/VLtZFzEHNkgm6RMXHJIauSM1EmDMHJPHskLebXurAfryXr+sk5Y45t18gPW+yesYp8y</latexit>

A+(k, ⌧) '
1p
2k

e�ik⌧

Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Bunch-Davies solution
<latexit sha1_base64="Yq6G3Jj16d0SFy+u0whuyZsq5Bc=">AAACFHicbVDLSgNBEJz1bXxFPXpZDEJEDbtB1GPUi8cIxgSyMcxOes2wsw9neoUw7G/oz+hJ1It492+cxBx81am6qxq6yk8FV+g4H9bE5NT0zOzcfGFhcWl5pbi6dqmSTDJosEQksuVTBYLH0ECOAlqpBBr5App+eDrUm7cgFU/iCxyk0InodcwDziiaVbfoHnf1Tl4Odz2k2baneAQ3XiAp026uPXUjUVfDPIcrvcfDoSfvFktOxRnB/kvcMSmRMerd4pvXS1gWQYxMUKXarpNiR1OJnAnIC16mIKUspNfQNjSmEaiOHkXL7a0gkTb2wR7N372aRkoNIt94Iop99VsbLv/T2hkGRx3N4zRDiJmxGC3IhI2JPWzI7nEJDMXAEMokN1/arE9NJWh6LJj47u+wf8llteIeVNzz/VLtZFzEHNkgm6RMXHJIauSM1EmDMHJPHskLebXurAfryXr+sk5Y45t18gPW+yesYp8y</latexit>

A+(k, ⌧) '
1p
2k

e�ik⌧

Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0

Cosmic time
<latexit sha1_base64="7ZTBKeQmVhAz0JVb6+Pl7AxPW+k=">AAAB9XicbZC9TsMwFIWd8lfKXygji0WFxEJJEALGCpaORaI/UhNVjnvTWrWTYDtAFfVRYELAxovwArwNbskALWf6fM+xdO8JEs6Udpwvq7C0vLK6VlwvbWxube/Yu+WWilNJoUljHstOQBRwFkFTM82hk0ggIuDQDkbXU799D1KxOLrV4wR8QQYRCxkl2ox6dtnTJMWeYgLu8DF2T0i9Z1ecqjMTXgQ3hwrK1ejZn14/pqmASFNOlOq6TqL9jEjNKIdJyUsVJISOyAC6BiMiQPnZbPcJPgxjifUQ8Oz9O5sRodRYBCYjiB6qeW86/M/rpjq89DMWJamGiJqI8cKUYx3jaQW4zyRQzccGCJXMbInpkEhCtSmqZM53549dhNZp1T2vujdnldpVXkQR7aMDdIRcdIFqqI4aqIkoekTP6A29Ww/Wk/Vivf5EC1b+Zw/9kfXxDdLxkLE=</latexit>

⌧ ' �1/aH
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Bunch-Davies solution
<latexit sha1_base64="Yq6G3Jj16d0SFy+u0whuyZsq5Bc=">AAACFHicbVDLSgNBEJz1bXxFPXpZDEJEDbtB1GPUi8cIxgSyMcxOes2wsw9neoUw7G/oz+hJ1It492+cxBx81am6qxq6yk8FV+g4H9bE5NT0zOzcfGFhcWl5pbi6dqmSTDJosEQksuVTBYLH0ECOAlqpBBr5App+eDrUm7cgFU/iCxyk0InodcwDziiaVbfoHnf1Tl4Odz2k2baneAQ3XiAp026uPXUjUVfDPIcrvcfDoSfvFktOxRnB/kvcMSmRMerd4pvXS1gWQYxMUKXarpNiR1OJnAnIC16mIKUspNfQNjSmEaiOHkXL7a0gkTb2wR7N372aRkoNIt94Iop99VsbLv/T2hkGRx3N4zRDiJmxGC3IhI2JPWzI7nEJDMXAEMokN1/arE9NJWh6LJj47u+wf8llteIeVNzz/VLtZFzEHNkgm6RMXHJIauSM1EmDMHJPHskLebXurAfryXr+sk5Y45t18gPW+yesYp8y</latexit>

A+(k, ⌧) '
1p
2k

e�ik⌧

<latexit sha1_base64="Ohm+0oRexfuErdv951oI46Kx5TQ=">AAACFXicbVDLSgNBEJz1bXxFPXpZDEJEibtB1KOPi0cFEwPZGGYnvWbY2UdmeoUw7Hfoz+hJ1IPg2b9xEnPQaEFDdVcNTJWfCq7QcT6ticmp6ZnZufnCwuLS8kpxda2ukkwyqLFEJLLhUwWCx1BDjgIaqQQa+QKu/fBsoF/fgVQ8ia+wn0IrorcxDzijaE7tYvWkrXfycriL257iEfS8QFKm3Vx7qidRV8M8hxvNwz1axu1zM3m7WHIqzhD2X+KOSImMcNEuvnudhGURxMgEVarpOim2NJXImYC84GUKUspCegtNQ2MagWrpYbbc3goSaWMX7OH+06tppFQ/8o0nothV49rg+J/WzDA4amkepxlCzIzFaEEmbEzsQUV2h0tgKPqGUCa5+aXNutTUgqbIgonvjof9S+rVintQcS/3S8enoyLmyAbZJGXikkNyTM7JBakRRh7IE3klb9a99Wg9Wy/f1glr9Gad/IL18QXt5J6Z</latexit>

A+(k, t) '
1p
2k

eik/a(t)H(t)

Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0

Cosmic time
<latexit sha1_base64="7ZTBKeQmVhAz0JVb6+Pl7AxPW+k=">AAAB9XicbZC9TsMwFIWd8lfKXygji0WFxEJJEALGCpaORaI/UhNVjnvTWrWTYDtAFfVRYELAxovwArwNbskALWf6fM+xdO8JEs6Udpwvq7C0vLK6VlwvbWxube/Yu+WWilNJoUljHstOQBRwFkFTM82hk0ggIuDQDkbXU799D1KxOLrV4wR8QQYRCxkl2ox6dtnTJMWeYgLu8DF2T0i9Z1ecqjMTXgQ3hwrK1ejZn14/pqmASFNOlOq6TqL9jEjNKIdJyUsVJISOyAC6BiMiQPnZbPcJPgxjifUQ8Oz9O5sRodRYBCYjiB6qeW86/M/rpjq89DMWJamGiJqI8cKUYx3jaQW4zyRQzccGCJXMbInpkEhCtSmqZM53549dhNZp1T2vujdnldpVXkQR7aMDdIRcdIFqqI4aqIkoekTP6A29Ww/Wk/Vivf5EC1b+Zw/9kfXxDdLxkLE=</latexit>

⌧ ' �1/aH
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Bunch-Davies solution
<latexit sha1_base64="Yq6G3Jj16d0SFy+u0whuyZsq5Bc=">AAACFHicbVDLSgNBEJz1bXxFPXpZDEJEDbtB1GPUi8cIxgSyMcxOes2wsw9neoUw7G/oz+hJ1It492+cxBx81am6qxq6yk8FV+g4H9bE5NT0zOzcfGFhcWl5pbi6dqmSTDJosEQksuVTBYLH0ECOAlqpBBr5App+eDrUm7cgFU/iCxyk0InodcwDziiaVbfoHnf1Tl4Odz2k2baneAQ3XiAp026uPXUjUVfDPIcrvcfDoSfvFktOxRnB/kvcMSmRMerd4pvXS1gWQYxMUKXarpNiR1OJnAnIC16mIKUspNfQNjSmEaiOHkXL7a0gkTb2wR7N372aRkoNIt94Iop99VsbLv/T2hkGRx3N4zRDiJmxGC3IhI2JPWzI7nEJDMXAEMokN1/arE9NJWh6LJj47u+wf8llteIeVNzz/VLtZFzEHNkgm6RMXHJIauSM1EmDMHJPHskLebXurAfryXr+sk5Y45t18gPW+yesYp8y</latexit>

A+(k, ⌧) '
1p
2k

e�ik⌧

Time derivative
<latexit sha1_base64="Ohm+0oRexfuErdv951oI46Kx5TQ=">AAACFXicbVDLSgNBEJz1bXxFPXpZDEJEibtB1KOPi0cFEwPZGGYnvWbY2UdmeoUw7Hfoz+hJ1IPg2b9xEnPQaEFDdVcNTJWfCq7QcT6ticmp6ZnZufnCwuLS8kpxda2ukkwyqLFEJLLhUwWCx1BDjgIaqQQa+QKu/fBsoF/fgVQ8ia+wn0IrorcxDzijaE7tYvWkrXfycriL257iEfS8QFKm3Vx7qidRV8M8hxvNwz1axu1zM3m7WHIqzhD2X+KOSImMcNEuvnudhGURxMgEVarpOim2NJXImYC84GUKUspCegtNQ2MagWrpYbbc3goSaWMX7OH+06tppFQ/8o0nothV49rg+J/WzDA4amkepxlCzIzFaEEmbEzsQUV2h0tgKPqGUCa5+aXNutTUgqbIgonvjof9S+rVintQcS/3S8enoyLmyAbZJGXikkNyTM7JBakRRh7IE3klb9a99Wg9Wy/f1glr9Gad/IL18QXt5J6Z</latexit>

A+(k, t) '
1p
2k

eik/a(t)H(t)

Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0

Cosmic time
<latexit sha1_base64="7ZTBKeQmVhAz0JVb6+Pl7AxPW+k=">AAAB9XicbZC9TsMwFIWd8lfKXygji0WFxEJJEALGCpaORaI/UhNVjnvTWrWTYDtAFfVRYELAxovwArwNbskALWf6fM+xdO8JEs6Udpwvq7C0vLK6VlwvbWxube/Yu+WWilNJoUljHstOQBRwFkFTM82hk0ggIuDQDkbXU799D1KxOLrV4wR8QQYRCxkl2ox6dtnTJMWeYgLu8DF2T0i9Z1ecqjMTXgQ3hwrK1ejZn14/pqmASFNOlOq6TqL9jEjNKIdJyUsVJISOyAC6BiMiQPnZbPcJPgxjifUQ8Oz9O5sRodRYBCYjiB6qeW86/M/rpjq89DMWJamGiJqI8cKUYx3jaQW4zyRQzccGCJXMbInpkEhCtSmqZM53549dhNZp1T2vujdnldpVXkQR7aMDdIRcdIFqqI4aqIkoekTP6A29Ww/Wk/Vivf5EC1b+Zw/9kfXxDdLxkLE=</latexit>

⌧ ' �1/aH
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Bunch-Davies solution
<latexit sha1_base64="Yq6G3Jj16d0SFy+u0whuyZsq5Bc=">AAACFHicbVDLSgNBEJz1bXxFPXpZDEJEDbtB1GPUi8cIxgSyMcxOes2wsw9neoUw7G/oz+hJ1It492+cxBx81am6qxq6yk8FV+g4H9bE5NT0zOzcfGFhcWl5pbi6dqmSTDJosEQksuVTBYLH0ECOAlqpBBr5App+eDrUm7cgFU/iCxyk0InodcwDziiaVbfoHnf1Tl4Odz2k2baneAQ3XiAp026uPXUjUVfDPIcrvcfDoSfvFktOxRnB/kvcMSmRMerd4pvXS1gWQYxMUKXarpNiR1OJnAnIC16mIKUspNfQNjSmEaiOHkXL7a0gkTb2wR7N372aRkoNIt94Iop99VsbLv/T2hkGRx3N4zRDiJmxGC3IhI2JPWzI7nEJDMXAEMokN1/arE9NJWh6LJj47u+wf8llteIeVNzz/VLtZFzEHNkgm6RMXHJIauSM1EmDMHJPHskLebXurAfryXr+sk5Y45t18gPW+yesYp8y</latexit>

A+(k, ⌧) '
1p
2k

e�ik⌧

Time derivative
<latexit sha1_base64="Ohm+0oRexfuErdv951oI46Kx5TQ=">AAACFXicbVDLSgNBEJz1bXxFPXpZDEJEibtB1KOPi0cFEwPZGGYnvWbY2UdmeoUw7Hfoz+hJ1IPg2b9xEnPQaEFDdVcNTJWfCq7QcT6ticmp6ZnZufnCwuLS8kpxda2ukkwyqLFEJLLhUwWCx1BDjgIaqQQa+QKu/fBsoF/fgVQ8ia+wn0IrorcxDzijaE7tYvWkrXfycriL257iEfS8QFKm3Vx7qidRV8M8hxvNwz1axu1zM3m7WHIqzhD2X+KOSImMcNEuvnudhGURxMgEVarpOim2NJXImYC84GUKUspCegtNQ2MagWrpYbbc3goSaWMX7OH+06tppFQ/8o0nothV49rg+J/WzDA4amkepxlCzIzFaEEmbEzsQUV2h0tgKPqGUCa5+aXNutTUgqbIgonvjof9S+rVintQcS/3S8enoyLmyAbZJGXikkNyTM7JBakRRh7IE3klb9a99Wg9Wy/f1glr9Gad/IL18QXt5J6Z</latexit>

A+(k, t) '
1p
2k

eik/a(t)H(t)

<latexit sha1_base64="qvAAbRDH1BjyVf3mH/rCiu5UT8A="></latexit>

E+(k, t) '
i

a

r
k

2
eik/a(t)H(t)

Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0

Cosmic time
<latexit sha1_base64="7ZTBKeQmVhAz0JVb6+Pl7AxPW+k=">AAAB9XicbZC9TsMwFIWd8lfKXygji0WFxEJJEALGCpaORaI/UhNVjnvTWrWTYDtAFfVRYELAxovwArwNbskALWf6fM+xdO8JEs6Udpwvq7C0vLK6VlwvbWxube/Yu+WWilNJoUljHstOQBRwFkFTM82hk0ggIuDQDkbXU799D1KxOLrV4wR8QQYRCxkl2ox6dtnTJMWeYgLu8DF2T0i9Z1ecqjMTXgQ3hwrK1ejZn14/pqmASFNOlOq6TqL9jEjNKIdJyUsVJISOyAC6BiMiQPnZbPcJPgxjifUQ8Oz9O5sRodRYBCYjiB6qeW86/M/rpjq89DMWJamGiJqI8cKUYx3jaQW4zyRQzccGCJXMbInpkEhCtSmqZM53549dhNZp1T2vujdnldpVXkQR7aMDdIRcdIFqqI4aqIkoekTP6A29Ww/Wk/Vivf5EC1b+Zw/9kfXxDdLxkLE=</latexit>

⌧ ' �1/aH
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<latexit sha1_base64="1MNUjoQW7r7bNh3fUYXh+PRDzZM="></latexit>

~̇̃E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="hGbAWk820k60HNDYFC8Y4h4fT+k=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVVBYwVLB0YikQfUhNVjuO0Vh0n2E5FFeULWPgVFgYQYmVm429w2wzQciRLR+fch+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj65nfnRAhacTv1DQmboiGnAYUI6WlgVlxHqhD7hM6cQKBcOr4kUqdeESzLK01nRs9yUfZwCxbVWsOuErsnJRBjtbA/NKDcBISrjBDUvZtK1ZuioSimJGs5CSSxAiP0ZD0NeUoJNJN5+dksKIVHwaR0I8rOFd/d6QolHIaeroyRGokl72Z+J/XT1Rw6aaUx4kiHC8WBQmDKoKzbKBPBcGKTTVBWFD9V4hHSMeidIIlHYK9fPIq6dSq9nm1flsvN67yOIrgBJyCM2CDC9AATdACbYDBI3gGr+DNeDJejHfjY1FaMPKeY/AHxucPqHadIA==</latexit>

⇠ ⌘ �̇

2H⇤

Bunch-Davies solution
<latexit sha1_base64="Yq6G3Jj16d0SFy+u0whuyZsq5Bc=">AAACFHicbVDLSgNBEJz1bXxFPXpZDEJEDbtB1GPUi8cIxgSyMcxOes2wsw9neoUw7G/oz+hJ1It492+cxBx81am6qxq6yk8FV+g4H9bE5NT0zOzcfGFhcWl5pbi6dqmSTDJosEQksuVTBYLH0ECOAlqpBBr5App+eDrUm7cgFU/iCxyk0InodcwDziiaVbfoHnf1Tl4Odz2k2baneAQ3XiAp026uPXUjUVfDPIcrvcfDoSfvFktOxRnB/kvcMSmRMerd4pvXS1gWQYxMUKXarpNiR1OJnAnIC16mIKUspNfQNjSmEaiOHkXL7a0gkTb2wR7N372aRkoNIt94Iop99VsbLv/T2hkGRx3N4zRDiJmxGC3IhI2JPWzI7nEJDMXAEMokN1/arE9NJWh6LJj47u+wf8llteIeVNzz/VLtZFzEHNkgm6RMXHJIauSM1EmDMHJPHskLebXurAfryXr+sk5Y45t18gPW+yesYp8y</latexit>

A+(k, ⌧) '
1p
2k

e�ik⌧

Time derivative
<latexit sha1_base64="Ohm+0oRexfuErdv951oI46Kx5TQ=">AAACFXicbVDLSgNBEJz1bXxFPXpZDEJEibtB1KOPi0cFEwPZGGYnvWbY2UdmeoUw7Hfoz+hJ1IPg2b9xEnPQaEFDdVcNTJWfCq7QcT6ticmp6ZnZufnCwuLS8kpxda2ukkwyqLFEJLLhUwWCx1BDjgIaqQQa+QKu/fBsoF/fgVQ8ia+wn0IrorcxDzijaE7tYvWkrXfycriL257iEfS8QFKm3Vx7qidRV8M8hxvNwz1axu1zM3m7WHIqzhD2X+KOSImMcNEuvnudhGURxMgEVarpOim2NJXImYC84GUKUspCegtNQ2MagWrpYbbc3goSaWMX7OH+06tppFQ/8o0nothV49rg+J/WzDA4amkepxlCzIzFaEEmbEzsQUV2h0tgKPqGUCa5+aXNutTUgqbIgonvjof9S+rVintQcS/3S8enoyLmyAbZJGXikkNyTM7JBakRRh7IE3klb9a99Wg9Wy/f1glr9Gad/IL18QXt5J6Z</latexit>

A+(k, t) '
1p
2k

eik/a(t)H(t)

<latexit sha1_base64="qvAAbRDH1BjyVf3mH/rCiu5UT8A="></latexit>

E+(k, t) '
i

a

r
k

2
eik/a(t)H(t)

Helicity basis

Conformal time

<latexit sha1_base64="4v2kMDWGFcOGjfsU0QeiqbgehNM="></latexit>✓
@2

@⌧2
+ k2

◆
A+(k, ⌧) ' 0

<latexit sha1_base64="KAAyHtZjCZ6u9GMN4KFY/Sg9dj8=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIglgSKeqy6sZlBXuBNpbJdJIOnVyYmYglzau4caGIW1/EnW/jpO1CW38Y+PjPOZwzvxtzJpVlfRtLyyura+uFjeLm1vbOrrlXasooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7zJ661HKiSLwns1iqkTYD9kHiNYaatnlsZXD+lJNu76PsrxNBv3zLJVsSZCi2DPoAwz1XvmV7cfkSSgoSIcS9mxrVg5KRaKEU6zYjeRNMZkiH3a0RjigEonndyeoSPt9JEXCf1ChSbu74kUB1KOAld3BlgN5HwtN/+rdRLlXTopC+NE0ZBMF3kJRypCeRCozwQlio80YCKYvhWRARaYKB1XUYdgz395EZpnFfu8Ur2rlmvXszgKcACHcAw2XEANbqEODSDwBM/wCm9GZrwY78bHtHXJmM3swx8Znz+Uc5Qo</latexit>

|A+| � |A�|

<latexit sha1_base64="ta8HXqk75Dv6mCLcH1HcwdCBMrY=">AAACBnicbVDLTsMwEHTKq5RXgSMXiwqJU5UgBBwr4NBjkehDaqLKcTet1cSJ7A2iinqHn4ETAm58AD/A3+CWHKBlTuOd2ZVn/CQUGm37yyosLa+srhXXSxubW9s75d29lo5TxaHJ4zBWHZ9pCIWEJgoMoZMoYJEfQtsfXU319h0oLWJ5i+MEvIgNpAgEZ2hGvXLFRbjH7BogoUJq0QdaT32zPXHpiLqDAWV147Kr9gx0kTg5qZAcjV750+3HPI1AIg+Z1l3HTtDLmELBzeWSm2pIGB+xAXQNlSwC7WWzMBN6FMSK4hDo7P3bm7FI63HkG0/EcKjntenwP62bYnDhZUImKYLkxmK0IA0pxnTaCe0LBRzDsSGMK2F+SfmQKcbRNFcy8Z35sIukdVJ1zqrOzWmldpkXUSQH5JAcE4eckxqpkwZpEk4eyTN5I+/Wg/VkvVivP9aCle/skz+wPr4BRpCYQw==</latexit>

Deep inside Hubble k � aH

<latexit sha1_base64="Bvhe1e5uncekHbGC+dCBcvH7jLg="></latexit>✓
@2

@⌧2
+ k2 +

2k⇠

⌧

◆
A+(k, ⌧) = 0

Cosmic time
<latexit sha1_base64="7ZTBKeQmVhAz0JVb6+Pl7AxPW+k=">AAAB9XicbZC9TsMwFIWd8lfKXygji0WFxEJJEALGCpaORaI/UhNVjnvTWrWTYDtAFfVRYELAxovwArwNbskALWf6fM+xdO8JEs6Udpwvq7C0vLK6VlwvbWxube/Yu+WWilNJoUljHstOQBRwFkFTM82hk0ggIuDQDkbXU799D1KxOLrV4wR8QQYRCxkl2ox6dtnTJMWeYgLu8DF2T0i9Z1ecqjMTXgQ3hwrK1ejZn14/pqmASFNOlOq6TqL9jEjNKIdJyUsVJISOyAC6BiMiQPnZbPcJPgxjifUQ8Oz9O5sRodRYBCYjiB6qeW86/M/rpjq89DMWJamGiJqI8cKUYx3jaQW4zyRQzccGCJXMbInpkEhCtSmqZM53549dhNZp1T2vujdnldpVXkQR7aMDdIRcdIFqqI4aqIkoekTP6A29Ww/Wk/Vivf5EC1b+Zw/9kfXxDdLxkLE=</latexit>

⌧ ' �1/aH
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<latexit sha1_base64="UuXK47NGJDy4cYmeOEcpJdrIPqI=">AAACDnicbVDNSgMxGMz6b/1b9eglWARBKbsiKnjRquCxgq2Fbi3Z+NWGZn9IvhXL0nfQl9GTqDcPvoBvY7buQVvnNJmZwDfjx1JodJwva2x8YnJqema2MDe/sLhkL6/UdJQoDlUeyUjVfaZBihCqKFBCPVbAAl/Cld89yfyrO1BaROEl9mJoBuw2FG3BGRqpZW95CPeYlk+pjmSSaZq2I0X7x9epFwd975Bu07Mf3rKLTskZgI4SNydFkqPSsj+9m4gnAYTIJdO64ToxNlOmUHAJ/YKXaIgZ77JbaBgasgB0Mx2U6tON7AzsAB28f2dTFmjdC3yTCRh29LCXif95jQTbB81UhHGCEHITMV47kRQjmm1Db4QCjrJnCONKmCsp7zDFOJoFC6a+O1x2lNR2Su5eyb3YLR6V8yFmyBpZJ5vEJfvkiJyTCqkSTh7JM3kj79aD9WS9WK8/0TEr/7NK/sD6+Aa6ppvR</latexit>

BD solutions for A± , E±

Helicity basis

Initial Conditions in the Linear Regime
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<latexit sha1_base64="UuXK47NGJDy4cYmeOEcpJdrIPqI=">AAACDnicbVDNSgMxGMz6b/1b9eglWARBKbsiKnjRquCxgq2Fbi3Z+NWGZn9IvhXL0nfQl9GTqDcPvoBvY7buQVvnNJmZwDfjx1JodJwva2x8YnJqema2MDe/sLhkL6/UdJQoDlUeyUjVfaZBihCqKFBCPVbAAl/Cld89yfyrO1BaROEl9mJoBuw2FG3BGRqpZW95CPeYlk+pjmSSaZq2I0X7x9epFwd975Bu07Mf3rKLTskZgI4SNydFkqPSsj+9m4gnAYTIJdO64ToxNlOmUHAJ/YKXaIgZ77JbaBgasgB0Mx2U6tON7AzsAB28f2dTFmjdC3yTCRh29LCXif95jQTbB81UhHGCEHITMV47kRQjmm1Db4QCjrJnCONKmCsp7zDFOJoFC6a+O1x2lNR2Su5eyb3YLR6V8yFmyBpZJ5vEJfvkiJyTCqkSTh7JM3kj79aD9WS9WK8/0TEr/7NK/sD6+Aa6ppvR</latexit>

BD solutions for A± , E±

Helicity basis
<latexit sha1_base64="btYbJqbFnffnuNgh4it+Vd6ZvG4=">AAACAnicbVDLSgMxFM34rPVVdenCYBFcSJkRUcGNWgQXLirYB3SGkom3NpiZDMkdsQzd6c/oStSdn+AP+DemdRa+ziKc3HNuyDlhIoVB1/1wxsYnJqemCzPF2bn5hcXS0nLDqFRzqHMllW6FzIAUMdRRoIRWooFFoYRmeF0d6s0b0Eao+AL7CQQRu4pFV3CGdtQprfkIt5hVlYnUGUMUHAY+PfIP6BY9sWenVHYr7gj0L/FyUiY5ap3Su3+peBpBjFwyY9qem2CQMW2fljAo+qmBhPFrdgVtS2MWgQmyUZAB3egqTbEHdHT/7s1YZEw/Cq0nYtgzv7Xh8D+tnWJ3P8hEnKQIMbcWq3VTSVHRYR/0UmjgKPuWMK6F/SXlPaYZR9ta0cb3fof9SxrbFW+34p3vlA+P8yIKZJWsk03ikT1ySE5JjdQJJ/fkkbyQV+fOeXCenOcv65iT76yQH3DePgGDdJYY</latexit>

CosmoLattice A ,E

Cartesian basis

Initial Conditions in the Linear Regime
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<latexit sha1_base64="UuXK47NGJDy4cYmeOEcpJdrIPqI=">AAACDnicbVDNSgMxGMz6b/1b9eglWARBKbsiKnjRquCxgq2Fbi3Z+NWGZn9IvhXL0nfQl9GTqDcPvoBvY7buQVvnNJmZwDfjx1JodJwva2x8YnJqema2MDe/sLhkL6/UdJQoDlUeyUjVfaZBihCqKFBCPVbAAl/Cld89yfyrO1BaROEl9mJoBuw2FG3BGRqpZW95CPeYlk+pjmSSaZq2I0X7x9epFwd975Bu07Mf3rKLTskZgI4SNydFkqPSsj+9m4gnAYTIJdO64ToxNlOmUHAJ/YKXaIgZ77JbaBgasgB0Mx2U6tON7AzsAB28f2dTFmjdC3yTCRh29LCXif95jQTbB81UhHGCEHITMV47kRQjmm1Db4QCjrJnCONKmCsp7zDFOJoFC6a+O1x2lNR2Su5eyb3YLR6V8yFmyBpZJ5vEJfvkiJyTCqkSTh7JM3kj79aD9WS9WK8/0TEr/7NK/sD6+Aa6ppvR</latexit>

BD solutions for A± , E±

Helicity basis
<latexit sha1_base64="btYbJqbFnffnuNgh4it+Vd6ZvG4=">AAACAnicbVDLSgMxFM34rPVVdenCYBFcSJkRUcGNWgQXLirYB3SGkom3NpiZDMkdsQzd6c/oStSdn+AP+DemdRa+ziKc3HNuyDlhIoVB1/1wxsYnJqemCzPF2bn5hcXS0nLDqFRzqHMllW6FzIAUMdRRoIRWooFFoYRmeF0d6s0b0Eao+AL7CQQRu4pFV3CGdtQprfkIt5hVlYnUGUMUHAY+PfIP6BY9sWenVHYr7gj0L/FyUiY5ap3Su3+peBpBjFwyY9qem2CQMW2fljAo+qmBhPFrdgVtS2MWgQmyUZAB3egqTbEHdHT/7s1YZEw/Cq0nYtgzv7Xh8D+tnWJ3P8hEnKQIMbcWq3VTSVHRYR/0UmjgKPuWMK6F/SXlPaYZR9ta0cb3fof9SxrbFW+34p3vlA+P8yIKZJWsk03ikT1ySE5JjdQJJ/fkkbyQV+fOeXCenOcv65iT76yQH3DePgGDdJYY</latexit>

CosmoLattice A ,E

Cartesian basis

<latexit sha1_base64="m7H0nPrUrUFSMJKbZras8AIU55Y=">AAACB3icbVC7TsNAEDzzDOEVoKQ5EZCoIhshoIwCBWWQyENKrOh82cSnnB+6WyMsKx8APwMVAjp6foC/4RxSQMJWczNzq53xYik02vaXtbC4tLyyWlgrrm9sbm2XdnabOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y0uc711B0qLKLzFNAY3YMNQDARnaKhe6bCLcI9Z7YrqSCY5RweRosC4T32zlQtMx71S2a7Yk6HzwJmCMplOvVf67PYjngQQIpdM645jx+hmTKHgEsbFbqIhZnzEhtAxMGQBaDebpBnTo/wA9IFO3r+9GQu0TgPPeAKGvp7VcvI/rZPg4MLNRBgnCCE3FqMNEkkxonkptC8UcJSpAYwrYa6k3GeKcTTVFU18ZzbsPGieVJyzinNzWq7WpkUUyD45IMfEIeekSq5JnTQIJ4/kmbyRd+vBerJerNcf64I1/bNH/oz18Q0+tJl9</latexit>

BD solution for each helicity
<latexit sha1_base64="mHgbmDrTDcGKqXPgMkkFKiiBsIk=">AAACB3icbVC7TsMwFHV4lvIqMLJYFCSmKkEIGCtYGItEH1IbVY5701p1nMi+QVRRPwB+BiYEbOz8AH+DWzJAy5nOvef4cU6QSGHQdb+chcWl5ZXVwlpxfWNza7u0s9swcao51HksY90KmAEpFNRRoIRWooFFgYRmMLya6M070EbE6hZHCfgR6ysRCs7Qrrqlww7CPWYGmUah+jTUcUS5HcAIpqi9Wphxt1R2K+4UdJ54OSmTHLVu6bPTi3kagUIumTFtz03QzyZvcAnjYic1kDA+ZH1oW6pYBMbPpmnG9CiMNcUB0On825uxyJhRFFhPxHBgZrXJ8j+tnWJ44WdCJSmC4tZitTCVFGM6KYX2hAaOcmQJ41rYX1I+YJpxtNUVbXxvNuw8aZxUvLOKd3Narl7mRRTIPjkgx8Qj56RKrkmN1Aknj+SZvJF358F5cl6c1x/rgpOf2SN/4Hx8Ay6wmhM=</latexit>

starting from cartesian basis

Objective

Initial Conditions in the Linear Regime
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<latexit sha1_base64="UuXK47NGJDy4cYmeOEcpJdrIPqI=">AAACDnicbVDNSgMxGMz6b/1b9eglWARBKbsiKnjRquCxgq2Fbi3Z+NWGZn9IvhXL0nfQl9GTqDcPvoBvY7buQVvnNJmZwDfjx1JodJwva2x8YnJqema2MDe/sLhkL6/UdJQoDlUeyUjVfaZBihCqKFBCPVbAAl/Cld89yfyrO1BaROEl9mJoBuw2FG3BGRqpZW95CPeYlk+pjmSSaZq2I0X7x9epFwd975Bu07Mf3rKLTskZgI4SNydFkqPSsj+9m4gnAYTIJdO64ToxNlOmUHAJ/YKXaIgZ77JbaBgasgB0Mx2U6tON7AzsAB28f2dTFmjdC3yTCRh29LCXif95jQTbB81UhHGCEHITMV47kRQjmm1Db4QCjrJnCONKmCsp7zDFOJoFC6a+O1x2lNR2Su5eyb3YLR6V8yFmyBpZJ5vEJfvkiJyTCqkSTh7JM3kj79aD9WS9WK8/0TEr/7NK/sD6+Aa6ppvR</latexit>

BD solutions for A± , E±

Helicity basis
<latexit sha1_base64="btYbJqbFnffnuNgh4it+Vd6ZvG4=">AAACAnicbVDLSgMxFM34rPVVdenCYBFcSJkRUcGNWgQXLirYB3SGkom3NpiZDMkdsQzd6c/oStSdn+AP+DemdRa+ziKc3HNuyDlhIoVB1/1wxsYnJqemCzPF2bn5hcXS0nLDqFRzqHMllW6FzIAUMdRRoIRWooFFoYRmeF0d6s0b0Eao+AL7CQQRu4pFV3CGdtQprfkIt5hVlYnUGUMUHAY+PfIP6BY9sWenVHYr7gj0L/FyUiY5ap3Su3+peBpBjFwyY9qem2CQMW2fljAo+qmBhPFrdgVtS2MWgQmyUZAB3egqTbEHdHT/7s1YZEw/Cq0nYtgzv7Xh8D+tnWJ3P8hEnKQIMbcWq3VTSVHRYR/0UmjgKPuWMK6F/SXlPaYZR9ta0cb3fof9SxrbFW+34p3vlA+P8yIKZJWsk03ikT1ySE5JjdQJJ/fkkbyQV+fOeXCenOcv65iT76yQH3DePgGDdJYY</latexit>

CosmoLattice A ,E

Cartesian basis

2 options

<latexit sha1_base64="m7H0nPrUrUFSMJKbZras8AIU55Y=">AAACB3icbVC7TsNAEDzzDOEVoKQ5EZCoIhshoIwCBWWQyENKrOh82cSnnB+6WyMsKx8APwMVAjp6foC/4RxSQMJWczNzq53xYik02vaXtbC4tLyyWlgrrm9sbm2XdnabOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y0uc711B0qLKLzFNAY3YMNQDARnaKhe6bCLcI9Z7YrqSCY5RweRosC4T32zlQtMx71S2a7Yk6HzwJmCMplOvVf67PYjngQQIpdM645jx+hmTKHgEsbFbqIhZnzEhtAxMGQBaDebpBnTo/wA9IFO3r+9GQu0TgPPeAKGvp7VcvI/rZPg4MLNRBgnCCE3FqMNEkkxonkptC8UcJSpAYwrYa6k3GeKcTTVFU18ZzbsPGieVJyzinNzWq7WpkUUyD45IMfEIeekSq5JnTQIJ4/kmbyRd+vBerJerNcf64I1/bNH/oz18Q0+tJl9</latexit>

BD solution for each helicity
<latexit sha1_base64="mHgbmDrTDcGKqXPgMkkFKiiBsIk=">AAACB3icbVC7TsMwFHV4lvIqMLJYFCSmKkEIGCtYGItEH1IbVY5701p1nMi+QVRRPwB+BiYEbOz8AH+DWzJAy5nOvef4cU6QSGHQdb+chcWl5ZXVwlpxfWNza7u0s9swcao51HksY90KmAEpFNRRoIRWooFFgYRmMLya6M070EbE6hZHCfgR6ysRCs7Qrrqlww7CPWYGmUah+jTUcUS5HcAIpqi9Wphxt1R2K+4UdJ54OSmTHLVu6bPTi3kagUIumTFtz03QzyZvcAnjYic1kDA+ZH1oW6pYBMbPpmnG9CiMNcUB0On825uxyJhRFFhPxHBgZrXJ8j+tnWJ44WdCJSmC4tZitTCVFGM6KYX2hAaOcmQJ41rYX1I+YJpxtNUVbXxvNuw8aZxUvLOKd3Narl7mRRTIPjkgx8Qj56RKrkmN1Aknj+SZvJF358F5cl6c1x/rgpOf2SN/4Hx8Ay6wmhM=</latexit>

starting from cartesian basis

Objective

Initial Conditions in the Linear Regime



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio 37

<latexit sha1_base64="UuXK47NGJDy4cYmeOEcpJdrIPqI=">AAACDnicbVDNSgMxGMz6b/1b9eglWARBKbsiKnjRquCxgq2Fbi3Z+NWGZn9IvhXL0nfQl9GTqDcPvoBvY7buQVvnNJmZwDfjx1JodJwva2x8YnJqema2MDe/sLhkL6/UdJQoDlUeyUjVfaZBihCqKFBCPVbAAl/Cld89yfyrO1BaROEl9mJoBuw2FG3BGRqpZW95CPeYlk+pjmSSaZq2I0X7x9epFwd975Bu07Mf3rKLTskZgI4SNydFkqPSsj+9m4gnAYTIJdO64ToxNlOmUHAJ/YKXaIgZ77JbaBgasgB0Mx2U6tON7AzsAB28f2dTFmjdC3yTCRh29LCXif95jQTbB81UhHGCEHITMV47kRQjmm1Db4QCjrJnCONKmCsp7zDFOJoFC6a+O1x2lNR2Su5eyb3YLR6V8yFmyBpZJ5vEJfvkiJyTCqkSTh7JM3kj79aD9WS9WK8/0TEr/7NK/sD6+Aa6ppvR</latexit>

BD solutions for A± , E±

Helicity basis
<latexit sha1_base64="btYbJqbFnffnuNgh4it+Vd6ZvG4=">AAACAnicbVDLSgMxFM34rPVVdenCYBFcSJkRUcGNWgQXLirYB3SGkom3NpiZDMkdsQzd6c/oStSdn+AP+DemdRa+ziKc3HNuyDlhIoVB1/1wxsYnJqemCzPF2bn5hcXS0nLDqFRzqHMllW6FzIAUMdRRoIRWooFFoYRmeF0d6s0b0Eao+AL7CQQRu4pFV3CGdtQprfkIt5hVlYnUGUMUHAY+PfIP6BY9sWenVHYr7gj0L/FyUiY5ap3Su3+peBpBjFwyY9qem2CQMW2fljAo+qmBhPFrdgVtS2MWgQmyUZAB3egqTbEHdHT/7s1YZEw/Cq0nYtgzv7Xh8D+tnWJ3P8hEnKQIMbcWq3VTSVHRYR/0UmjgKPuWMK6F/SXlPaYZR9ta0cb3fof9SxrbFW+34p3vlA+P8yIKZJWsk03ikT1ySE5JjdQJJ/fkkbyQV+fOeXCenOcv65iT76yQH3DePgGDdJYY</latexit>

CosmoLattice A ,E

Cartesian basis

2 options

<latexit sha1_base64="m7H0nPrUrUFSMJKbZras8AIU55Y=">AAACB3icbVC7TsNAEDzzDOEVoKQ5EZCoIhshoIwCBWWQyENKrOh82cSnnB+6WyMsKx8APwMVAjp6foC/4RxSQMJWczNzq53xYik02vaXtbC4tLyyWlgrrm9sbm2XdnabOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y0uc711B0qLKLzFNAY3YMNQDARnaKhe6bCLcI9Z7YrqSCY5RweRosC4T32zlQtMx71S2a7Yk6HzwJmCMplOvVf67PYjngQQIpdM645jx+hmTKHgEsbFbqIhZnzEhtAxMGQBaDebpBnTo/wA9IFO3r+9GQu0TgPPeAKGvp7VcvI/rZPg4MLNRBgnCCE3FqMNEkkxonkptC8UcJSpAYwrYa6k3GeKcTTVFU18ZzbsPGieVJyzinNzWq7WpkUUyD45IMfEIeekSq5JnTQIJ4/kmbyRd+vBerJerNcf64I1/bNH/oz18Q0+tJl9</latexit>

BD solution for each helicity
<latexit sha1_base64="mHgbmDrTDcGKqXPgMkkFKiiBsIk=">AAACB3icbVC7TsMwFHV4lvIqMLJYFCSmKkEIGCtYGItEH1IbVY5701p1nMi+QVRRPwB+BiYEbOz8AH+DWzJAy5nOvef4cU6QSGHQdb+chcWl5ZXVwlpxfWNza7u0s9swcao51HksY90KmAEpFNRRoIRWooFFgYRmMLya6M070EbE6hZHCfgR6ysRCs7Qrrqlww7CPWYGmUah+jTUcUS5HcAIpqi9Wphxt1R2K+4UdJ54OSmTHLVu6bPTi3kagUIumTFtz03QzyZvcAnjYic1kDA+ZH1oW6pYBMbPpmnG9CiMNcUB0On825uxyJhRFFhPxHBgZrXJ8j+tnWJ44WdCJSmC4tZitTCVFGM6KYX2hAaOcmQJ41rYX1I+YJpxtNUVbXxvNuw8aZxUvLOKd3Narl7mRRTIPjkgx8Qj56RKrkmN1Aknj+SZvJF358F5cl6c1x/rgpOf2SN/4Hx8Ay6wmhM=</latexit>

starting from cartesian basis

Objective

Helicity vectors

<latexit sha1_base64="T4jyr8AZ5lIniC1f23Mg2ie63xQ="></latexit>

ki"
±
i (k̂) = 0 , ✏ijkkj"

±(k̂) = ⌥ik"±i (k̂) ,
<latexit sha1_base64="guxsJeQJY69ssnMSSmqnud7Axp8="></latexit>

"±i (k̂)
⇤ = "±i (�k̂) , "�i (k̂)"

�
0

i (�k̂) = ���0

Initial Conditions in the Linear Regime
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<latexit sha1_base64="UuXK47NGJDy4cYmeOEcpJdrIPqI=">AAACDnicbVDNSgMxGMz6b/1b9eglWARBKbsiKnjRquCxgq2Fbi3Z+NWGZn9IvhXL0nfQl9GTqDcPvoBvY7buQVvnNJmZwDfjx1JodJwva2x8YnJqema2MDe/sLhkL6/UdJQoDlUeyUjVfaZBihCqKFBCPVbAAl/Cld89yfyrO1BaROEl9mJoBuw2FG3BGRqpZW95CPeYlk+pjmSSaZq2I0X7x9epFwd975Bu07Mf3rKLTskZgI4SNydFkqPSsj+9m4gnAYTIJdO64ToxNlOmUHAJ/YKXaIgZ77JbaBgasgB0Mx2U6tON7AzsAB28f2dTFmjdC3yTCRh29LCXif95jQTbB81UhHGCEHITMV47kRQjmm1Db4QCjrJnCONKmCsp7zDFOJoFC6a+O1x2lNR2Su5eyb3YLR6V8yFmyBpZJ5vEJfvkiJyTCqkSTh7JM3kj79aD9WS9WK8/0TEr/7NK/sD6+Aa6ppvR</latexit>

BD solutions for A± , E±

Helicity basis
<latexit sha1_base64="btYbJqbFnffnuNgh4it+Vd6ZvG4=">AAACAnicbVDLSgMxFM34rPVVdenCYBFcSJkRUcGNWgQXLirYB3SGkom3NpiZDMkdsQzd6c/oStSdn+AP+DemdRa+ziKc3HNuyDlhIoVB1/1wxsYnJqemCzPF2bn5hcXS0nLDqFRzqHMllW6FzIAUMdRRoIRWooFFoYRmeF0d6s0b0Eao+AL7CQQRu4pFV3CGdtQprfkIt5hVlYnUGUMUHAY+PfIP6BY9sWenVHYr7gj0L/FyUiY5ap3Su3+peBpBjFwyY9qem2CQMW2fljAo+qmBhPFrdgVtS2MWgQmyUZAB3egqTbEHdHT/7s1YZEw/Cq0nYtgzv7Xh8D+tnWJ3P8hEnKQIMbcWq3VTSVHRYR/0UmjgKPuWMK6F/SXlPaYZR9ta0cb3fof9SxrbFW+34p3vlA+P8yIKZJWsk03ikT1ySE5JjdQJJ/fkkbyQV+fOeXCenOcv65iT76yQH3DePgGDdJYY</latexit>

CosmoLattice A ,E

Cartesian basis

2 options

<latexit sha1_base64="m7H0nPrUrUFSMJKbZras8AIU55Y=">AAACB3icbVC7TsNAEDzzDOEVoKQ5EZCoIhshoIwCBWWQyENKrOh82cSnnB+6WyMsKx8APwMVAjp6foC/4RxSQMJWczNzq53xYik02vaXtbC4tLyyWlgrrm9sbm2XdnabOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y0uc711B0qLKLzFNAY3YMNQDARnaKhe6bCLcI9Z7YrqSCY5RweRosC4T32zlQtMx71S2a7Yk6HzwJmCMplOvVf67PYjngQQIpdM645jx+hmTKHgEsbFbqIhZnzEhtAxMGQBaDebpBnTo/wA9IFO3r+9GQu0TgPPeAKGvp7VcvI/rZPg4MLNRBgnCCE3FqMNEkkxonkptC8UcJSpAYwrYa6k3GeKcTTVFU18ZzbsPGieVJyzinNzWq7WpkUUyD45IMfEIeekSq5JnTQIJ4/kmbyRd+vBerJerNcf64I1/bNH/oz18Q0+tJl9</latexit>

BD solution for each helicity
<latexit sha1_base64="mHgbmDrTDcGKqXPgMkkFKiiBsIk=">AAACB3icbVC7TsMwFHV4lvIqMLJYFCSmKkEIGCtYGItEH1IbVY5701p1nMi+QVRRPwB+BiYEbOz8AH+DWzJAy5nOvef4cU6QSGHQdb+chcWl5ZXVwlpxfWNza7u0s9swcao51HksY90KmAEpFNRRoIRWooFFgYRmMLya6M070EbE6hZHCfgR6ysRCs7Qrrqlww7CPWYGmUah+jTUcUS5HcAIpqi9Wphxt1R2K+4UdJ54OSmTHLVu6bPTi3kagUIumTFtz03QzyZvcAnjYic1kDA+ZH1oW6pYBMbPpmnG9CiMNcUB0On825uxyJhRFFhPxHBgZrXJ8j+tnWJ44WdCJSmC4tZitTCVFGM6KYX2hAaOcmQJ41rYX1I+YJpxtNUVbXxvNuw8aZxUvLOKd3Narl7mRRTIPjkgx8Qj56RKrkmN1Aknj+SZvJF358F5cl6c1x/rgpOf2SN/4Hx8Ay6wmhM=</latexit>

starting from cartesian basis

Objective

Helicity vectors

<latexit sha1_base64="T4jyr8AZ5lIniC1f23Mg2ie63xQ="></latexit>

ki"
±
i (k̂) = 0 , ✏ijkkj"

±(k̂) = ⌥ik"±i (k̂) ,
<latexit sha1_base64="guxsJeQJY69ssnMSSmqnud7Axp8="></latexit>

"±i (k̂)
⇤ = "±i (�k̂) , "�i (k̂)"

�
0

i (�k̂) = ���0

Projectors

<latexit sha1_base64="M6Un2fisv4cVsymUL3NCB16TFR8=">AAACAXicbVDLSgMxFM3UV62vUZeCBIvgqsyIqMuiG5cV7APaoWTS2zY2MxmSO2IZutKf0ZWoO3/BH/BvTGsX2npW595zbsg5YSKFQc/7cnILi0vLK/nVwtr6xuaWu71TMyrVHKpcSaUbITMgRQxVFCihkWhgUSihHg4ux3r9DrQRKr7BYQJBxHqx6ArO0K7a7n4L4R6zqgHat49wgUOaaHULHJU2o7Zb9EreBHSe+FNSJFNU2u5nq6N4GkGMXDJjmr6XYJAxjYJLGBVaqYGE8QHrQdPSmEVggmySY0QPu0pT7AOdzL+9GYuMGUah9UQM+2ZWGy//05opds+DTMRJihBza7FaN5UUFR3XQTtC26hyaAnjWthfUt5nmnG0pRVsfH827DypHZf805J/fVIsX0yLyJM9ckCOiE/OSJlckQqpEk4eyTN5I+/Og/PkvDivP9acM73ZJX/gfHwDq+eXng==</latexit>

Use helicity projectors

<latexit sha1_base64="Aa61q3SC1SQw0BGh9NMbm+CfshA=">AAAB/XicbZDNSsNAFIUn9a/Wv6g73QSL4KokIupGaHXjsoL9gTaGyfS2nXYmCTMToYSgL6MrUXe+hC/g2zipWWjrXX1zzxm45/gRo1LZ9pdRWFhcWl4prpbW1jc2t8ztnaYMY0GgQUIWiraPJTAaQENRxaAdCcDcZ9Dyx1eZ3roHIWkY3KpJBC7Hg4D2KcFKrzxzr3aXdCOeevSinlNCR2nNG5U8s2xX7OlY8+DkUEb51D3zs9sLScwhUIRhKTuOHSk3wUJRwiAtdWMJESZjPICOxgBzkG4yzZBah/1QWGoI1vT925tgLuWE+9rDsRrKWS1b/qd1YtU/dxMaRLGCgGiL1voxs1RoZVVYPSqAKDbRgImg+kqLDLHAROnCsvjObNh5aB5XnNOKc3NSrl7mRRTRPjpAR8hBZ6iKrlEdNRBBj+gZvaF348F4Ml6M1x9rwcj/7KI/Y3x8A5XWlTw=</latexit>

A±
i = P±

ijAj

Initial Conditions in the Linear Regime
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How to build the 
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Initial Conditions in the Linear Regime



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio 38

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator

How to build the 
Helicity Projector?

Initial Conditions in the Linear Regime
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<latexit sha1_base64="p1hx6VgBfVVYh1AQ7+gPFQHPJJY=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6sCRFfCwE0Y1LRauFpg2T6U07zUwSZiZCGfIr+jO68rUT/BuntQu1ntW595wL95wgZVQqx/m0pqZnZufmCwvFxaXlldXS2vqNTDJBoE4SlohGgCUwGkNdUcWgkQrAPGBwG0RnQ/32DoSkSXytBim0OO7GNKQEK7PyS0cV74p2OW5rL+X5TlvXcl/Tfl6Jdo69DjCFR+OuFwpMdOTTyO/nOmobW6nsVJ0R7EnijkkZjXHhl168TkIyDrEiDEvZdJ1UtTQWihIGedHLJKSYRLgLTUNjzEG29Chibm+HibBVD+zR/NOrMZdywAPj4Vj15F9tuPxPa2YqPGxpGqeZgpgYi9HCjNkqsYdN2R0qgCg2MAQTQc2XNulhU4MyfRZNfPdv2ElyU6u6+1X3cq98cjouooA20RaqIBcdoBN0ji5QHRH0gJ7QG3q37q1H69l6/bZOWeObDfQL1scXv3OiXw==</latexit>

(⌃±)2ij(k) = �ij �
kikj
k2

Transverse projector

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator

How to build the 
Helicity Projector?

Initial Conditions in the Linear Regime
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<latexit sha1_base64="p1hx6VgBfVVYh1AQ7+gPFQHPJJY=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6sCRFfCwE0Y1LRauFpg2T6U07zUwSZiZCGfIr+jO68rUT/BuntQu1ntW595wL95wgZVQqx/m0pqZnZufmCwvFxaXlldXS2vqNTDJBoE4SlohGgCUwGkNdUcWgkQrAPGBwG0RnQ/32DoSkSXytBim0OO7GNKQEK7PyS0cV74p2OW5rL+X5TlvXcl/Tfl6Jdo69DjCFR+OuFwpMdOTTyO/nOmobW6nsVJ0R7EnijkkZjXHhl168TkIyDrEiDEvZdJ1UtTQWihIGedHLJKSYRLgLTUNjzEG29Chibm+HibBVD+zR/NOrMZdywAPj4Vj15F9tuPxPa2YqPGxpGqeZgpgYi9HCjNkqsYdN2R0qgCg2MAQTQc2XNulhU4MyfRZNfPdv2ElyU6u6+1X3cq98cjouooA20RaqIBcdoBN0ji5QHRH0gJ7QG3q37q1H69l6/bZOWeObDfQL1scXv3OiXw==</latexit>

(⌃±)2ij(k) = �ij �
kikj
k2

Transverse projector

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator
<latexit sha1_base64="Im3rLmvQskInyXkNrsXh3gHqHi0=">AAACAXicbVDLSgNBEJz1GeNr1aMgg0HwYtgNouIp6MVjBPOAJITZSScZMju7zPQGw5KT/oyeRL35C/6Af+Mk5qCJdaruqoauCmIpDHrel7OwuLS8sppZy65vbG5tuzu7FRMlmkOZRzLStYAZkEJBGQVKqMUaWBhIqAb967FeHYA2IlJ3OIyhGbKuEh3BGdpVyz1oINxjWqAguqAGTCZgLqlPmWrTE3/UcnNe3puAzhN/SnJkilLL/Wy0I56EoJBLZkzd92Jspkyj4BJG2UZiIGa8z7pQt1SxEEwzneQY0aNOpCn2gE7m396UhcYMw8B6QoY9M6uNl/9p9QQ7F81UqDhBUNxarNZJJMWIjuugbaGBoxxawrgW9kvKe0wzjra0rI3vz4adJ5VC3j/L+7enueLVtIgM2SeH5Jj45JwUyQ0pkTLh5JE8kzfy7jw4T86L8/pjXXCmN3vkD5yPb/AMldE=</latexit>

2 eigenvalues: 1 and -1
How to build the 

Helicity Projector?

Initial Conditions in the Linear Regime
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<latexit sha1_base64="p1hx6VgBfVVYh1AQ7+gPFQHPJJY=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6sCRFfCwE0Y1LRauFpg2T6U07zUwSZiZCGfIr+jO68rUT/BuntQu1ntW595wL95wgZVQqx/m0pqZnZufmCwvFxaXlldXS2vqNTDJBoE4SlohGgCUwGkNdUcWgkQrAPGBwG0RnQ/32DoSkSXytBim0OO7GNKQEK7PyS0cV74p2OW5rL+X5TlvXcl/Tfl6Jdo69DjCFR+OuFwpMdOTTyO/nOmobW6nsVJ0R7EnijkkZjXHhl168TkIyDrEiDEvZdJ1UtTQWihIGedHLJKSYRLgLTUNjzEG29Chibm+HibBVD+zR/NOrMZdywAPj4Vj15F9tuPxPa2YqPGxpGqeZgpgYi9HCjNkqsYdN2R0qgCg2MAQTQc2XNulhU4MyfRZNfPdv2ElyU6u6+1X3cq98cjouooA20RaqIBcdoBN0ji5QHRH0gJ7QG3q37q1H69l6/bZOWeObDfQL1scXv3OiXw==</latexit>

(⌃±)2ij(k) = �ij �
kikj
k2

Transverse projector

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator

How to build the 
Helicity Projector?

Initial Conditions in the Linear Regime
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<latexit sha1_base64="p1hx6VgBfVVYh1AQ7+gPFQHPJJY=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6sCRFfCwE0Y1LRauFpg2T6U07zUwSZiZCGfIr+jO68rUT/BuntQu1ntW595wL95wgZVQqx/m0pqZnZufmCwvFxaXlldXS2vqNTDJBoE4SlohGgCUwGkNdUcWgkQrAPGBwG0RnQ/32DoSkSXytBim0OO7GNKQEK7PyS0cV74p2OW5rL+X5TlvXcl/Tfl6Jdo69DjCFR+OuFwpMdOTTyO/nOmobW6nsVJ0R7EnijkkZjXHhl168TkIyDrEiDEvZdJ1UtTQWihIGedHLJKSYRLgLTUNjzEG29Chibm+HibBVD+zR/NOrMZdywAPj4Vj15F9tuPxPa2YqPGxpGqeZgpgYi9HCjNkqsYdN2R0qgCg2MAQTQc2XNulhU4MyfRZNfPdv2ElyU6u6+1X3cq98cjouooA20RaqIBcdoBN0ji5QHRH0gJ7QG3q37q1H69l6/bZOWeObDfQL1scXv3OiXw==</latexit>

(⌃±)2ij(k) = �ij �
kikj
k2

Transverse projector

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator

Helicity projector
<latexit sha1_base64="0LgveHkrZab85mwQfCjXVNyUZM8="></latexit>

P±
ij =

1

2

�
⌃±

ij + (⌃±)2ij
�

How to build the 
Helicity Projector?

Initial Conditions in the Linear Regime



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio 38

<latexit sha1_base64="p1hx6VgBfVVYh1AQ7+gPFQHPJJY=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6sCRFfCwE0Y1LRauFpg2T6U07zUwSZiZCGfIr+jO68rUT/BuntQu1ntW595wL95wgZVQqx/m0pqZnZufmCwvFxaXlldXS2vqNTDJBoE4SlohGgCUwGkNdUcWgkQrAPGBwG0RnQ/32DoSkSXytBim0OO7GNKQEK7PyS0cV74p2OW5rL+X5TlvXcl/Tfl6Jdo69DjCFR+OuFwpMdOTTyO/nOmobW6nsVJ0R7EnijkkZjXHhl168TkIyDrEiDEvZdJ1UtTQWihIGedHLJKSYRLgLTUNjzEG29Chibm+HibBVD+zR/NOrMZdywAPj4Vj15F9tuPxPa2YqPGxpGqeZgpgYi9HCjNkqsYdN2R0qgCg2MAQTQc2XNulhU4MyfRZNfPdv2ElyU6u6+1X3cq98cjouooA20RaqIBcdoBN0ji5QHRH0gJ7QG3q37q1H69l6/bZOWeObDfQL1scXv3OiXw==</latexit>

(⌃±)2ij(k) = �ij �
kikj
k2

Transverse projector

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator

Helicity projector
<latexit sha1_base64="0LgveHkrZab85mwQfCjXVNyUZM8="></latexit>

P±
ij =

1

2

�
⌃±

ij + (⌃±)2ij
�

<latexit sha1_base64="BKJr6xhwSAFMqevOWcEf233cvuw="></latexit>

P±
ij =

1

2

✓
�ij �

kikj
k2

± i

k
✏ijkkk

◆

How to build the 
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<latexit sha1_base64="p1hx6VgBfVVYh1AQ7+gPFQHPJJY=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6sCRFfCwE0Y1LRauFpg2T6U07zUwSZiZCGfIr+jO68rUT/BuntQu1ntW595wL95wgZVQqx/m0pqZnZufmCwvFxaXlldXS2vqNTDJBoE4SlohGgCUwGkNdUcWgkQrAPGBwG0RnQ/32DoSkSXytBim0OO7GNKQEK7PyS0cV74p2OW5rL+X5TlvXcl/Tfl6Jdo69DjCFR+OuFwpMdOTTyO/nOmobW6nsVJ0R7EnijkkZjXHhl168TkIyDrEiDEvZdJ1UtTQWihIGedHLJKSYRLgLTUNjzEG29Chibm+HibBVD+zR/NOrMZdywAPj4Vj15F9tuPxPa2YqPGxpGqeZgpgYi9HCjNkqsYdN2R0qgCg2MAQTQc2XNulhU4MyfRZNfPdv2ElyU6u6+1X3cq98cjouooA20RaqIBcdoBN0ji5QHRH0gJ7QG3q37q1H69l6/bZOWeObDfQL1scXv3OiXw==</latexit>

(⌃±)2ij(k) = �ij �
kikj
k2

Transverse projector

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator

Helicity projector
<latexit sha1_base64="0LgveHkrZab85mwQfCjXVNyUZM8="></latexit>

P±
ij =

1

2

�
⌃±

ij + (⌃±)2ij
�

<latexit sha1_base64="BKJr6xhwSAFMqevOWcEf233cvuw="></latexit>

P±
ij =

1

2

✓
�ij �

kikj
k2

± i

k
✏ijkkk

◆

How to build the 
Helicity Projector?

Initial Conditions in the Linear Regime

<latexit sha1_base64="m1HxM1w7DtpwfG0AEaMHuJGj9hI=">AAACGXicbZBLS8NAFIUn9VXjK+rSzWARXJVEpLoRWqXgsoJ9QBPDZDptp51JwsxEKCG/RP+MrkS7c+W/cVqz0Nq7+uaeM3DPCWJGpbLtL6Owsrq2vlHcNLe2d3b3rP2DlowSgUkTRywSnQBJwmhImooqRjqxIIgHjLSD8c1Mbz8SIWkU3qtJTDyOBiHtU4yUXvlWpfaQujHPfHrVyCmlo6zmj0zXNetLxbo/8q2SXbbnA/+Dk0MJ5NPwranbi3DCSagwQ1J2HTtWXoqEopiRzHQTSWKEx2hAuhpDxIn00nm+DJ70IwHVkMD5+7c3RVzKCQ+0hyM1lIvabLlM6yaqf+mlNIwTRUKsLVrrJwyqCM5qgj0qCFZsogFhQfWVEA+RQFjpMk0d31kM+x9aZ2WnUnbuzkvV67yIIjgCx+AUOOACVMEtaIAmwOAZvIIPMDWejBfjzXj/sRaM/M8h+DPG5zdA+KEG</latexit>

A±
i = P±

ijAj

E±
i = P±

ijEj
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<latexit sha1_base64="p1hx6VgBfVVYh1AQ7+gPFQHPJJY=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6sCRFfCwE0Y1LRauFpg2T6U07zUwSZiZCGfIr+jO68rUT/BuntQu1ntW595wL95wgZVQqx/m0pqZnZufmCwvFxaXlldXS2vqNTDJBoE4SlohGgCUwGkNdUcWgkQrAPGBwG0RnQ/32DoSkSXytBim0OO7GNKQEK7PyS0cV74p2OW5rL+X5TlvXcl/Tfl6Jdo69DjCFR+OuFwpMdOTTyO/nOmobW6nsVJ0R7EnijkkZjXHhl168TkIyDrEiDEvZdJ1UtTQWihIGedHLJKSYRLgLTUNjzEG29Chibm+HibBVD+zR/NOrMZdywAPj4Vj15F9tuPxPa2YqPGxpGqeZgpgYi9HCjNkqsYdN2R0qgCg2MAQTQc2XNulhU4MyfRZNfPdv2ElyU6u6+1X3cq98cjouooA20RaqIBcdoBN0ji5QHRH0gJ7QG3q37q1H69l6/bZOWeObDfQL1scXv3OiXw==</latexit>

(⌃±)2ij(k) = �ij �
kikj
k2

Transverse projector

<latexit sha1_base64="EWaeprxN4Sh80gccKISOFS6JjOQ=">AAACGXicbVA7T8MwGHTKq5RXgJElokIqS5UgVFiQKlgYi6APqSmR435pTewksh2kKsovgT8DE4JuTPwb3NIBWm667+4s+c5PGJXKtr+MwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHR8LIHRCJqKKgadRADmPoO2H15N/PYjCEnj6E6NEuhxPIhoQAlWWvLMmntLBxzfZ27Ccy+jD3klPL7QhxsITDKaZ2HuQiIp02lth3noackzy3bVnsJaJM6MlNEMDc8cu/2YpBwiRRiWsuvYieplWChKGOQlN5WQYBLiAXQ1jTAH2cum/XLrKIiFpYZgTe/f2QxzKUfc1xmO1VDOexPxP6+bquC8l9EoSRVEREe0F6TMUrE1mcnqUwFEsZEmmAiqf2mRIdaTKD1mSdd35ssuktZJ1alVnZvTcv1yNkQRHaBDVEEOOkN1dI0aqIkIekav6AONjSfjxXgz3n+iBWP2Zh/9gfH5DXQoom4=</latexit>

⌃±
ij(k) = ± i

k
✏ijkkk

Helicity operator

Helicity projector
<latexit sha1_base64="0LgveHkrZab85mwQfCjXVNyUZM8="></latexit>

P±
ij =

1

2

�
⌃±

ij + (⌃±)2ij
�

<latexit sha1_base64="BKJr6xhwSAFMqevOWcEf233cvuw="></latexit>

P±
ij =

1

2

✓
�ij �

kikj
k2

± i

k
✏ijkkk

◆

How to build the 
Helicity Projector?

Initial Conditions in the Linear Regime

<latexit sha1_base64="m1HxM1w7DtpwfG0AEaMHuJGj9hI=">AAACGXicbZBLS8NAFIUn9VXjK+rSzWARXJVEpLoRWqXgsoJ9QBPDZDptp51JwsxEKCG/RP+MrkS7c+W/cVqz0Nq7+uaeM3DPCWJGpbLtL6Owsrq2vlHcNLe2d3b3rP2DlowSgUkTRywSnQBJwmhImooqRjqxIIgHjLSD8c1Mbz8SIWkU3qtJTDyOBiHtU4yUXvlWpfaQujHPfHrVyCmlo6zmj0zXNetLxbo/8q2SXbbnA/+Dk0MJ5NPwranbi3DCSagwQ1J2HTtWXoqEopiRzHQTSWKEx2hAuhpDxIn00nm+DJ70IwHVkMD5+7c3RVzKCQ+0hyM1lIvabLlM6yaqf+mlNIwTRUKsLVrrJwyqCM5qgj0qCFZsogFhQfWVEA+RQFjpMk0d31kM+x9aZ2WnUnbuzkvV67yIIjgCx+AUOOACVMEtaIAmwOAZvIIPMDWejBfjzXj/sRaM/M8h+DPG5zdA+KEG</latexit>

A±
i = P±

ijAj

E±
i = P±

ijEj

Gauss
<latexit sha1_base64="Y4zSgI1sDiVmOQIabJla6XmjX9g=">AAAB/XicbVDNSsNAGNz4W+tf1JteFovgqSQi6kUoiuCxgv2BJpTN9ku7dLMJu5tCCUVfRk+i3nwJX8C3cRtz0NY5zc7MwjcTJJwp7Thf1sLi0vLKammtvL6xubVt7+w2VZxKCg0a81i2A6KAMwENzTSHdiKBRAGHVjC8nvqtEUjFYnGvxwn4EekLFjJKtJG69r43App5ggScTDzai3Uu3Ewuna5dcapODjxP3IJUUIF61/70ejFNIxCacqJUx3US7WdEakY5TMpeqiAhdEj60DFUkAiUn+UdJvgojCXWA8D5+3c2I5FS4ygwmYjogZr1puJ/XifV4YWfMZGkGgQ1EeOFKcc6xtMpcI9JoJqPDSFUMnMlpgMiCdVmsLKp786WnSfNk6p7VnXvTiu1q2KIEjpAh+gYuegc1dAtqqMGougRPaM39G49WE/Wi/X6E12wij976A+sj28AQZWA</latexit>

~r · ~E = 0
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Two IC options

Initial Conditions in the Linear Regime
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Initial Conditions in the Linear Regime
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Why?

Initial Conditions in the Linear Regime
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Why?
<latexit sha1_base64="t4mpuwKGPbo1HPlTApjdyJtdubs=">AAACCnicbVDLTgIxFO34RHyhLt00EqOJCZkxRl2iblxiIo8EkHTKBRo6nUl7x0Am8wf6M7oy6s6lP+DfWJCFgmd17j3nNj3Hj6Qw6Lpfztz8wuLScmYlu7q2vrGZ29qumDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1e9fjfTqPWgjQnWLwwiaAesq0RGcoV21cgcXd8lR2qANhAEmwlAYRKEChYJJOaSgekxxaKetXN4tuGPQWeJNSJ5MUGrlPhvtkMeBfYpLZkzdcyNsJkyj4BLSbCM2EDHeZ12oW6pYAKaZjAOldL8Taoo9oOP5tzdhgTHDwLeegGHPTGuj5X9aPcbOeTMRKooRFLcWq3ViSTGko15oW2jgaCO3BeNa2F9S3mOacbTtZW18bzrsLKkcF7zTgndzki9eTorIkF2yRw6JR85IkVyTEikTTh7JM3kj786D8+S8OK8/1jlncrND/sD5+AbudZsB</latexit>

A+ is exponentially enhanced

Initial Conditions in the Linear Regime
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Why?

Loss of 
information!

<latexit sha1_base64="t4mpuwKGPbo1HPlTApjdyJtdubs=">AAACCnicbVDLTgIxFO34RHyhLt00EqOJCZkxRl2iblxiIo8EkHTKBRo6nUl7x0Am8wf6M7oy6s6lP+DfWJCFgmd17j3nNj3Hj6Qw6Lpfztz8wuLScmYlu7q2vrGZ29qumDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1e9fjfTqPWgjQnWLwwiaAesq0RGcoV21cgcXd8lR2qANhAEmwlAYRKEChYJJOaSgekxxaKetXN4tuGPQWeJNSJ5MUGrlPhvtkMeBfYpLZkzdcyNsJkyj4BLSbCM2EDHeZ12oW6pYAKaZjAOldL8Taoo9oOP5tzdhgTHDwLeegGHPTGuj5X9aPcbOeTMRKooRFLcWq3ViSTGko15oW2jgaCO3BeNa2F9S3mOacbTtZW18bzrsLKkcF7zTgndzki9eTorIkF2yRw6JR85IkVyTEikTTh7JM3kj786D8+S8OK8/1jlncrND/sD5+AbudZsB</latexit>

A+ is exponentially enhanced

Initial Conditions in the Linear Regime
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Why?

Loss of 
information!

Our option
<latexit sha1_base64="FZaamol1Df1zsyzLHwgk7aHax0E=">AAACBXicbVDLTgJBEJzFF+Jr1aOXCcTExEh2jVGPRC8eMZFHAoTMDg2MzO5sZnqNZMNZf0ZPRr35A/6Af+OAHBSsU3VXddJVQSyFQc/7cjILi0vLK9nV3Nr6xuaWu71TNSrRHCpcSaXrATMgRQQVFCihHmtgYSChFgwux3rtDrQRKrrBYQytkPUi0RWcoV213XwT4R7Tsla3wJEGCvvUIEMw9JCyqEOPRm234BW9Ceg88aekQKYot93PZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWTLCO631WaYh/oZP7tTVlozDAMrCdk2Dez2nj5n9ZIsHveSkUUJwgRtxardRNJUdFxJbQjtM0uh5YwroX9kvI+04yjLS5n4/uzYedJ9bjonxb965NC6WJaRJbskTw5ID45IyVyRcqkQjh5JM/kjbw7D86T8+K8/lgzzvRml/yB8/ENtXiX9g==</latexit>

Project both states + and -

<latexit sha1_base64="t4mpuwKGPbo1HPlTApjdyJtdubs=">AAACCnicbVDLTgIxFO34RHyhLt00EqOJCZkxRl2iblxiIo8EkHTKBRo6nUl7x0Am8wf6M7oy6s6lP+DfWJCFgmd17j3nNj3Hj6Qw6Lpfztz8wuLScmYlu7q2vrGZ29qumDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1e9fjfTqPWgjQnWLwwiaAesq0RGcoV21cgcXd8lR2qANhAEmwlAYRKEChYJJOaSgekxxaKetXN4tuGPQWeJNSJ5MUGrlPhvtkMeBfYpLZkzdcyNsJkyj4BLSbCM2EDHeZ12oW6pYAKaZjAOldL8Taoo9oOP5tzdhgTHDwLeegGHPTGuj5X9aPcbOeTMRKooRFLcWq3ViSTGko15oW2jgaCO3BeNa2F9S3mOacbTtZW18bzrsLKkcF7zTgndzki9eTorIkF2yRw6JR85IkVyTEikTTh7JM3kj786D8+S8OK8/1jlncrND/sD5+AbudZsB</latexit>

A+ is exponentially enhanced

Initial Conditions in the Linear Regime
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Why?

Loss of 
information!

Our option
<latexit sha1_base64="FZaamol1Df1zsyzLHwgk7aHax0E=">AAACBXicbVDLTgJBEJzFF+Jr1aOXCcTExEh2jVGPRC8eMZFHAoTMDg2MzO5sZnqNZMNZf0ZPRr35A/6Af+OAHBSsU3VXddJVQSyFQc/7cjILi0vLK9nV3Nr6xuaWu71TNSrRHCpcSaXrATMgRQQVFCihHmtgYSChFgwux3rtDrQRKrrBYQytkPUi0RWcoV213XwT4R7Tsla3wJEGCvvUIEMw9JCyqEOPRm234BW9Ceg88aekQKYot93PZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWTLCO631WaYh/oZP7tTVlozDAMrCdk2Dez2nj5n9ZIsHveSkUUJwgRtxardRNJUdFxJbQjtM0uh5YwroX9kvI+04yjLS5n4/uzYedJ9bjonxb965NC6WJaRJbskTw5ID45IyVyRcqkQjh5JM/kjbw7D86T8+K8/lgzzvRml/yB8/ENtXiX9g==</latexit>

Project both states + and -

Why?
<latexit sha1_base64="t4mpuwKGPbo1HPlTApjdyJtdubs=">AAACCnicbVDLTgIxFO34RHyhLt00EqOJCZkxRl2iblxiIo8EkHTKBRo6nUl7x0Am8wf6M7oy6s6lP+DfWJCFgmd17j3nNj3Hj6Qw6Lpfztz8wuLScmYlu7q2vrGZ29qumDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1e9fjfTqPWgjQnWLwwiaAesq0RGcoV21cgcXd8lR2qANhAEmwlAYRKEChYJJOaSgekxxaKetXN4tuGPQWeJNSJ5MUGrlPhvtkMeBfYpLZkzdcyNsJkyj4BLSbCM2EDHeZ12oW6pYAKaZjAOldL8Taoo9oOP5tzdhgTHDwLeegGHPTGuj5X9aPcbOeTMRKooRFLcWq3ViSTGko15oW2jgaCO3BeNa2F9S3mOacbTtZW18bzrsLKkcF7zTgndzki9eTorIkF2yRw6JR85IkVyTEikTTh7JM3kj786D8+S8OK8/1jlncrND/sD5+AbudZsB</latexit>

A+ is exponentially enhanced
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Why?

Loss of 
information!

Our option
<latexit sha1_base64="FZaamol1Df1zsyzLHwgk7aHax0E=">AAACBXicbVDLTgJBEJzFF+Jr1aOXCcTExEh2jVGPRC8eMZFHAoTMDg2MzO5sZnqNZMNZf0ZPRr35A/6Af+OAHBSsU3VXddJVQSyFQc/7cjILi0vLK9nV3Nr6xuaWu71TNSrRHCpcSaXrATMgRQQVFCihHmtgYSChFgwux3rtDrQRKrrBYQytkPUi0RWcoV213XwT4R7Tsla3wJEGCvvUIEMw9JCyqEOPRm234BW9Ceg88aekQKYot93PZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWTLCO631WaYh/oZP7tTVlozDAMrCdk2Dez2nj5n9ZIsHveSkUUJwgRtxardRNJUdFxJbQjtM0uh5YwroX9kvI+04yjLS5n4/uzYedJ9bjonxb965NC6WJaRJbskTw5ID45IyVyRcqkQjh5JM/kjbw7D86T8+K8/lgzzvRml/yB8/ENtXiX9g==</latexit>

Project both states + and -

Why?
<latexit sha1_base64="ETt0L0DVPKW/27DoVu2J3hsdkXI=">AAACC3icbVDLSgMxFM34rPVVdekmWIRuLDMiKq6KbtwIFewD2lIy8baNZpIhuVMsQz9Bf0ZXou7c+QP+jWntQq1nde4954acE8ZSWPT9T29mdm5+YTGzlF1eWV1bz21sVq1ODIcK11KbesgsSKGgggIl1GMDLAol1MLbs5Fe64OxQqsrHMTQilhXiY7gDN2qnSs0Ee4wvWBCUR3eAEfRhxOqtNobPckMNdAVEQzbubxf9Meg0ySYkDyZoNzOfTSvNU8iUMgls7YR+DG2UmZQcAnDbDOxEDN+y7rQcFSxCGwrHSca0t2ONhR7QMfzT2/KImsHUeg8EcOe/auNlv9pjQQ7x61UqDhBUNxZnNZJJEVNR8XQa2FcejlwhHEj3C8p7zHDOLr6si5+8DfsNKnuF4PDYnB5kC+dTorIkG2yQwokIEekRM5JmVQIJw/kibySN+/ee/SevZdv64w3udkiv+C9fwFmNZs1</latexit>

Main objective: non-linear regime
<latexit sha1_base64="t4mpuwKGPbo1HPlTApjdyJtdubs=">AAACCnicbVDLTgIxFO34RHyhLt00EqOJCZkxRl2iblxiIo8EkHTKBRo6nUl7x0Am8wf6M7oy6s6lP+DfWJCFgmd17j3nNj3Hj6Qw6Lpfztz8wuLScmYlu7q2vrGZ29qumDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1e9fjfTqPWgjQnWLwwiaAesq0RGcoV21cgcXd8lR2qANhAEmwlAYRKEChYJJOaSgekxxaKetXN4tuGPQWeJNSJ5MUGrlPhvtkMeBfYpLZkzdcyNsJkyj4BLSbCM2EDHeZ12oW6pYAKaZjAOldL8Taoo9oOP5tzdhgTHDwLeegGHPTGuj5X9aPcbOeTMRKooRFLcWq3ViSTGko15oW2jgaCO3BeNa2F9S3mOacbTtZW18bzrsLKkcF7zTgndzki9eTorIkF2yRw6JR85IkVyTEikTTh7JM3kj786D8+S8OK8/1jlncrND/sD5+AbudZsB</latexit>

A+ is exponentially enhanced

Initial Conditions in the Linear Regime
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Two IC options

One option
<latexit sha1_base64="NYaTNEUy9earwSbzfAGxlpR8g/M=">AAACDHicbVDLSgNBEJyNrxhfqx69DAZBEcKuiHoMevFmBPOAJITZSW92zOyDmV4xLPkF/Rk9iXrz5A/4N05iDppYp5qumqarvEQKjY7zZeXm5hcWl/LLhZXVtfUNe3OrpuNUcajyWMaq4TENUkRQRYESGokCFnoS6l7/YqTX70BpEUc3OEigHbJeJHzBGZpRxz5oIdxjdhXJAU1UfAscKQZAD2lgdnKBA6qRIehhxy46JWcMOkvcCSmSCSod+7PVjXkaQoRcMq2brpNgO2MKBZcwLLRSDQnjfdaDpqERC0G3s3GkId3zYzU+ZPz+7c1YqPUg9IwnZBjoaW00/E9rpuiftTMRJSlCxI3FaH4qKcZ01AztCmXSmx66gnElzJWUB0wxjqa/gonvToedJbWjkntScq+Pi+XzSRF5skN2yT5xySkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHmrMmf7bJH1gf3w13m40=</latexit>

Only project the + helicity states

Why?

Loss of 
information!

Our option
<latexit sha1_base64="FZaamol1Df1zsyzLHwgk7aHax0E=">AAACBXicbVDLTgJBEJzFF+Jr1aOXCcTExEh2jVGPRC8eMZFHAoTMDg2MzO5sZnqNZMNZf0ZPRr35A/6Af+OAHBSsU3VXddJVQSyFQc/7cjILi0vLK9nV3Nr6xuaWu71TNSrRHCpcSaXrATMgRQQVFCihHmtgYSChFgwux3rtDrQRKrrBYQytkPUi0RWcoV213XwT4R7Tsla3wJEGCvvUIEMw9JCyqEOPRm234BW9Ceg88aekQKYot93PZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWTLCO631WaYh/oZP7tTVlozDAMrCdk2Dez2nj5n9ZIsHveSkUUJwgRtxardRNJUdFxJbQjtM0uh5YwroX9kvI+04yjLS5n4/uzYedJ9bjonxb965NC6WJaRJbskTw5ID45IyVyRcqkQjh5JM/kjbw7D86T8+K8/lgzzvRml/yB8/ENtXiX9g==</latexit>

Project both states + and -

Why?
<latexit sha1_base64="ETt0L0DVPKW/27DoVu2J3hsdkXI=">AAACC3icbVDLSgMxFM34rPVVdekmWIRuLDMiKq6KbtwIFewD2lIy8baNZpIhuVMsQz9Bf0ZXou7c+QP+jWntQq1nde4954acE8ZSWPT9T29mdm5+YTGzlF1eWV1bz21sVq1ODIcK11KbesgsSKGgggIl1GMDLAol1MLbs5Fe64OxQqsrHMTQilhXiY7gDN2qnSs0Ee4wvWBCUR3eAEfRhxOqtNobPckMNdAVEQzbubxf9Meg0ySYkDyZoNzOfTSvNU8iUMgls7YR+DG2UmZQcAnDbDOxEDN+y7rQcFSxCGwrHSca0t2ONhR7QMfzT2/KImsHUeg8EcOe/auNlv9pjQQ7x61UqDhBUNxZnNZJJEVNR8XQa2FcejlwhHEj3C8p7zHDOLr6si5+8DfsNKnuF4PDYnB5kC+dTorIkG2yQwokIEekRM5JmVQIJw/kibySN+/ee/SevZdv64w3udkiv+C9fwFmNZs1</latexit>

Main objective: non-linear regime

<latexit sha1_base64="I9I0qxzAA/a6lLHRilQKWK0jhUM=">AAACDnicbVBLTwIxGOz6RHyhHr00EhMTI9k1Rr2JcvGIiTwSQNItH9LQ7W7ab4lkw3/QP6Mno948+Af8N5bHQcG5dDozTTrjR1IYdN1vZ25+YXFpObWSXl1b39jMbG2XTRhrDiUeylBXfWZACgUlFCihGmlggS+h4ncLQ7/SA21EqG6xH0EjYPdKtAVnaKVm5rCO8IBJgalBnV7eJUf2GEs+8DAAqkFCjym8GKSbmaybc0egs8SbkCyZoNjMfNVbIY8DUMglM6bmuRE2EqZRcAmDdD02EDHeZfdQs1SxAEwjGZUa0P12qCl2gI7uv7MJC4zpB77NBAw7Ztobiv95tRjb541EqChGUNxGrNeOJcWQDrehLaGBo+xbwrgW9peUd5hmHO2Cw/redNlZUj7Oeac57+Ykm7+aDJEiu2SPHBCPnJE8uSZFUiKcPJEX8k4+nEfn2Xl13sbROWfyZof8gfP5A0GdnCk=</latexit>

Can A� become relevant?

<latexit sha1_base64="t4mpuwKGPbo1HPlTApjdyJtdubs=">AAACCnicbVDLTgIxFO34RHyhLt00EqOJCZkxRl2iblxiIo8EkHTKBRo6nUl7x0Am8wf6M7oy6s6lP+DfWJCFgmd17j3nNj3Hj6Qw6Lpfztz8wuLScmYlu7q2vrGZ29qumDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1e9fjfTqPWgjQnWLwwiaAesq0RGcoV21cgcXd8lR2qANhAEmwlAYRKEChYJJOaSgekxxaKetXN4tuGPQWeJNSJ5MUGrlPhvtkMeBfYpLZkzdcyNsJkyj4BLSbCM2EDHeZ12oW6pYAKaZjAOldL8Taoo9oOP5tzdhgTHDwLeegGHPTGuj5X9aPcbOeTMRKooRFLcWq3ViSTGko15oW2jgaCO3BeNa2F9S3mOacbTtZW18bzrsLKkcF7zTgndzki9eTorIkF2yRw6JR85IkVyTEikTTh7JM3kj786D8+S8OK8/1jlncrND/sD5+AbudZsB</latexit>

A+ is exponentially enhanced
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Gauge initialialization process
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

Initial Conditions in the Linear Regime
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

<latexit sha1_base64="PFlkUEj8CfnBlnwWwmWjhRtrZY4=">AAACBHicbVDLTgIxFO3gC/GFunRTJSauyIwx6pLoxiUmDpAAIZ1ygUpnOmnvGMmErf6Mroy68wv8Af/GMrJQ8KxO7zm9uecEsRQGXffLyS0sLi2v5FcLa+sbm1vF7Z2aUYnm4HMllW4EzIAUEfgoUEIj1sDCQEI9GF5O9PodaCNUdIOjGNoh60eiJzhDO+oU91sI95j6BigOgA7sIi5wRGOtboGj0uNOseSW3Qx0nnhTUiJTVDvFz1ZX8SSECLlkxjQ9N8Z2yjQKLmFcaCUGYsaHrA9NSyMWgmmnWZQxPewpnV2SvX97UxYaMwoD6wkZDsysNhn+pzUT7J23UxHFCULErcVqvURSVHTSCO0KbZPKkSWMa2GvpHzANONoeyvY+N5s2HlSOy57p2Xv+qRUuZgWkSd75IAcEY+ckQq5IlXiE04eyTN5I+/Og/PkvDivP9acM/2zS/7A+fgGn42Yqg==</latexit>

Use the helicity projector3
<latexit sha1_base64="pVoyvoe9Yc3eNhrF4wagi4F7vNI=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdSO0unFZwT6gjWEyvWmnnTyYmSglZK8/oytRd36AP+DfOKlZaOtZXM695wzMOW7EmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aYMY0GhQUMeirZLJHAWQEMxxaEdCSC+y6Hlji4zvXUHQrIwuFHjCGyf9APmMUqUPjmlcs1huCtYf6CIEOE9rt0mh+l5PZtOwoZpzRlql1kxJ8CzxMpJGeWoO6XPbi+ksQ+BopxI2bHMSNkJEYpRDmmxG0uICB2RPnQ0DYgP0k4mYVK874UCqwHgyf7bmxBfyrHvao9P1EBOa9nxP60TK+/MTlgQxQoCqi1a82KOVYizTnCPCaCKjzUhVDD9S0wHRBCqdHNFHd+aDjtLmkcV66RiXR+Xqxd5EQW0i/bQAbLQKaqiK1RHDUTRI3pGb+jdeDCejBfj9cc6Z+RvdtAfGB/fuDGYlg==</latexit>

Ai ! A+ = P+
ijAj
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

<latexit sha1_base64="PFlkUEj8CfnBlnwWwmWjhRtrZY4=">AAACBHicbVDLTgIxFO3gC/GFunRTJSauyIwx6pLoxiUmDpAAIZ1ygUpnOmnvGMmErf6Mroy68wv8Af/GMrJQ8KxO7zm9uecEsRQGXffLyS0sLi2v5FcLa+sbm1vF7Z2aUYnm4HMllW4EzIAUEfgoUEIj1sDCQEI9GF5O9PodaCNUdIOjGNoh60eiJzhDO+oU91sI95j6BigOgA7sIi5wRGOtboGj0uNOseSW3Qx0nnhTUiJTVDvFz1ZX8SSECLlkxjQ9N8Z2yjQKLmFcaCUGYsaHrA9NSyMWgmmnWZQxPewpnV2SvX97UxYaMwoD6wkZDsysNhn+pzUT7J23UxHFCULErcVqvURSVHTSCO0KbZPKkSWMa2GvpHzANONoeyvY+N5s2HlSOy57p2Xv+qRUuZgWkSd75IAcEY+ckQq5IlXiE04eyTN5I+/Og/PkvDivP9acM/2zS/7A+fgGn42Yqg==</latexit>

Use the helicity projector3
<latexit sha1_base64="pVoyvoe9Yc3eNhrF4wagi4F7vNI=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdSO0unFZwT6gjWEyvWmnnTyYmSglZK8/oytRd36AP+DfOKlZaOtZXM695wzMOW7EmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aYMY0GhQUMeirZLJHAWQEMxxaEdCSC+y6Hlji4zvXUHQrIwuFHjCGyf9APmMUqUPjmlcs1huCtYf6CIEOE9rt0mh+l5PZtOwoZpzRlql1kxJ8CzxMpJGeWoO6XPbi+ksQ+BopxI2bHMSNkJEYpRDmmxG0uICB2RPnQ0DYgP0k4mYVK874UCqwHgyf7bmxBfyrHvao9P1EBOa9nxP60TK+/MTlgQxQoCqi1a82KOVYizTnCPCaCKjzUhVDD9S0wHRBCqdHNFHd+aDjtLmkcV66RiXR+Xqxd5EQW0i/bQAbLQKaqiK1RHDUTRI3pGb+jdeDCejBfj9cc6Z+RvdtAfGB/fuDGYlg==</latexit>

Ai ! A+ = P+
ijAj

<latexit sha1_base64="2dMt5Io4QOSRCm7XSIxCFQQqRSM=">AAACCXicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEgDJAQxkQeUixFZ0vm+SU80N3ayCy/AXwM1AhoKPlB/gbLiEFJEw1uzMr7YwfS6HRtr+smdm5+YXF3FJ+eWV1bb2wsVnTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v38x1Ou3oLSIwhscxOAFrBuKjuAMzapV2HMR7jG9hhgYUuwBjVXEQWt6J7CXUZeetdKDrFUo2iV7BDpNnDEpkjEqrcKn2454EkCIXDKtm44do5cyhYJLyPJuoiFmvM+60DQ0ZAFoLx3lyehuJ1KjX0bzb2/KAq0HgW88AcOentSGy/+0ZoKdUy8VYZwghNxYjNZJJMWIDmuhbaGAoxwYwrgS5kvKe0wxjqa8vInvTIadJrXDknNccq6OiuXzcRE5sk12yD5xyAkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHOmONb7bIH1gf30Zmmfk=</latexit>

Repeat the process with A�4

Initial Conditions in the Linear Regime
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

<latexit sha1_base64="PFlkUEj8CfnBlnwWwmWjhRtrZY4=">AAACBHicbVDLTgIxFO3gC/GFunRTJSauyIwx6pLoxiUmDpAAIZ1ygUpnOmnvGMmErf6Mroy68wv8Af/GMrJQ8KxO7zm9uecEsRQGXffLyS0sLi2v5FcLa+sbm1vF7Z2aUYnm4HMllW4EzIAUEfgoUEIj1sDCQEI9GF5O9PodaCNUdIOjGNoh60eiJzhDO+oU91sI95j6BigOgA7sIi5wRGOtboGj0uNOseSW3Qx0nnhTUiJTVDvFz1ZX8SSECLlkxjQ9N8Z2yjQKLmFcaCUGYsaHrA9NSyMWgmmnWZQxPewpnV2SvX97UxYaMwoD6wkZDsysNhn+pzUT7J23UxHFCULErcVqvURSVHTSCO0KbZPKkSWMa2GvpHzANONoeyvY+N5s2HlSOy57p2Xv+qRUuZgWkSd75IAcEY+ckQq5IlXiE04eyTN5I+/Og/PkvDivP9acM/2zS/7A+fgGn42Yqg==</latexit>

Use the helicity projector3
<latexit sha1_base64="pVoyvoe9Yc3eNhrF4wagi4F7vNI=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdSO0unFZwT6gjWEyvWmnnTyYmSglZK8/oytRd36AP+DfOKlZaOtZXM695wzMOW7EmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aYMY0GhQUMeirZLJHAWQEMxxaEdCSC+y6Hlji4zvXUHQrIwuFHjCGyf9APmMUqUPjmlcs1huCtYf6CIEOE9rt0mh+l5PZtOwoZpzRlql1kxJ8CzxMpJGeWoO6XPbi+ksQ+BopxI2bHMSNkJEYpRDmmxG0uICB2RPnQ0DYgP0k4mYVK874UCqwHgyf7bmxBfyrHvao9P1EBOa9nxP60TK+/MTlgQxQoCqi1a82KOVYizTnCPCaCKjzUhVDD9S0wHRBCqdHNFHd+aDjtLmkcV66RiXR+Xqxd5EQW0i/bQAbLQKaqiK1RHDUTRI3pGb+jdeDCejBfj9cc6Z+RvdtAfGB/fuDGYlg==</latexit>

Ai ! A+ = P+
ijAj

<latexit sha1_base64="2dMt5Io4QOSRCm7XSIxCFQQqRSM=">AAACCXicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEgDJAQxkQeUixFZ0vm+SU80N3ayCy/AXwM1AhoKPlB/gbLiEFJEw1uzMr7YwfS6HRtr+smdm5+YXF3FJ+eWV1bb2wsVnTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v38x1Ou3oLSIwhscxOAFrBuKjuAMzapV2HMR7jG9hhgYUuwBjVXEQWt6J7CXUZeetdKDrFUo2iV7BDpNnDEpkjEqrcKn2454EkCIXDKtm44do5cyhYJLyPJuoiFmvM+60DQ0ZAFoLx3lyehuJ1KjX0bzb2/KAq0HgW88AcOentSGy/+0ZoKdUy8VYZwghNxYjNZJJMWIDmuhbaGAoxwYwrgS5kvKe0wxjqa8vInvTIadJrXDknNccq6OiuXzcRE5sk12yD5xyAkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHOmONb7bIH1gf30Zmmfk=</latexit>

Repeat the process with A�4

Fourier
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

<latexit sha1_base64="PFlkUEj8CfnBlnwWwmWjhRtrZY4=">AAACBHicbVDLTgIxFO3gC/GFunRTJSauyIwx6pLoxiUmDpAAIZ1ygUpnOmnvGMmErf6Mroy68wv8Af/GMrJQ8KxO7zm9uecEsRQGXffLyS0sLi2v5FcLa+sbm1vF7Z2aUYnm4HMllW4EzIAUEfgoUEIj1sDCQEI9GF5O9PodaCNUdIOjGNoh60eiJzhDO+oU91sI95j6BigOgA7sIi5wRGOtboGj0uNOseSW3Qx0nnhTUiJTVDvFz1ZX8SSECLlkxjQ9N8Z2yjQKLmFcaCUGYsaHrA9NSyMWgmmnWZQxPewpnV2SvX97UxYaMwoD6wkZDsysNhn+pzUT7J23UxHFCULErcVqvURSVHTSCO0KbZPKkSWMa2GvpHzANONoeyvY+N5s2HlSOy57p2Xv+qRUuZgWkSd75IAcEY+ckQq5IlXiE04eyTN5I+/Og/PkvDivP9acM/2zS/7A+fgGn42Yqg==</latexit>

Use the helicity projector3
<latexit sha1_base64="pVoyvoe9Yc3eNhrF4wagi4F7vNI=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdSO0unFZwT6gjWEyvWmnnTyYmSglZK8/oytRd36AP+DfOKlZaOtZXM695wzMOW7EmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aYMY0GhQUMeirZLJHAWQEMxxaEdCSC+y6Hlji4zvXUHQrIwuFHjCGyf9APmMUqUPjmlcs1huCtYf6CIEOE9rt0mh+l5PZtOwoZpzRlql1kxJ8CzxMpJGeWoO6XPbi+ksQ+BopxI2bHMSNkJEYpRDmmxG0uICB2RPnQ0DYgP0k4mYVK874UCqwHgyf7bmxBfyrHvao9P1EBOa9nxP60TK+/MTlgQxQoCqi1a82KOVYizTnCPCaCKjzUhVDD9S0wHRBCqdHNFHd+aDjtLmkcV66RiXR+Xqxd5EQW0i/bQAbLQKaqiK1RHDUTRI3pGb+jdeDCejBfj9cc6Z+RvdtAfGB/fuDGYlg==</latexit>

Ai ! A+ = P+
ijAj

<latexit sha1_base64="2dMt5Io4QOSRCm7XSIxCFQQqRSM=">AAACCXicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEgDJAQxkQeUixFZ0vm+SU80N3ayCy/AXwM1AhoKPlB/gbLiEFJEw1uzMr7YwfS6HRtr+smdm5+YXF3FJ+eWV1bb2wsVnTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v38x1Ou3oLSIwhscxOAFrBuKjuAMzapV2HMR7jG9hhgYUuwBjVXEQWt6J7CXUZeetdKDrFUo2iV7BDpNnDEpkjEqrcKn2454EkCIXDKtm44do5cyhYJLyPJuoiFmvM+60DQ0ZAFoLx3lyehuJ1KjX0bzb2/KAq0HgW88AcOentSGy/+0ZoKdUy8VYZwghNxYjNZJJMWIDmuhbaGAoxwYwrgS5kvKe0wxjqa8vInvTIadJrXDknNccq6OiuXzcRE5sk12yD5xyAkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHOmONb7bIH1gf30Zmmfk=</latexit>

Repeat the process with A�4

5 <latexit sha1_base64="qNoej4cwbJFx/6fdqKnTLGaAeS8=">AAACB3icbVDLTgJBEJzFF+IL9ehlIpp4IrvGqEeiCXrEhFcCGzI7NDBh9pGZXiLZ8AH6M3oy6s27P+DfOOAeFKxTTVd1eqq8SAqNtv1lZZaWV1bXsuu5jc2t7Z387l5dh7HiUOOhDFXTYxqkCKCGAiU0IwXM9yQ0vOH1VG+MQGkRBlUcR+D6rB+InuAMzaiTP2oj3GNyE1KP8SHFkJptSXXEONCRYLRcrk46+YJdtGegi8RJSYGkqHTyn+1uyGMfAuSSad1y7AjdhCkUXMIk1441mAtD1oeWoQHzQbvJLM2EHvdCRXEAdPb+7U2Yr/XY94zHZzjQ89p0+J/WirF36SYiiGKEgBuL0XqxnMadlkK7QgFHOTaEcSXMLykfMMU4mupyJr4zH3aR1E+LznnRuTsrlK7SIrLkgBySE+KQC1Iit6RCaoSTR/JM3si79WA9WS/W6481Y6U7++QPrI9vvvGYgQ==</latexit>

Go back to real space via FFT

Fourier
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

<latexit sha1_base64="PFlkUEj8CfnBlnwWwmWjhRtrZY4=">AAACBHicbVDLTgIxFO3gC/GFunRTJSauyIwx6pLoxiUmDpAAIZ1ygUpnOmnvGMmErf6Mroy68wv8Af/GMrJQ8KxO7zm9uecEsRQGXffLyS0sLi2v5FcLa+sbm1vF7Z2aUYnm4HMllW4EzIAUEfgoUEIj1sDCQEI9GF5O9PodaCNUdIOjGNoh60eiJzhDO+oU91sI95j6BigOgA7sIi5wRGOtboGj0uNOseSW3Qx0nnhTUiJTVDvFz1ZX8SSECLlkxjQ9N8Z2yjQKLmFcaCUGYsaHrA9NSyMWgmmnWZQxPewpnV2SvX97UxYaMwoD6wkZDsysNhn+pzUT7J23UxHFCULErcVqvURSVHTSCO0KbZPKkSWMa2GvpHzANONoeyvY+N5s2HlSOy57p2Xv+qRUuZgWkSd75IAcEY+ckQq5IlXiE04eyTN5I+/Og/PkvDivP9acM/2zS/7A+fgGn42Yqg==</latexit>

Use the helicity projector3
<latexit sha1_base64="pVoyvoe9Yc3eNhrF4wagi4F7vNI=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdSO0unFZwT6gjWEyvWmnnTyYmSglZK8/oytRd36AP+DfOKlZaOtZXM695wzMOW7EmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aYMY0GhQUMeirZLJHAWQEMxxaEdCSC+y6Hlji4zvXUHQrIwuFHjCGyf9APmMUqUPjmlcs1huCtYf6CIEOE9rt0mh+l5PZtOwoZpzRlql1kxJ8CzxMpJGeWoO6XPbi+ksQ+BopxI2bHMSNkJEYpRDmmxG0uICB2RPnQ0DYgP0k4mYVK874UCqwHgyf7bmxBfyrHvao9P1EBOa9nxP60TK+/MTlgQxQoCqi1a82KOVYizTnCPCaCKjzUhVDD9S0wHRBCqdHNFHd+aDjtLmkcV66RiXR+Xqxd5EQW0i/bQAbLQKaqiK1RHDUTRI3pGb+jdeDCejBfj9cc6Z+RvdtAfGB/fuDGYlg==</latexit>

Ai ! A+ = P+
ijAj

<latexit sha1_base64="2dMt5Io4QOSRCm7XSIxCFQQqRSM=">AAACCXicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEgDJAQxkQeUixFZ0vm+SU80N3ayCy/AXwM1AhoKPlB/gbLiEFJEw1uzMr7YwfS6HRtr+smdm5+YXF3FJ+eWV1bb2wsVnTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v38x1Ou3oLSIwhscxOAFrBuKjuAMzapV2HMR7jG9hhgYUuwBjVXEQWt6J7CXUZeetdKDrFUo2iV7BDpNnDEpkjEqrcKn2454EkCIXDKtm44do5cyhYJLyPJuoiFmvM+60DQ0ZAFoLx3lyehuJ1KjX0bzb2/KAq0HgW88AcOentSGy/+0ZoKdUy8VYZwghNxYjNZJJMWIDmuhbaGAoxwYwrgS5kvKe0wxjqa8vInvTIadJrXDknNccq6OiuXzcRE5sk12yD5xyAkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHOmONb7bIH1gf30Zmmfk=</latexit>

Repeat the process with A�4

5 <latexit sha1_base64="qNoej4cwbJFx/6fdqKnTLGaAeS8=">AAACB3icbVDLTgJBEJzFF+IL9ehlIpp4IrvGqEeiCXrEhFcCGzI7NDBh9pGZXiLZ8AH6M3oy6s27P+DfOOAeFKxTTVd1eqq8SAqNtv1lZZaWV1bXsuu5jc2t7Z387l5dh7HiUOOhDFXTYxqkCKCGAiU0IwXM9yQ0vOH1VG+MQGkRBlUcR+D6rB+InuAMzaiTP2oj3GNyE1KP8SHFkJptSXXEONCRYLRcrk46+YJdtGegi8RJSYGkqHTyn+1uyGMfAuSSad1y7AjdhCkUXMIk1441mAtD1oeWoQHzQbvJLM2EHvdCRXEAdPb+7U2Yr/XY94zHZzjQ89p0+J/WirF36SYiiGKEgBuL0XqxnMadlkK7QgFHOTaEcSXMLykfMMU4mupyJr4zH3aR1E+LznnRuTsrlK7SIrLkgBySE+KQC1Iit6RCaoSTR/JM3si79WA9WS/W6481Y6U7++QPrI9vvvGYgQ==</latexit>

Go back to real space via FFT

<latexit sha1_base64="YnFYrgZ6P+9flGiir+zXEgMh2lI=">AAACBXicbVDLTgJBEJzFF+IL9ehlhJh4IrvGqEeiMfFixEQeCWzI7NALE2Yfmeklkg1n/Rk9GfXmD/gD/o0DclCwTjVdNZ2u8mIpNNr2l5VZWFxaXsmu5tbWNza38ts7NR0likOVRzJSDY9pkCKEKgqU0IgVsMCTUPf6F2O9PgClRRTe4TAGN2DdUPiCMzSjdr7QQrjH9PLmWlMYRHIAHSpCalZIqmPGYX/Uzhftkj0BnSfOlBTJFJV2/rPViXgSQIhcMq2bjh2jmzKFgksY5VqJBrO6z7rQNDRkAWg3nWQZ0QM/UhR7QCfv396UBVoPA894AoY9PauNh/9pzQT9MzcVYZwghNxYjOYnkmJEx5XQjlDAUQ4NYVwJcyXlPaYYR1NczsR3ZsPOk9pRyTkpObfHxfL5tIgs2SMFckgcckrK5IpUSJVw8kieyRt5tx6sJ+vFev2xZqzpn13yB9bHN/MwmCQ=</latexit>

EOMs evolved in real space!

Fourier

Initial Conditions in the Linear Regime
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

<latexit sha1_base64="PFlkUEj8CfnBlnwWwmWjhRtrZY4=">AAACBHicbVDLTgIxFO3gC/GFunRTJSauyIwx6pLoxiUmDpAAIZ1ygUpnOmnvGMmErf6Mroy68wv8Af/GMrJQ8KxO7zm9uecEsRQGXffLyS0sLi2v5FcLa+sbm1vF7Z2aUYnm4HMllW4EzIAUEfgoUEIj1sDCQEI9GF5O9PodaCNUdIOjGNoh60eiJzhDO+oU91sI95j6BigOgA7sIi5wRGOtboGj0uNOseSW3Qx0nnhTUiJTVDvFz1ZX8SSECLlkxjQ9N8Z2yjQKLmFcaCUGYsaHrA9NSyMWgmmnWZQxPewpnV2SvX97UxYaMwoD6wkZDsysNhn+pzUT7J23UxHFCULErcVqvURSVHTSCO0KbZPKkSWMa2GvpHzANONoeyvY+N5s2HlSOy57p2Xv+qRUuZgWkSd75IAcEY+ckQq5IlXiE04eyTN5I+/Og/PkvDivP9acM/2zS/7A+fgGn42Yqg==</latexit>

Use the helicity projector3
<latexit sha1_base64="pVoyvoe9Yc3eNhrF4wagi4F7vNI=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdSO0unFZwT6gjWEyvWmnnTyYmSglZK8/oytRd36AP+DfOKlZaOtZXM695wzMOW7EmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aYMY0GhQUMeirZLJHAWQEMxxaEdCSC+y6Hlji4zvXUHQrIwuFHjCGyf9APmMUqUPjmlcs1huCtYf6CIEOE9rt0mh+l5PZtOwoZpzRlql1kxJ8CzxMpJGeWoO6XPbi+ksQ+BopxI2bHMSNkJEYpRDmmxG0uICB2RPnQ0DYgP0k4mYVK874UCqwHgyf7bmxBfyrHvao9P1EBOa9nxP60TK+/MTlgQxQoCqi1a82KOVYizTnCPCaCKjzUhVDD9S0wHRBCqdHNFHd+aDjtLmkcV66RiXR+Xqxd5EQW0i/bQAbLQKaqiK1RHDUTRI3pGb+jdeDCejBfj9cc6Z+RvdtAfGB/fuDGYlg==</latexit>

Ai ! A+ = P+
ijAj

<latexit sha1_base64="2dMt5Io4QOSRCm7XSIxCFQQqRSM=">AAACCXicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEgDJAQxkQeUixFZ0vm+SU80N3ayCy/AXwM1AhoKPlB/gbLiEFJEw1uzMr7YwfS6HRtr+smdm5+YXF3FJ+eWV1bb2wsVnTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v38x1Ou3oLSIwhscxOAFrBuKjuAMzapV2HMR7jG9hhgYUuwBjVXEQWt6J7CXUZeetdKDrFUo2iV7BDpNnDEpkjEqrcKn2454EkCIXDKtm44do5cyhYJLyPJuoiFmvM+60DQ0ZAFoLx3lyehuJ1KjX0bzb2/KAq0HgW88AcOentSGy/+0ZoKdUy8VYZwghNxYjNZJJMWIDmuhbaGAoxwYwrgS5kvKe0wxjqa8vInvTIadJrXDknNccq6OiuXzcRE5sk12yD5xyAkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHOmONb7bIH1gf30Zmmfk=</latexit>

Repeat the process with A�4

5 <latexit sha1_base64="qNoej4cwbJFx/6fdqKnTLGaAeS8=">AAACB3icbVDLTgJBEJzFF+IL9ehlIpp4IrvGqEeiCXrEhFcCGzI7NDBh9pGZXiLZ8AH6M3oy6s27P+DfOOAeFKxTTVd1eqq8SAqNtv1lZZaWV1bXsuu5jc2t7Z387l5dh7HiUOOhDFXTYxqkCKCGAiU0IwXM9yQ0vOH1VG+MQGkRBlUcR+D6rB+InuAMzaiTP2oj3GNyE1KP8SHFkJptSXXEONCRYLRcrk46+YJdtGegi8RJSYGkqHTyn+1uyGMfAuSSad1y7AjdhCkUXMIk1441mAtD1oeWoQHzQbvJLM2EHvdCRXEAdPb+7U2Yr/XY94zHZzjQ89p0+J/WirF36SYiiGKEgBuL0XqxnMadlkK7QgFHOTaEcSXMLykfMMU4mupyJr4zH3aR1E+LznnRuTsrlK7SIrLkgBySE+KQC1Iit6RCaoSTR/JM3si79WA9WS/W6481Y6U7++QPrI9vvvGYgQ==</latexit>

Go back to real space via FFT 6
<latexit sha1_base64="YRib8GPe4h1viptxi6a3wFouu98=">AAACI3icbZBLTwIxFIU7+MbXqEs3jcTEFZkxRl0SH4lLNAImDJJOuUBD55H2joqT+Tn6Z2Rl1MSF/8XyWKh4Vqf3fF2c48dSaHScTys3Mzs3v7C4lF9eWV1btzc2qzpKFIcKj2SkbnymQYoQKihQwk2sgAW+hJrfOx3mtTtQWkThNfZjaASsE4q24AzNqWmXPIQHTK8gBoZUhAIFk+JxlNJ7gd3Mo+e3qRcHGfXoGD45ozqSyRDRWdMuOEVnJDpt3IkpkInKTXvgtSKeBBAil0zruuvE2EiZQsElZHkv0RAz3mMdqBsbsgB0Ix01zehuO1IUu0BH759sygKt+4FvmIBhV//Nhsf/snqC7eNGKsI4QQi5QUzWTiTFiA4Hoy2hgKPsG8O4MvtwyrtMMY5m1ryp7/4tO22q+0X3sOheHhRKJ5MhFsk22SF7xCVHpEQuSJlUCCfPZEDeyYf1ZL1Yr9bbGM1Zkz9b5Jesr28m3KW/</latexit>

Repeat initialization with E± BD solutions

<latexit sha1_base64="YnFYrgZ6P+9flGiir+zXEgMh2lI=">AAACBXicbVDLTgJBEJzFF+IL9ehlhJh4IrvGqEeiMfFixEQeCWzI7NALE2Yfmeklkg1n/Rk9GfXmD/gD/o0DclCwTjVdNZ2u8mIpNNr2l5VZWFxaXsmu5tbWNza38ts7NR0likOVRzJSDY9pkCKEKgqU0IgVsMCTUPf6F2O9PgClRRTe4TAGN2DdUPiCMzSjdr7QQrjH9PLmWlMYRHIAHSpCalZIqmPGYX/Uzhftkj0BnSfOlBTJFJV2/rPViXgSQIhcMq2bjh2jmzKFgksY5VqJBrO6z7rQNDRkAWg3nWQZ0QM/UhR7QCfv396UBVoPA894AoY9PauNh/9pzQT9MzcVYZwghNxYjOYnkmJEx5XQjlDAUQ4NYVwJcyXlPaYYR1NczsR3ZsPOk9pRyTkpObfHxfL5tIgs2SMFckgcckrK5IpUSJVw8kieyRt5tx6sJ+vFev2xZqzpn13yB9bHN/MwmCQ=</latexit>

EOMs evolved in real space!

Fourier

Initial Conditions in the Linear Regime
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Gauge initialialization process

1
<latexit sha1_base64="n2ZCh3vk7zhvhR10BZdIdIElNKg=">AAACHHicbVDJSgNBFOxxN26jHr00BkEQwoyIy02NBw8eIphEyAxDT+claexZ6H4jhiG/oj+jJ7eb4N/YWQ6aWKd6r+o1XRWmUmh0nG9ranpmdm5+YbGwtLyyumavb9R0kikOVZ7IRN2GTIMUMVRRoITbVAGLQgn18K7c1+v3oLRI4hvspuBHrB2LluAMzSqwTzyEB8zPtBbtmJ5f0D2qE5n1RYpJz6NngaAeHbrKV/SeKcHM47oX2EWn5AxAJ4k7IkUyQiWw37xmwrMIYuSSad1wnRT9nCkUXEKv4GUaUsbvWBsahsYsAu3ng4g9utNKFMUO0MH825uzSOtuFBpPxLCjx7X+8j+tkWHr2M9FnGYIMTcWo7UyaWLTflO0KRRwlF1DGFfC/JLyDlOMo+mzYOK742EnSW2/5B6W3OuD4un5qIgFskW2yS5xyRE5JZekQqqEkyfyQj7Ip/VoPVuv1vvQOmWNbjbJH1hfP+PUoTE=</latexit>

Assign BD + solution to Ai CL variables

<latexit sha1_base64="VS6Tm3s4olK1lP4tNz5fFfign7o=">AAACDXicbVC7TsNAEDzzDOFloKSxiJAQRbAjBJQBmpRBIg8pDtH5sk5OOT+4W4Miy98APwMVAjoafoC/4RJSQMJUszuz0s54seAKbfvLmJtfWFxazq3kV9fWNzbNre26ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPLkd64A6l4FF7jMIZ2QHsh9zmjqFcd8/C8w13Je32kUkb3ri8pS50sddWtxLQ0yDK4SfngiFayjlmwi/YY1ixxJqRAJqh2zE+3G7EkgBCZoEq1HDvGdkolciYgy7uJgpiyAe1BS9OQBqDa6ThTZu37kbSwD9Z4/u1NaaDUMPC0J6DYV9PaaPmf1krQP2unPIwThJBpi9b8RFgYWaNqrC6XwFAMNaFMcv2lxfpUF4K6wLyO70yHnSX1UtE5KTpXx4XyxaSIHNkle+SAOOSUlEmFVEmNMPJInskbeTcejCfjxXj9sc4Zk5sd8gfGxzcrE5zT</latexit>

Ai !
1p
2k

eik/aH

2
<latexit sha1_base64="xTi4pPf0mNfj4/1C8O2umUPpeYQ=">AAACFXicbVBLTwIxGOziC/GFevTSSEw8kV1i1CNooh7RyCMBQrrlW2joPtJ+q5INv0P/jJ6MejDx7L+xPA4KzqGZzkyTzriRFBpt+9tKLSwuLa+kVzNr6xubW9ntnaoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5/fORX7sDpUUY3OIggpbPuoHwBGdopHa20ER4wKTU6VBPxhzjsa4phkPapKW2MOckci+wR28uL4btbM7O22PQeeJMSY5MUW5nP5udkMc+BMgl07rh2BG2EqZQcAnDTDPWEDHeZ11oGBowH3QrGXcb0gMvVBR7QMf339mE+VoPfNdkfIY9PeuNxP+8RozeaSsRQRQjBNxEjOfF0nSmo4loRyjgKAeGMK6E+SXlPaYYRzNkxtR3ZsvOk2oh7xznneujXPFsOkSa7JF9ckgcckKK5IqUSYVw8kReyDv5sB6tZ+vVeptEU9b0zS75A+vrByNRnrU=</latexit>

Add fluctuations to Ai with RGF

<latexit sha1_base64="PFlkUEj8CfnBlnwWwmWjhRtrZY4=">AAACBHicbVDLTgIxFO3gC/GFunRTJSauyIwx6pLoxiUmDpAAIZ1ygUpnOmnvGMmErf6Mroy68wv8Af/GMrJQ8KxO7zm9uecEsRQGXffLyS0sLi2v5FcLa+sbm1vF7Z2aUYnm4HMllW4EzIAUEfgoUEIj1sDCQEI9GF5O9PodaCNUdIOjGNoh60eiJzhDO+oU91sI95j6BigOgA7sIi5wRGOtboGj0uNOseSW3Qx0nnhTUiJTVDvFz1ZX8SSECLlkxjQ9N8Z2yjQKLmFcaCUGYsaHrA9NSyMWgmmnWZQxPewpnV2SvX97UxYaMwoD6wkZDsysNhn+pzUT7J23UxHFCULErcVqvURSVHTSCO0KbZPKkSWMa2GvpHzANONoeyvY+N5s2HlSOy57p2Xv+qRUuZgWkSd75IAcEY+ckQq5IlXiE04eyTN5I+/Og/PkvDivP9acM/2zS/7A+fgGn42Yqg==</latexit>

Use the helicity projector3
<latexit sha1_base64="pVoyvoe9Yc3eNhrF4wagi4F7vNI=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdSO0unFZwT6gjWEyvWmnnTyYmSglZK8/oytRd36AP+DfOKlZaOtZXM695wzMOW7EmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aYMY0GhQUMeirZLJHAWQEMxxaEdCSC+y6Hlji4zvXUHQrIwuFHjCGyf9APmMUqUPjmlcs1huCtYf6CIEOE9rt0mh+l5PZtOwoZpzRlql1kxJ8CzxMpJGeWoO6XPbi+ksQ+BopxI2bHMSNkJEYpRDmmxG0uICB2RPnQ0DYgP0k4mYVK874UCqwHgyf7bmxBfyrHvao9P1EBOa9nxP60TK+/MTlgQxQoCqi1a82KOVYizTnCPCaCKjzUhVDD9S0wHRBCqdHNFHd+aDjtLmkcV66RiXR+Xqxd5EQW0i/bQAbLQKaqiK1RHDUTRI3pGb+jdeDCejBfj9cc6Z+RvdtAfGB/fuDGYlg==</latexit>

Ai ! A+ = P+
ijAj

<latexit sha1_base64="2dMt5Io4QOSRCm7XSIxCFQQqRSM=">AAACCXicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEgDJAQxkQeUixFZ0vm+SU80N3ayCy/AXwM1AhoKPlB/gbLiEFJEw1uzMr7YwfS6HRtr+smdm5+YXF3FJ+eWV1bb2wsVnTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v38x1Ou3oLSIwhscxOAFrBuKjuAMzapV2HMR7jG9hhgYUuwBjVXEQWt6J7CXUZeetdKDrFUo2iV7BDpNnDEpkjEqrcKn2454EkCIXDKtm44do5cyhYJLyPJuoiFmvM+60DQ0ZAFoLx3lyehuJ1KjX0bzb2/KAq0HgW88AcOentSGy/+0ZoKdUy8VYZwghNxYjNZJJMWIDmuhbaGAoxwYwrgS5kvKe0wxjqa8vInvTIadJrXDknNccq6OiuXzcRE5sk12yD5xyAkpk0tSIVXCySN5Jm/k3XqwnqwX6/XHOmONb7bIH1gf30Zmmfk=</latexit>

Repeat the process with A�4

5 <latexit sha1_base64="qNoej4cwbJFx/6fdqKnTLGaAeS8=">AAACB3icbVDLTgJBEJzFF+IL9ehlIpp4IrvGqEeiCXrEhFcCGzI7NDBh9pGZXiLZ8AH6M3oy6s27P+DfOOAeFKxTTVd1eqq8SAqNtv1lZZaWV1bXsuu5jc2t7Z387l5dh7HiUOOhDFXTYxqkCKCGAiU0IwXM9yQ0vOH1VG+MQGkRBlUcR+D6rB+InuAMzaiTP2oj3GNyE1KP8SHFkJptSXXEONCRYLRcrk46+YJdtGegi8RJSYGkqHTyn+1uyGMfAuSSad1y7AjdhCkUXMIk1441mAtD1oeWoQHzQbvJLM2EHvdCRXEAdPb+7U2Yr/XY94zHZzjQ89p0+J/WirF36SYiiGKEgBuL0XqxnMadlkK7QgFHOTaEcSXMLykfMMU4mupyJr4zH3aR1E+LznnRuTsrlK7SIrLkgBySE+KQC1Iit6RCaoSTR/JM3si79WA9WS/W6481Y6U7++QPrI9vvvGYgQ==</latexit>

Go back to real space via FFT 6
<latexit sha1_base64="YRib8GPe4h1viptxi6a3wFouu98=">AAACI3icbZBLTwIxFIU7+MbXqEs3jcTEFZkxRl0SH4lLNAImDJJOuUBD55H2joqT+Tn6Z2Rl1MSF/8XyWKh4Vqf3fF2c48dSaHScTys3Mzs3v7C4lF9eWV1btzc2qzpKFIcKj2SkbnymQYoQKihQwk2sgAW+hJrfOx3mtTtQWkThNfZjaASsE4q24AzNqWmXPIQHTK8gBoZUhAIFk+JxlNJ7gd3Mo+e3qRcHGfXoGD45ozqSyRDRWdMuOEVnJDpt3IkpkInKTXvgtSKeBBAil0zruuvE2EiZQsElZHkv0RAz3mMdqBsbsgB0Ix01zehuO1IUu0BH759sygKt+4FvmIBhV//Nhsf/snqC7eNGKsI4QQi5QUzWTiTFiA4Hoy2hgKPsG8O4MvtwyrtMMY5m1ryp7/4tO22q+0X3sOheHhRKJ5MhFsk22SF7xCVHpEQuSJlUCCfPZEDeyYf1ZL1Yr9bbGM1Zkz9b5Jesr28m3KW/</latexit>

Repeat initialization with E± BD solutions

<latexit sha1_base64="YnFYrgZ6P+9flGiir+zXEgMh2lI=">AAACBXicbVDLTgJBEJzFF+IL9ehlhJh4IrvGqEeiMfFixEQeCWzI7NALE2Yfmeklkg1n/Rk9GfXmD/gD/o0DclCwTjVdNZ2u8mIpNNr2l5VZWFxaXsmu5tbWNza38ts7NR0likOVRzJSDY9pkCKEKgqU0IgVsMCTUPf6F2O9PgClRRTe4TAGN2DdUPiCMzSjdr7QQrjH9PLmWlMYRHIAHSpCalZIqmPGYX/Uzhftkj0BnSfOlBTJFJV2/rPViXgSQIhcMq2bjh2jmzKFgksY5VqJBrO6z7rQNDRkAWg3nWQZ0QM/UhR7QCfv396UBVoPA894AoY9PauNh/9pzQT9MzcVYZwghNxYjOYnkmJEx5XQjlDAUQ4NYVwJcyXlPaYYR1NczsR3ZsPOk9pRyTkpObfHxfL5tIgs2SMFckgcckrK5IpUSJVw8kieyRt5tx6sJ+vFev2xZqzpn13yB9bHN/MwmCQ=</latexit>

EOMs evolved in real space!

Fourier

<latexit sha1_base64="EB1fKMt+qaVW/ZjHFFp6Irkl0FU=">AAACAnicbZDLSsNAFIYnXmu9RV26cLAIQrEkRdSNUHXjsoK9QBvDZHraDp1cmJkIJe1OX0ZXou58BF/At3FSs9DWf3O+Of9/YM7xIs6ksqwvY25+YXFpObeSX11b39g0t7brMowFhRoNeSiaHpHAWQA1xRSHZiSA+B6Hhje4Sv3GPQjJwuBWDSNwfNILWJdRonTLNffaMvZdhkcXLhvdlc9TKGoo6nqkq2sWrJI1EZ4FO4MCylR1zc92J6SxD4GinEjZsq1IOQkRilEO43w7lhAROiA9aGkMiA/SSSaLjPFBNxRY9QFP3r+zCfGlHPqezvhE9eW0lzb/81qx6p45CQuiWEFAdUR73ZhjFeL0HrjDBFDFhxoIFUz/EtM+EYQqfbW8Xt+eXnYW6uWSfVKyb44LlcvsEDm0i/bRIbLRKaqga1RFNUTRI3pGb+jdeDCejBfj9Sc6Z2QzO+iPjI9vD1SV1g==</latexit>X

i

|Ai|2 = |A+|2 + |A�|2

<latexit sha1_base64="/SLRswhVdloZp0IUy4bjnpKNzCY=">AAACE3icbVDBTttAEF0HSiFtwcCRy4ioUk+RHVXAkdIeOFKpIUiJFY03Y7JivbZ2x7SRlc+gP1NOCHpqP6B/003qQwt9pzfz3mj3vbTUynEU/QpaK6vP1p6vb7RfvHy1uRVu75y7orKS+rLQhb1I0ZFWhvqsWNNFaQnzVNMgvXq/0AfXZJ0qzCeelZTkeGlUpiSyX43DaMT0hesBwWelNUzxmgANYO4f52pCUGTQg5MPoMx8BO/Gahx2om60BDwlcUM6osHZOPwxmhSyysmw1OjcMI5KTmq0rKSmeXtUOSpRXuElDT01mJNL6mWyObzOCgs8JVjOf3trzJ2b5an35MhT91hbLP+nDSvOjpJambJiMtJbvJZVGriARUEwUZYk65knKK3yvwQ5RYuSfY1tHz9+HPYpOe9144Nu/PFt5/ikKWJd7Il98UbE4lAci1NxJvpCiq/iVjyI78FN8C24C+7/WFtBc7Mr/kHw8zf1JZzU</latexit>

We will have an amplitude of 2 BD in Ai

Initial Conditions in the Linear Regime
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<latexit sha1_base64="ADRfwDfTYNnQedr1wN40KgC4Kdc=">AAAB+HicbVC7TsNAEDzzDOFlQFQ0JyIkqshGCBBVBA0FRRDkISVWdL6sk1POD92tEcHKv0CFgI7v4Af4Gy7BBSRMNbszu9odP5FCo+N8WXPzC4tLy4WV4ura+samvbVd13GqONR4LGPV9JkGKSKooUAJzUQBC30JDX9wOdYb96C0iKM7HCbghawXiUBwhqbVsXfbCA+Y3cZSdM/pNUMUHEYdu+SUnQnoLHFzUiI5qh37s92NeRpChFwyrVuuk6CXMWXWSRgV26mGhPEB60HL0IiFoL1scv6IHgSxotgHOql/ezMWaj0MfeMJGfb1tDZu/qe1UgzOvExESYoQcWMxWpBKijEdp0C7QgFHOTSEcSXMlZT3mWIcTVZF8747/ewsqR+V3ZOye3NcqlzkQRTIHtknh8Qlp6RCrkiV1AgnGXkmb+TderSerBfr9cc6Z+UzO+QPrI9vFguTTA==</latexit>

Solid: Lattice

<latexit sha1_base64="7uJeFdlAZ8wmRqIYQLh2A0D1gpo=">AAAB/XicbVDLSgMxFM3UV62vUXe6CRbBVZkRUXFV1IUboYJ9QDuUTHrbhmYeJHfEMhT9GV2JuvMn/AH/xrTOQlvP6uSek+Se48dSaHScLys3N7+wuJRfLqysrq1v2JtbNR0likOVRzJSDZ9pkCKEKgqU0IgVsMCXUPcHF2O9fgdKiyi8xWEMXsB6oegKztCM2vZOC+Ee08sIETpn9JphHwKjcTZq20Wn5ExAZ4mbkSLJUGnbn61OxJMAQuSSad10nRi9lCnznIRRoZVoiBkfsB40DQ1ZANpLJxlGdL8bKWo+p5Pzb2/KAq2HgW88ZrO+ntbGw/+0ZoLdUy8VYZwghNxYjNZNJMWIjqugHaGAoxwawrgSZkvK+0wxjqawgonvToedJbXDkntccm+OiuXzrIg82SV75IC45ISUyRWpkCrh5JE8kzfybj1YT9aL9fpjzVnZnW3yB9bHN/qBlX8=</latexit>

Dotted: Mathematica
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<latexit sha1_base64="ADRfwDfTYNnQedr1wN40KgC4Kdc=">AAAB+HicbVC7TsNAEDzzDOFlQFQ0JyIkqshGCBBVBA0FRRDkISVWdL6sk1POD92tEcHKv0CFgI7v4Af4Gy7BBSRMNbszu9odP5FCo+N8WXPzC4tLy4WV4ura+samvbVd13GqONR4LGPV9JkGKSKooUAJzUQBC30JDX9wOdYb96C0iKM7HCbghawXiUBwhqbVsXfbCA+Y3cZSdM/pNUMUHEYdu+SUnQnoLHFzUiI5qh37s92NeRpChFwyrVuuk6CXMWXWSRgV26mGhPEB60HL0IiFoL1scv6IHgSxotgHOql/ezMWaj0MfeMJGfb1tDZu/qe1UgzOvExESYoQcWMxWpBKijEdp0C7QgFHOTSEcSXMlZT3mWIcTVZF8747/ewsqR+V3ZOye3NcqlzkQRTIHtknh8Qlp6RCrkiV1AgnGXkmb+TderSerBfr9cc6Z+UzO+QPrI9vFguTTA==</latexit>

Solid: Lattice

<latexit sha1_base64="7uJeFdlAZ8wmRqIYQLh2A0D1gpo=">AAAB/XicbVDLSgMxFM3UV62vUXe6CRbBVZkRUXFV1IUboYJ9QDuUTHrbhmYeJHfEMhT9GV2JuvMn/AH/xrTOQlvP6uSek+Se48dSaHScLys3N7+wuJRfLqysrq1v2JtbNR0likOVRzJSDZ9pkCKEKgqU0IgVsMCXUPcHF2O9fgdKiyi8xWEMXsB6oegKztCM2vZOC+Ee08sIETpn9JphHwKjcTZq20Wn5ExAZ4mbkSLJUGnbn61OxJMAQuSSad10nRi9lCnznIRRoZVoiBkfsB40DQ1ZANpLJxlGdL8bKWo+p5Pzb2/KAq2HgW88ZrO+ntbGw/+0ZoLdUy8VYZwghNxYjNZNJMWIjqugHaGAoxwawrgSZkvK+0wxjqawgonvToedJbXDkntccm+OiuXzrIg82SV75IC45ISUyRWpkCrh5JE8kzfybj1YT9aL9fpjzVnZnW3yB9bHN/qBlX8=</latexit>

Dotted: Mathematica

<latexit sha1_base64="ZG57k7XfkGbmApcohHmfTu2fCdA=">AAAB+XicbVDLTgIxFL3jE/E1auLGTSMxuCIzxqhLohs3JpjIIwECnXIHGjqPtB0jGfkYXRl152/4A/6NBWeh4F2dnnPannu8WHClHefLWlhcWl5Zza3l1zc2t7btnd2aihLJsMoiEcmGRxUKHmJVcy2wEUukgSew7g2vJnr9HqXiUXinRzG2A9oPuc8Z1Ybq2Pvdbkvjg05vqB5gYFhGi8Vxxy44JWc6ZB64GShANpWO/dnqRSwJMNRMUKWarhPrdkqleVDgON9KFMaUDWkfmwaGNEDVTqf5x+TIjyQx35Pp+bc3pYFSo8AzHpNtoGa1Cfmf1ky0f9FOeRgnGkNmLEbzE0F0RCY1kB6XyLQYGUCZ5CYlYQMqKdOmrLxZ351ddh7UTkruWcm9PS2UL7MicnAAh3AMLpxDGa6hAlVg8AjP8AbvVmo9WS/W6491wcru7MGfsT6+Ab5Sk6c=</latexit>

“Mathematica”

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="DGmtNS9xBcfXiqriFBBWZ2BxyzM=">AAAB+HicbVDLSsNAFL2pr1pfUXHlZrAILkpIiqgboejGlVSwD2hCmEyn7ZDJg5mJUEP/RVei7vwOf8C/cVqz0Nazuefecy7ce4KUM6ls+8soLS2vrK6V1ysbm1vbO+buXlsmmSC0RRKeiG6AJeUspi3FFKfdVFAcBZx2gvB6qnceqJAsie/VOKVehIcxGzCClR755kF46eah79RCv16zLEvXW3fim1XbsmdAi8QpSBUKNH3z0+0nJItorAjHUvYcO1VejoVihNNJxc0kTTEJ8ZD2NI1xRKWXz86foONBIpAaUTTrf3tzHEk5jgLtibAayXltOvxP62VqcOHlLE4zRWOiLVobZBypBE1TQH0mKFF8rAkmgukrERlhgYnSWVX0+878s4ukXbecM8u5O602roogynAIR3ACDpxDA26gCS0gkMMzvMG78Wg8GS/G64+1ZBQ7+/AHxsc3abCRjQ==</latexit>

k = {k1, k2, ..., kN}
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<latexit sha1_base64="ADRfwDfTYNnQedr1wN40KgC4Kdc=">AAAB+HicbVC7TsNAEDzzDOFlQFQ0JyIkqshGCBBVBA0FRRDkISVWdL6sk1POD92tEcHKv0CFgI7v4Af4Gy7BBSRMNbszu9odP5FCo+N8WXPzC4tLy4WV4ura+samvbVd13GqONR4LGPV9JkGKSKooUAJzUQBC30JDX9wOdYb96C0iKM7HCbghawXiUBwhqbVsXfbCA+Y3cZSdM/pNUMUHEYdu+SUnQnoLHFzUiI5qh37s92NeRpChFwyrVuuk6CXMWXWSRgV26mGhPEB60HL0IiFoL1scv6IHgSxotgHOql/ezMWaj0MfeMJGfb1tDZu/qe1UgzOvExESYoQcWMxWpBKijEdp0C7QgFHOTSEcSXMlZT3mWIcTVZF8747/ewsqR+V3ZOye3NcqlzkQRTIHtknh8Qlp6RCrkiV1AgnGXkmb+TderSerBfr9cc6Z+UzO+QPrI9vFguTTA==</latexit>

Solid: Lattice

<latexit sha1_base64="7uJeFdlAZ8wmRqIYQLh2A0D1gpo=">AAAB/XicbVDLSgMxFM3UV62vUXe6CRbBVZkRUXFV1IUboYJ9QDuUTHrbhmYeJHfEMhT9GV2JuvMn/AH/xrTOQlvP6uSek+Se48dSaHScLys3N7+wuJRfLqysrq1v2JtbNR0likOVRzJSDZ9pkCKEKgqU0IgVsMCXUPcHF2O9fgdKiyi8xWEMXsB6oegKztCM2vZOC+Ee08sIETpn9JphHwKjcTZq20Wn5ExAZ4mbkSLJUGnbn61OxJMAQuSSad10nRi9lCnznIRRoZVoiBkfsB40DQ1ZANpLJxlGdL8bKWo+p5Pzb2/KAq2HgW88ZrO+ntbGw/+0ZoLdUy8VYZwghNxYjNZNJMWIjqugHaGAoxwawrgSZkvK+0wxjqawgonvToedJbXDkntccm+OiuXzrIg82SV75IC45ISUyRWpkCrh5JE8kzfybj1YT9aL9fpjzVnZnW3yB9bHN/qBlX8=</latexit>

Dotted: Mathematica

<latexit sha1_base64="Nj2BNdqAa2vM1XkjUQXzGNnUHuY=">AAAB9nicbZDLTsJAFIaneEO8VVm6aSQmbiStMeqSoAuXmMglgYZMh1OYML1k5pTQNLyKroy680F8Ad/GAbtQ8F99c/5/knN+LxZcoW1/GYW19Y3NreJ2aWd3b//APDxqqSiRDJosEpHseFSB4CE0kaOATiyBBp6Atje+nfvtCUjFo/AR0xjcgA5D7nNGUY/6ZrmHMMWsnoRsdH5HJxzUrG9W7Kq9kLUKTg4VkqvRNz97g4glAYTIBFWq69gxuhmVyJmAWamXKIgpG9MhdDWGNADlZovlZ9apH0kLR2At3r+zGQ2USgNPZwKKI7XszYf/ed0E/Rs342GcIIRMR7TnJ8LCyJp3YA24BIYi1UCZ5HpLi42opAx1UyV9vrN87Cq0LqrOVdV5uKzU6nkRRXJMTsgZccg1qZF70iBNwkhKnskbeTemxpPxYrz+RAtG/qdM/sj4+AbLXZKW</latexit>

Bunch-Davies

<latexit sha1_base64="ZG57k7XfkGbmApcohHmfTu2fCdA=">AAAB+XicbVDLTgIxFL3jE/E1auLGTSMxuCIzxqhLohs3JpjIIwECnXIHGjqPtB0jGfkYXRl152/4A/6NBWeh4F2dnnPannu8WHClHefLWlhcWl5Zza3l1zc2t7btnd2aihLJsMoiEcmGRxUKHmJVcy2wEUukgSew7g2vJnr9HqXiUXinRzG2A9oPuc8Z1Ybq2Pvdbkvjg05vqB5gYFhGi8Vxxy44JWc6ZB64GShANpWO/dnqRSwJMNRMUKWarhPrdkqleVDgON9KFMaUDWkfmwaGNEDVTqf5x+TIjyQx35Pp+bc3pYFSo8AzHpNtoGa1Cfmf1ky0f9FOeRgnGkNmLEbzE0F0RCY1kB6XyLQYGUCZ5CYlYQMqKdOmrLxZ351ddh7UTkruWcm9PS2UL7MicnAAh3AMLpxDGa6hAlVg8AjP8AbvVmo9WS/W6491wcru7MGfsT6+Ab5Sk6c=</latexit>

“Mathematica”

<latexit sha1_base64="zDnZBLshZzoDRMSUoPEiXF62Rz4="></latexit>✓
@2

@⌧2
+ k2 ± 2k⇠

⌧

◆
A±(k, ⌧) = 0

<latexit sha1_base64="DGmtNS9xBcfXiqriFBBWZ2BxyzM=">AAAB+HicbVDLSsNAFL2pr1pfUXHlZrAILkpIiqgboejGlVSwD2hCmEyn7ZDJg5mJUEP/RVei7vwOf8C/cVqz0Nazuefecy7ce4KUM6ls+8soLS2vrK6V1ysbm1vbO+buXlsmmSC0RRKeiG6AJeUspi3FFKfdVFAcBZx2gvB6qnceqJAsie/VOKVehIcxGzCClR755kF46eah79RCv16zLEvXW3fim1XbsmdAi8QpSBUKNH3z0+0nJItorAjHUvYcO1VejoVihNNJxc0kTTEJ8ZD2NI1xRKWXz86foONBIpAaUTTrf3tzHEk5jgLtibAayXltOvxP62VqcOHlLE4zRWOiLVobZBypBE1TQH0mKFF8rAkmgukrERlhgYnSWVX0+878s4ukXbecM8u5O602roogynAIR3ACDpxDA26gCS0gkMMzvMG78Wg8GS/G64+1ZBQ7+/AHxsc3abCRjQ==</latexit>

k = {k1, k2, ..., kN}
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<latexit sha1_base64="ADRfwDfTYNnQedr1wN40KgC4Kdc=">AAAB+HicbVC7TsNAEDzzDOFlQFQ0JyIkqshGCBBVBA0FRRDkISVWdL6sk1POD92tEcHKv0CFgI7v4Af4Gy7BBSRMNbszu9odP5FCo+N8WXPzC4tLy4WV4ura+samvbVd13GqONR4LGPV9JkGKSKooUAJzUQBC30JDX9wOdYb96C0iKM7HCbghawXiUBwhqbVsXfbCA+Y3cZSdM/pNUMUHEYdu+SUnQnoLHFzUiI5qh37s92NeRpChFwyrVuuk6CXMWXWSRgV26mGhPEB60HL0IiFoL1scv6IHgSxotgHOql/ezMWaj0MfeMJGfb1tDZu/qe1UgzOvExESYoQcWMxWpBKijEdp0C7QgFHOTSEcSXMlZT3mWIcTVZF8747/ewsqR+V3ZOye3NcqlzkQRTIHtknh8Qlp6RCrkiV1AgnGXkmb+TderSerBfr9cc6Z+UzO+QPrI9vFguTTA==</latexit>

Solid: Lattice

<latexit sha1_base64="7uJeFdlAZ8wmRqIYQLh2A0D1gpo=">AAAB/XicbVDLSgMxFM3UV62vUXe6CRbBVZkRUXFV1IUboYJ9QDuUTHrbhmYeJHfEMhT9GV2JuvMn/AH/xrTOQlvP6uSek+Se48dSaHScLys3N7+wuJRfLqysrq1v2JtbNR0likOVRzJSDZ9pkCKEKgqU0IgVsMCXUPcHF2O9fgdKiyi8xWEMXsB6oegKztCM2vZOC+Ee08sIETpn9JphHwKjcTZq20Wn5ExAZ4mbkSLJUGnbn61OxJMAQuSSad10nRi9lCnznIRRoZVoiBkfsB40DQ1ZANpLJxlGdL8bKWo+p5Pzb2/KAq2HgW88ZrO+ntbGw/+0ZoLdUy8VYZwghNxYjNZNJMWIjqugHaGAoxwawrgSZkvK+0wxjqawgonvToedJbXDkntccm+OiuXzrIg82SV75IC45ISUyRWpkCrh5JE8kzfybj1YT9aL9fpjzVnZnW3yB9bHN/qBlX8=</latexit>

Dotted: Mathematica

Simulations in the Linear Regime
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<latexit sha1_base64="Nj2BNdqAa2vM1XkjUQXzGNnUHuY=">AAAB9nicbZDLTsJAFIaneEO8VVm6aSQmbiStMeqSoAuXmMglgYZMh1OYML1k5pTQNLyKroy680F8Ad/GAbtQ8F99c/5/knN+LxZcoW1/GYW19Y3NreJ2aWd3b//APDxqqSiRDJosEpHseFSB4CE0kaOATiyBBp6Atje+nfvtCUjFo/AR0xjcgA5D7nNGUY/6ZrmHMMWsnoRsdH5HJxzUrG9W7Kq9kLUKTg4VkqvRNz97g4glAYTIBFWq69gxuhmVyJmAWamXKIgpG9MhdDWGNADlZovlZ9apH0kLR2At3r+zGQ2USgNPZwKKI7XszYf/ed0E/Rs342GcIIRMR7TnJ8LCyJp3YA24BIYi1UCZ5HpLi42opAx1UyV9vrN87Cq0LqrOVdV5uKzU6nkRRXJMTsgZccg1qZF70iBNwkhKnskbeTemxpPxYrz+RAtG/qdM/sj4+AbLXZKW</latexit>

Bunch-Davies

<latexit sha1_base64="ADRfwDfTYNnQedr1wN40KgC4Kdc=">AAAB+HicbVC7TsNAEDzzDOFlQFQ0JyIkqshGCBBVBA0FRRDkISVWdL6sk1POD92tEcHKv0CFgI7v4Af4Gy7BBSRMNbszu9odP5FCo+N8WXPzC4tLy4WV4ura+samvbVd13GqONR4LGPV9JkGKSKooUAJzUQBC30JDX9wOdYb96C0iKM7HCbghawXiUBwhqbVsXfbCA+Y3cZSdM/pNUMUHEYdu+SUnQnoLHFzUiI5qh37s92NeRpChFwyrVuuk6CXMWXWSRgV26mGhPEB60HL0IiFoL1scv6IHgSxotgHOql/ezMWaj0MfeMJGfb1tDZu/qe1UgzOvExESYoQcWMxWpBKijEdp0C7QgFHOTSEcSXMlZT3mWIcTVZF8747/ewsqR+V3ZOye3NcqlzkQRTIHtknh8Qlp6RCrkiV1AgnGXkmb+TderSerBfr9cc6Z+UzO+QPrI9vFguTTA==</latexit>

Solid: Lattice

<latexit sha1_base64="7uJeFdlAZ8wmRqIYQLh2A0D1gpo=">AAAB/XicbVDLSgMxFM3UV62vUXe6CRbBVZkRUXFV1IUboYJ9QDuUTHrbhmYeJHfEMhT9GV2JuvMn/AH/xrTOQlvP6uSek+Se48dSaHScLys3N7+wuJRfLqysrq1v2JtbNR0likOVRzJSDZ9pkCKEKgqU0IgVsMCXUPcHF2O9fgdKiyi8xWEMXsB6oegKztCM2vZOC+Ee08sIETpn9JphHwKjcTZq20Wn5ExAZ4mbkSLJUGnbn61OxJMAQuSSad10nRi9lCnznIRRoZVoiBkfsB40DQ1ZANpLJxlGdL8bKWo+p5Pzb2/KAq2HgW88ZrO+ntbGw/+0ZoLdUy8VYZwghNxYjNZNJMWIjqugHaGAoxwawrgSZkvK+0wxjqawgonvToedJbXDkntccm+OiuXzrIg82SV75IC45ISUyRWpkCrh5JE8kzfybj1YT9aL9fpjzVnZnW3yB9bHN/qBlX8=</latexit>

Dotted: Mathematica

Simulations in the Linear Regime
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Dynamical equations:
<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

@

Non-linear evolution: example
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Dynamical equations:
<latexit sha1_base64="AfQYCdyDCuy67vF7KZtCtiLPWE0="></latexit>

˙̃⇡� = a~r2�� a3m2�+
1

a⇤
~̃E · ~B ,

˙̃~E = �1

a
~r⇥ ~B � 1

a3⇤
⇡̃�

~B +
1

a⇤
~r�⇥ ~̃E

Expansion equation:

<latexit sha1_base64="FgAp6MTeKiCdTgzyTRyavbXtA44="></latexit>

⇡̇a =
�a

6m2
pl

(3p+ ⇢) =

a

3m2
pl

h�2K� + V �KA �GAi

@

Non-linear evolution: example
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k
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m

2
|A
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|2

-6 eFolds
-5 eFolds
-4 eFolds
-3 eFolds
-2 eFolds
-1 eFolds
0 eFolds

Gauge PS

Linear 

<latexit sha1_base64="nDZTiBPEdHgPBxLuwfECayVNaP0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9eKxgtsW2rVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hbqt56o0iyWD2ac0EDggWQRI9hYyb9+zM4mvXLFrbozoGXi5aQCORq98le3H5NUUGkIx1p3PDcxQYaVYYTTSambappgMsID2rFUYkF1kM2OnaATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+JRuCt/jyMmmeV72Lau2+Vqnf5HEU4QiO4RQ8uIQ63EEDfCDA4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gB0V453</latexit>

A+

<latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20

Non-linear evolution: example
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10�1 100 101

k/m
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100
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104
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1010
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1014

k
3

2⇡
2
m

2
|A

+
|2

-6 eFolds
-5 eFolds
-4 eFolds
-3 eFolds
-2 eFolds
-1 eFolds
0 eFolds

Gauge PS

Linear 

<latexit sha1_base64="nDZTiBPEdHgPBxLuwfECayVNaP0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9eKxgtsW2rVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hbqt56o0iyWD2ac0EDggWQRI9hYyb9+zM4mvXLFrbozoGXi5aQCORq98le3H5NUUGkIx1p3PDcxQYaVYYTTSambappgMsID2rFUYkF1kM2OnaATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+JRuCt/jyMmmeV72Lau2+Vqnf5HEU4QiO4RQ8uIQ63EEDfCDA4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gB0V453</latexit>

A+

End of 
inflation in 
the linear 
regime

<latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20

Non-linear evolution: example
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Linear 

<latexit sha1_base64="nDZTiBPEdHgPBxLuwfECayVNaP0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9eKxgtsW2rVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hbqt56o0iyWD2ac0EDggWQRI9hYyb9+zM4mvXLFrbozoGXi5aQCORq98le3H5NUUGkIx1p3PDcxQYaVYYTTSambappgMsID2rFUYkF1kM2OnaATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+JRuCt/jyMmmeV72Lau2+Vqnf5HEU4QiO4RQ8uIQ63EEDfCDA4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gB0V453</latexit>

A+
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-4 eFolds
-3 eFolds
-2 eFolds
-1 eFolds
0 eFolds

Non-linear

End of 
inflation in 
the linear 
regime

Gauge PS
<latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20

Non-linear evolution: example
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Linear 

<latexit sha1_base64="nDZTiBPEdHgPBxLuwfECayVNaP0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9eKxgtsW2rVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hbqt56o0iyWD2ac0EDggWQRI9hYyb9+zM4mvXLFrbozoGXi5aQCORq98le3H5NUUGkIx1p3PDcxQYaVYYTTSambappgMsID2rFUYkF1kM2OnaATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+JRuCt/jyMmmeV72Lau2+Vqnf5HEU4QiO4RQ8uIQ63EEDfCDA4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gB0V453</latexit>

A+
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-6 eFolds
-5 eFolds
-4 eFolds
-3 eFolds
-2 eFolds
-1 eFolds
0 eFolds

Non-linear

End of 
inflation in 
the linear 
regime

Gauge PS
<latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20

Preliminary

Non-linear evolution: example
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Linear 

�6 �4 �2 0 2 4
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✏ H

<latexit sha1_base64="L/vJ4LE3swqtbT3xP+h27jCo72M=">AAACEHicbZC7TsMwFIadcivlFmBkiagQLFRJVQFjBUvHItGL1ITKcU9aq84F26lURXkEFl6FhQGEWBnZeBucNgO0/JKlT/85x/b53YhRIU3zWyusrK6tbxQ3S1vbO7t7+v5BW4QxJ9AiIQt518UCGA2gJalk0I04YN9l0HHHN1m9MwEuaBjcyWkEjo+HAfUowVJZff3UhkhQpjBppDY8xHRybnsck8QehFJ5adK4r6alvl42K+ZMxjJYOZRRrmZf/1IXkNiHQBKGhehZZiSdBHNJCYO0ZMcCIkzGeAg9hQH2QTjJbKHUOFHOwPBCrk4gjZn7eyLBvhBT31WdPpYjsVjLzP9qvVh6V05CgyiWEJD5Q17MDBkaWTrGgHIgkk0VYMKp+qtBRljFIVWGWQjW4srL0K5WrItK7bZWrl/ncRTRETpGZ8hCl6iOGqiJWoigR/SMXtGb9qS9aO/ax7y1oOUzh+iPtM8fmIKdjw==</latexit>

✏H ⌘ � Ḣ

H2

Non-linear evolution: example
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Linear 
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✏ H

End of linear inflation

<latexit sha1_base64="L/vJ4LE3swqtbT3xP+h27jCo72M=">AAACEHicbZC7TsMwFIadcivlFmBkiagQLFRJVQFjBUvHItGL1ITKcU9aq84F26lURXkEFl6FhQGEWBnZeBucNgO0/JKlT/85x/b53YhRIU3zWyusrK6tbxQ3S1vbO7t7+v5BW4QxJ9AiIQt518UCGA2gJalk0I04YN9l0HHHN1m9MwEuaBjcyWkEjo+HAfUowVJZff3UhkhQpjBppDY8xHRybnsck8QehFJ5adK4r6alvl42K+ZMxjJYOZRRrmZf/1IXkNiHQBKGhehZZiSdBHNJCYO0ZMcCIkzGeAg9hQH2QTjJbKHUOFHOwPBCrk4gjZn7eyLBvhBT31WdPpYjsVjLzP9qvVh6V05CgyiWEJD5Q17MDBkaWTrGgHIgkk0VYMKp+qtBRljFIVWGWQjW4srL0K5WrItK7bZWrl/ncRTRETpGZ8hCl6iOGqiJWoigR/SMXtGb9qS9aO/ax7y1oOUzh+iPtM8fmIKdjw==</latexit>

✏H ⌘ � Ḣ

H2

Non-linear evolution: example
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47

Linear 

Non-linear

End of linear inflation

Preliminary

<latexit sha1_base64="IOQoEEoQdr6RQ+4qUCowB/Q15k8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVU1KUTdC0Y0LFxXsA5oQJpNJO3TyYOZGLCFu/BU3LhRx61+482+ctllo64GBwzn3cOceL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zj0VksXRHYwS6oS4H7GAEQxKcvX90M1soA+QJTzPT+wbFfXxRc109YpZNScw5olVkAoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TQv26mkCSZD3Kc9RSMcUulkkwty40gpvhHEQr0IjIn6O5HhUMpR6KnJEMNAznpj8T+vl0Jw7mQsSlKgEZkuClJuQGyM6zB8JigBPlIEE8HUXw0ywAITUKWVVQnW7MnzpF2rWqfV+m290rgs6iihA3SIjpGFzlADXaMmaiGCHtEzekVv2pP2or1rH9PRBa3I7KE/0D5/AExNlsg=</latexit>

mpl/⇤ = 20
<latexit sha1_base64="L/vJ4LE3swqtbT3xP+h27jCo72M=">AAACEHicbZC7TsMwFIadcivlFmBkiagQLFRJVQFjBUvHItGL1ITKcU9aq84F26lURXkEFl6FhQGEWBnZeBucNgO0/JKlT/85x/b53YhRIU3zWyusrK6tbxQ3S1vbO7t7+v5BW4QxJ9AiIQt518UCGA2gJalk0I04YN9l0HHHN1m9MwEuaBjcyWkEjo+HAfUowVJZff3UhkhQpjBppDY8xHRybnsck8QehFJ5adK4r6alvl42K+ZMxjJYOZRRrmZf/1IXkNiHQBKGhehZZiSdBHNJCYO0ZMcCIkzGeAg9hQH2QTjJbKHUOFHOwPBCrk4gjZn7eyLBvhBT31WdPpYjsVjLzP9qvVh6V05CgyiWEJD5Q17MDBkaWTrGgHIgkk0VYMKp+qtBRljFIVWGWQjW4srL0K5WrItK7bZWrl/ncRTRETpGZ8hCl6iOGqiJWoigR/SMXtGb9qS9aO/ax7y1oOUzh+iPtM8fmIKdjw==</latexit>

✏H ⌘ � Ḣ

H2

Non-linear evolution: example



CosmoLattice School, Sept. 5-8, Valencia Joanes Lizarraga & Ander Urio

�6 �4 �2 0 2 4
Ne

0.0

0.2

0.4

0.6

0.8

1.0

✏ H

47

Linear 

Non-linear

End of linear inflation

End of inflation in 
non-linear evolution

~ 4 extra eFolds

Preliminary
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Summary & Conclusions

• Successful implementation of axion-inflation in CL
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Summary & Conclusions
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• Validation: preheating
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Summary & Conclusions

• Successful implementation of axion-inflation in CL

• Non-simpletic integrators needed: RK
• Validation: preheating

• Initial conditions
• Helicity basis
• Validation: linear regime
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