Gravitational Wave module

Jorge Baeza-Ballesteros
Nicolas Loayza Romero



Lecture I1s based on
Technical Note ll: Gravitational Waves

Available on: https://cosmolattice.net/technicalnotes/



Cosmolattice FE/II OWNLOAD § DOCUMENTATION~ § VERSIONS~ EVENTS™  PUBLICATIONS Q

Cosmc&attice

A modern code for lattice simulations of scalar and gauge
field dynamics in an expanding universe |
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What is CosmolLattice?

CosmoLattice is a modern package for lattice simulations of field dynamics in an USER MANUAL
expanding universe. We have developed CosmoLattice to provide a new up-to-date,
relevant numerical tool for the scientific community working in the physics of the

early universe. MONOGRAPHIC

REVIEW

Cosmolattice can simulate the dynamics of i) interacting scalar field theories, ii)
Abelian U(1) gauge theories, and iii) non-Abelian SU(2) gauge theories, either in flat
spacetime or an expanding FLRW background, including the case of self-consistent
expansion sourced by the fields themselves. CosmoLattice is ready to simulate the
dynamics of field theories described by an action and a background metric of the type:

s=- [ {éauasa“cp + (Do) (D) + (D, @) (D) + {FuF™ + STH{GL G} + V(o) gl |<I>|>}
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Technical notes

Here are some technical notes that expand some of the contents of the user manual,
and /or explain new functionalities incorporated to the code in successive releases.

e Technical Note I: Power spectra
Daniel G. Figueroa and Adrien Florio. Released on 06.05.2022.

e Technical Note II: Gravitational Waves

Jorge Baeza-Ballesteros, Daniel G. Figueroa, Adrien Florio, Nicolas Loayza.
Released on 06.05.2022.



Part I: Theoretical basis of
Gravitational Waves




Gravitational Wave equation of motion

FLRW background + tensor perturbations

ds* = — dt* + a(1)*(5; + hy)dxdx. hij = 0;h; = 0
VZ
hi; + 3Hh;; = —hy = —— {0}
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Gravitational Wave equation of motion

FLRW background + tensor perturbations

ds* = — dt* + a(1)*(5; + hy)dxdx. hij = 0;h; = 0

VZ
h + 3Hh ——h
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Gravitational Wave equation of motion
VZ
h; + 3Hh; — —h,
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Gravitational Wave equation of motion
VZ
h - 3Hh ——h; (I}

a2 mgaz . .

TT part of Anisotrople stress temsor




Gravitational Wave equation of motion
VZ
h;+ 3Hh; — —h;; (11} 7

a2 mlga2 | |

TT part of Anisotrople stress temsor

oI1;" =1I;' = 0 hold Vx, Vt



Gravitational Wave equation of motion
VZ
h - 3Hh ——h; (I}

a2 mlga2 . .

TT part of Anisotrople stress temsor

oI1;" =1I;' = 0 hold Vx, Vt

To obtain TT part of a tensor in real space is a hon-local operation!



TT projection in Fourier Space

4’k

Fx, 1) = [ =

Continuum Fourier Transform

e™* f(k,1)




TT projection in Fourier Space

4’k

Continuum Fourier Transform

7 (K) = Ay (RO (K, 1)

e™* f(k, 1)

Nyun(k) = Py(k)P,, (k) - —PykoP,, (k) with P = 5; - kk;. k; = ki/k



TT projection in Fourier Space
d’k

— ix-k r
f(Xa t) T [ (271_)3 € f(ka t)

Continuum Fourier Transform

T k) = A (KL
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TT projection in Fourier Space
d’k

— ix-k r
f(Xa t) T [ (271_)3 € f(ka t)

Continuum Fourier Transform

7 (k) = ARk, 0

) ) I .
Ay (&) = Py(k)P,, (k) - =P k)P, (k) with P, =5, —kk;, k; =k/k
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TT projection in Fourier Space
d’k

— ix-k r
f(Xa t) T [ (271_)3 € f(ka t)

Continuum Fourier Transform

7 (k) = ARk, 0

. N NP
Ay m(K) = Py(k)P;, (k) — 24 =5, - kk k= K/k
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HTT(X t) _ j l]kl(k) d X e_lkx Hkl(X t)
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Anisotropic stress tensor

HﬂV = TMV - (T//tl/)perfect fluid
Spatial Component Hij =T, — pg;

p = homogeneous background pressure
g;i = a“(1)(8; + hy)



Anisotropic stress tensor

H//w = T,m/ - (T//w)perfect fluid
Spatial Component 1l =1, — pg;

D = homogeneous background pressure

= a*(1)(6;; + h;))
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Energy density of Stochastic
Gravitational Wave Background (SGWB)

Pow(l) =

322G (i, tl’ >V

..}y Volume average to |

encompass all relevant



Energy density of Stochastic
Gravitational Wave Background (SGWB)

pow(t) = (hy(x, Dhy(x, 1))y

327G

| d’k . .
~ hi(K, Dh¥(k, 1)
322GV ), (2m)3 i

Fourier transform of h,(x, 1), |

Approximation valid for



Energy density of Stochastic
Gravitational Wave Background (SGWB)

pow(t) = (hy(x, Dhy(x, 1))y
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Energy density of Stochastic
Gravitational Wave Background (SGWB)

pow(t) = (hy(x, Dhy(x, 1))y

327G
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Energy density per logarithmic interval
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Energy density of Stochastic
Gravitational Wave Background (SGWB)

| .
(hyi(x, t)h;}f (X,1))
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Energy density of Stochastic
Gravitational Wave Background (SGWB)

pow(t) = (hyi(x, DX, D)

327G

For stochastic sources use
i ensemble average ( ... ) |




Energy density of Stochastic
Gravitational Wave Background (SGWB)

pow(t) = (hyi(x, DX, D)

327G
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Energy density of Stochastic
Gravitational Wave Background (SGWB)

| .
pGW(t) — 327G <hz](X9 t)h;]k(xa t)>
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Energy density of Stochastic Gravitational Wave
Background (SGWB)

Energy den3|ty per Iogarlthmlc mterval

Apcw k° J' ko

f‘ hi(k, Dk, f)
dl()gk (472)3GV
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GW energy density per critical

Critical energy density energy {:Ierglsity
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To obtain TT part of a tensor in real space is a hon-local operation!

HTT(X 1) = J (27:)3 e'™ kAl],d(k) Jd3x e‘lk X sz(X t)




Evolution of GW modes

non-local operations are computationally expensive!

EVCVa TLWLC StC'P' * HTT(X t) —_ J (271.) lX kAl]kl(k)J' X e_lk.X Hkl(X’ t)




Evolution of GWs modes

non-local operations are computationally expensive!
Solution: we define a set of unphysical tensor modes u’s ,
1) Evolve equation of motion of u’s '

V?2 2

Garcia-Bellido, Figueroa & Sastre ‘07



Evolution of GWs modes

non-local operations are computationally expensive!
Solution: we define a set of unphysical tensor modes u’s ,
1) Evolve equation of motion of u’s '
V- 2

ji;; + 3Hi; — —-u; =

..
a2 VY

Y
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Garcia-Bellido, Figueroa & Sastre '07



Why it works?

hi(k, 1) = N (K (k, 1) ]

: Llnear in Fourier Space |
hi: + 3Hh; — v b, 2 (1. }TTJ | =>commute ;
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Why it works?

4 +3Hd +k2 h.(k,t) = - (TL M (k, 1)
dt? dt a2 ] V77 m]%az 4 ’
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Why it works?

d* d k2
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Why it works?

3Hi, Voo 2

= i Every Time-step!
P

hlli(k’ ) = Aij,kl(k)”kz(k, ) Few Times!



Energy density of Stochastic Gravitational Wave
Background (SGWB)

Energy den3|ty per Iogarlthmlc mterval
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Energy density of Stochastic Gravitational Wave
Background (SGWB)

Energy density per logarithmic interval j
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Energy density of Stochastic Gravitational Wave
Background (SGWB)

Energy density per logarithmic interval ]
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Energy density of Stochastic Gravitational Wave
Background (SGWB)

h(k, Dhi(k, 1) = Tr(Pu P 0¥) — ETr(P O Tr(P o)

Nyun(k) = Py(k)P,, (k) - —PykoP,, (k) with P, = 5; - kk;. k= ki/k



Energy density of Stochastic Gravitational Wave
Background (SGWB)

Bk, t)hz‘;(k, ) = Tr(PuPu*) — ETr(P ) Ir(Pa*) |
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Energy density of Stochastic Gravitational Wave
Background (SGWB)
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Part II: GWs in the lattice

J. Baeza-Ballesteros & N. Loayza CosmoLattice school - 7th September 2022



Recap of lattice discretization (1)

We work in a real periodic lattice with spacing dx

n=(n;,m,n), n=01.,N-1
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Recap of lattice discretization (1)

We work in a real periodic lattice with spacing dx

n=(n;,m,n), n=01.,N-1

Fourier modes also live in a periodic lattice with spacing kg = 27 /L

N N
F)I(ﬁl,ﬁz,ﬁ:;), ﬁisz#*].,...,*l,o,l,...,a
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Recap of lattice discretization (I)

We work in a real periodic lattice with spacing dx

n=(n;,m,n), n=01.,N-1

Fourier modes also live in a periodic lattice with spacing kg = 27 /L

N N
n = (A1, Az, A fij =——+1,...,—1,0,1,..., —
n = (fiy, fip, fi3), fi 5 + 0 >
Related by discrete Fourier transform
1 2mi ~ ~ _2mi
f(n) =15 Anf (i) f(R)=> e 7 ™f(n)
n n
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Recap of lattice discretization (II)
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Recap of lattice discretization (II)

We define a lattice momentum

[Vifl(h) = —ik.(A)f(h)
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Recap of lattice discretization (II)

We define a lattice momentum

[Vifl(h) = —ik.(A)f(h)

Different derivative discretizations

sin(27di; /N)
0x

(Vo)) = D = Fln =)

KO —
20x Li

(VEf](n) = +f(n+1)F f(n)

. kE = 2e¥i7rﬁ,-/NSin(7Tﬁi/N)
Ox L.

ox
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GWs in the lattice
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GWs in the lattice

We work with six unphysical real degrees of freedom
Vi 2

iji 3H;; _ L i — Mn;
() + 3Hiy(n) = gl = My ()
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GWs in the lattice

We work with six unphysical real degrees of freedom

iij(n) + 3Hua;(n) — V—Eu--(n) -2 M;(n)
uy y a2 u - mglag y

Physical fields projected only when measuring

hij(#, ) = Nj o (71)uia (i, )
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GWs in the lattice

We work with six unphysical real degrees of freedom

iij(n) + 3Hua;(n) — V—Eu--(n) -2 M;(n)
uy y a2 u - mglag y

Physical fields projected only when measuring

hij(#, ) = Nj o (71)uia (i, )

Need to choose a particular lattice derivative

kiikyj
k¢

Ensures h;; = 0 and V| ’hU = (Q [Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]

1
Ab’,kl = PyPjm — EPUP”” Pj =6 —
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S Kk Py=0

J J

Pj = Pji Pj(—h) = P;(R)
PP = Pi PijPii # Pix

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S Kk Py=0

J J

Py = Pji Pj(—h) = P;(R)
PP = Pi PijPii # Pix
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S Kk Py=0

J J

Py = Pji Pj(—h) = P;(R)
PP = Pi PijPii # Pix

Similar set of properties for real projector

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S Kk Py=0

J J

Py = Pji Pj(—h) = P;(R)
PP = Pi PijPii # Pix

Similar set of properties for real projector

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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GW energy density power spectrum
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GW energy density power spectrum

We define the GW energy density as a volume average

1

T 32 G<hh>

pew(t)
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)
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GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
S R ) 00 A S S b B
pew(t) 327rG< ihi)v 307 GN3 ; ii(n, t)hi(n, t)
1 . .
= ——— h, N, t h* ~7 t
l 327 GNS En: i (7, ) (A, 1)

Fourier transform
Parseval's theorem
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — b B
pew(t) 3¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 . .
= e D 2 (. )7, 1)

i R(A)
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — b B
pew(t) 3¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 . .
= e D 2 (. )7, 1)

A R(A)

Multiplicity of shells
~ AT i?
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — b B
pew(t) 3¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 o .
= o ane 2 4 (. (. 1)) rr)
n

Multiplicity of shells
~ AT i?
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)

1 o
= g 2 PP Oh;(A. 0

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 i e Niwrs

= mk (/) (hy (A, t)5(7, £)) r(s) | Alogk

!

kir/ k()
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GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
— hehidy, — b b
pew(t) 3¢ hihilv = 35— zn: ji(n, t)hi(n,t)
1 T
= 35-CNG ; hij(f, t)hi (A, t)

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 i e Niwrs

= Wk (/) (hy (A, t)5(7, ) res) | Alogk

!

dpew .
kir/k
dlogk IR/ k()
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GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
— hehidy, — b b
pew(t) 3¢ hihilv = 35— zn: ji(n, t)hi(n,t)
1 T
= 35-CNG ; hij(f, t)hi (A, t)

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 i e Niwrs

= mk (/) (hy (A, t)5(7, ) res) | Alogk

!

dpew .
kr/k
dlogk R/ k()

Using the TT projector
b = N5 iy = TrlPUPU =5 THPUITE P
We only project when we want to measure
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)

1 o
= g 2 PP Oh;(A. 0

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 i e Niwrs

= mk (/) (hy (A, t)5(7, ) res) | Alogk

!

dpew ~
kir/ k(A
dlogk v/ k(A)
In general we compute the normalized energy density power spectrum
1 dpew
Qew = —
oW pc dlogk
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Part Ill: Gravitational waves in
Cosmo/Lattice

J. Baeza-Ballesteros, D. G. Figueroa, A. Florio and N. Loayza
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Equations of motion

In CosmoLattice, we work with program variables

fl = wea “t = wex' k= k/w, ¢~52¢/f*
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Equations of motion

In CosmoLattice, we work with program variables

fl = wea “t = wex' k= k/w, QNS:¢/f*

u'.

We evolve the field using a conjugate momenta, (m,); = a>~ i

- £\ -
(ma); = attov2u; 4 22t <> n;
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Equations of motion

We evolve the field using a conjugate momenta, (7,); = a3_0‘u§j

up = a3 (m)j

. £\2 .
(ma)y = atoViu;+2a" " <> n

i
mp
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Equations of motion

We evolve the field using a conjugate momenta, (7,); = a3_0‘u§j

up = a3 (m)j

. £\2 .
(ma)y = atoViu;+2a" " <> n

i
mp

CosmoLattice is prepared to simulate GWs sourced by scalar fields

ﬁl’f = Z 5i&aéjéa
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GWs in CosmoLattice

Please, open the following files:
src/model/parameter-files/1phi4.in
src/include/CosmoInterface/evolvers/leapfrog.h
src/include/CosmoInterface/evolvers/kernels/gwskernels.h
src/include/CosmolInterface/definitions/PITensor.h
src/include/CosmoInterface/definitions/GWsProjector.h

src/include/CosmoInterface/measurements/gwspowerspectrum.h
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GWs in CosmoLattice: input parameters

src/model/parameter-files/lphi4.in

13 | #Times

14 | tOutputFreq = 1
15 | tOutputInfreq =
16 |tMax = 300

1

18 | #Spectra options
19 |PS_type = 1
20 |PS_version = 1

22 | #GWs
23 | GWprojectorType = 2
24 | withGWs=true

26 | #IC

27 | kCutOff = 4

28 |initial_amplitudes = 5.6964e18 O # homogeneous amplitudes in GeV
29 |initial_momenta = -4.86735e30 O # homogeneous amplitudes in GeV2

J. Baeza-Ballesteros & N. Loayza CosmoLattice school - 7th September 2022



GWs in CosmoLattice: input parameters

src/model/parameter-files/lphi4.in

13 | #Times

14 | tOutputFreq = 1
15 | tOutputInfreq =
16 |tMax = 300

1

18 | #Spectra options
19 |PS_type = 1
20 |PS_version = 1

22 || #GWs
23 [|GWprojectorType = 2
24 [lwithGWs=true

26 | #IC

27 | kCutOff = 4

28 |initial_amplitudes = 5.6964e18 O # homogeneous amplitudes in GeV
29 |initial_momenta = -4.86735e30 O # homogeneous amplitudes in GeV2
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GWs in CosmoLattice: input parameters

src/model/parameter-files/lphi4.in

13 | #Times The GWs module is controlled by two parameters:
14 | tOutputFreq = 1

15 | tOutputInfreq
16 | tMax = 300

1 1. withGWs: boolean used to turn On/Off GWs

18 | #Spectra options
19 |PS_type = 1
20 |PS_version = 1

22 || #GWs
23 [|GWprojectorType = 2
24 [lwithGWs=true

26 | #IC

27 | kCutOff = 4

28 |initial_amplitudes = 5.6964e18 O # homogeneous amplitudes in GeV
29 |initial_momenta = -4.86735e30 O # homogeneous amplitudes in GeV2
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GWs in CosmoLattice: input parameters

src/model/parameter-files/lphi4.in

#Times The GWs module is controlled by two parameters:
tOutputFreq = 1
tOutputInfreq = 1 1. withGWs: boolean used to turn On/Off GWs
tMax = 300

2. GWprojectorType: choose between different
#Spectra options projectors
PS_type = 1
PS_version = 1 » GWprojectorType = 1: neutral derivative
pow » GWprojectorType = 2: forward derivative
GWprojectorType = 2 (defauh)
withGWs=true » GWprojectorType = 3: backward derivative
#IC
kCutOff = 4

initial_amplitudes = 5.6964e18 0 # homogeneous amplitudes in GeV
initial_momenta = -4.86735e30 O # homogeneous amplitudes in GeV2
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GWs in Cosmo/Lattice: output results

We get two different output files
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GWs in Cosmo/Lattice: output results

We get two different output files

1. spectra_gws.txt

K Qcw Multiplicity
0.4 3.455976932183128e-29 13
0.8 1.135499488356703e-28 37
1.2 1.653950018181714e-28 57
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GWs in Cosmo/Lattice: output results

We get two different output files

1. spectra_gws.txt ~1 dbew
Ptot d Ing
K Qaow Multiplicity
0.4 3.455976932183128e-29 13
0.8 1.135499488356703e-28 37
1.2

1.653950018181714e-28 57

J. Baeza-Ballesteros & N. Loayza
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GWs in Cosmo/Lattice: output results

We get two different output files

1 t © L dpow
. spectra_gws.tx Feor dlogk
K Qew Multiplicity
0.4 3.455976932183128e-29 13
0.8 1.135499488356703e-28 37
1.2 1.653950018181714e-28 57
2. energy_gws.txt
Pew / Prot Pow = paw/wif?
0 0

1.26699487198562e-27 5.29787700163311e-29
2.75524033399837e-27 1.24679240886064e-29

N - Ol
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GWs in Cosmo/Lattice: equation of motion
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GWs in CosmoLattice: equation of motion

src/include/CosmoInterface/evolvers/leapfrog.h

59 ‘if (model.f1dGWs != nullptr) kickGWs(model, weight);
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GWs in CosmoLattice: equation of motion

src/include/CosmoInterface/evolvers/leapfrog.h
59 ‘if (model.f1dGWs != nullptr) kickGWs(model, weight);

134 |template<class Model>
135 | void kickGWs(Model& model, T w) {

136 ForLoop(n, 0, Model::NGWs - 1,
137 (*model.piGWs) (n) += (w * model.dt) *
— GWsKernels: :get (model,n);
138 )5 L 1Ty L
o . (m)j = Kslug. (8. 4]

J. Baeza-Ballesteros & N. Loayza CosmoLattice school - 7th September 2022



GWs in CosmoLattice: equation of motion

src/include/CosmoInterface/evolvers/leapfrog.h
59 ‘if (model.f1dGWs != nullptr) kickGWs(model, weight);

134 |template<class Model>
135 | void kickGWs(Model& model, T w) {

136 ForLoop(n, 0, Model::NGWs - 1,
137 (*model.piGWs) (n) += (w * model.dt) *
— GWsKernels: :get (model,n);
138 )5 L 1Ty L
o . (m)j = Kslug. (8. 4]

77 ‘if (model.f1dGWs != nullptr) driftGWs(model);
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GWs in CosmoLattice: equation of motion
src/include/CosmoInterface/evolvers/leapfrog.h

59 ‘if (model.f1dGWs != nullptr) kickGWs(model, weight);

134 |template<class Model>
135 | void kickGWs(Model& model, T w) {

136 ForLoop(n, 0, Model::NGWs - 1,
137 (*model.piGWs) (n) += (w * model.dt) *
— GWsKernels: :get (model,n);
138 )5 L 1Ty L
o . (m)j = Kslug. (8. 4]

7 ‘if (model.f1dGWs != nullptr) driftGWs(model);

201 |template<class Model>
202 |void driftGWs(Model& model) {

203
204 (*model.f1dGWs) += pow(model.aSI, model.alpha - 3) * (model.dt *
— (*model.piGWs) );
/I _ a3
= 2" 3(m);
206 |}
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GWs in CosmoLattice: Kj[uy, {0}, ]

src/include/CosmoInterface/evolvers/kernels/gwskernels.h

30 template <class Model, int N>

31 static auto get(Model& model, Tag<N> n){

32

33 return (pow(model.al, 1 + model.alpha) *

34 LatLapl<Model: :NDim>( (*model.f1dGWs) (n))

35 + pow(model.al, 1 + model.alpha) * 2 *
— pow<2>(model.fStar/Constants::MP1) *
< (PITensor: :totalTensor (model,n)));

36 }

mp

. . £\ -
’C,:,'[LI,",'7 {¢}, a] = 31+O(VEU,'J' + 231+a () |_|,-j

J. Baeza-Ballesteros & N. Loayza CosmoLattice school - 7th September 2022



GWs in CosmoLattice: Kj[uy, {0}, ]

src/include/CosmoInterface/evolvers/kernels/gwskernels.h

30 template <class Model, int N>

31 static auto get(Model& model, Tag<N> n){

32

33 return [(pow(model.al, 1 + model.alpha) *

34 LatLapl<Model: :NDim>( (*model.f1dGWs) (n))

35 + pow(model.al, 1 + model.alpha) * 2 *
— pow<2>(model.fStar/Constants::MP1) *
< (PITensor: :totalTensor (model,n)));

36 }

mp

. . £\ -
Kijluij, {¢}, a] = a1+"Vfu;j 4+ 2a1te () M
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GWs in CosmoLattice: Kj[uy, {0}, ]

src/include/CosmoInterface/evolvers/kernels/gwskernels.h

30 template <class Model, int N>

31 static auto get(Model& model, Tag<N> n){

32

33 return [(pow(model.al, 1 + model.alpha) *

34 LatLapl<Model: :NDim>( (*model.f1dGWs) (n))

35 + pow(model.al, 1 + model.alpha) * 2 *
— pow<2>(model.fStar/Constants::MP1) *
< (PITensor: :totalTensor (model,n)));

36 }

- . £.\? -
Kolug, (8),4] = a Ty + 2 ()
PI
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GWs in Cosmo/Lattice: anisotropic tensor

src/include/CosmoInterface/definitions/PITensor.h

39 template<class Model>

40 static inline auto totalTensor (Model& model, Tag<0>)

41 {

42 return scalarSinglet(model, 1_c, 1_c) + complexScalar(model, 1_c, 1_c);
43 }

44 template<class Model>

45 static inline auto totalTensor (Model& model, Tag<1>)

46 {

47 return scalarSinglet(model, 1_c, 2_c) + complexScalar(model, 1_c, 2_c);;
48 }

J. Baeza-Ballesteros & N. Loayza CosmoLattice school - 7th September 2022



GWs in Cosmo/Lattice: anisotropic tensor

39
40
41
42
43
44
45
46
47
48

80

82
83

84

src/include/CosmoInterface/definitions/PITensor.h

template<class Model>
static inline auto totalTensor (Model& model, Tag<0>)

{

return IscalarSinglet (model, 1_c, 1_c)| + complexScalar(model, 1_c, 1_c);

¥
template<class Model>
static inline auto totalTensor (Model& model, Tag<1>)

{

return IscalarSinglet (model, 1_c, 2_c)| + complexScalar (model, 1_c, 2_c¢);;

}

template<class Model, int I, int J>
static inline auto scalarSinglet(Model& model, Tag<I> a, Tag<J> b)
{
return Total(i, O, Model::Ns - 1, forwDiff (model.f1dS(i),a) *
— forwDiff (model.f1dS(i),b));

} ﬁlj = Zéi&agj&a
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GWs in CosmoLattice: hj;h*
src/include/CosmoInterface/definitions/GWsProjector.h

49 template<class Model, class Looper, int I, int J, typename T = double>
50 |inline auto Pr(Model& model, Looper& it, Tag<I> i, Tag<J> j) {
51

52 auto pVec = it.getVec();

53

54 size_t N = GetNGrid::get(model.getOneField());

55

56 auto klattice = MakeVector(l, 1, Model: :NDim,

57 mType == 1 7 std::sin(2 * Constants::pi<T> * pVec[1-1] / N)

58 mType == 2 7 std::complex<T>(1) - std::complex<T>(std::cos(2.0 *

< Constants::pi<T> / N * pVec[1l-1]),std::sin(2.0 * Constants::pi<T> /
— N * pVec[1-1]))

59 mType == 3 7 std::complex<T>(1) - std::complex<T>(std::cos(2.0 *

— Constants::pi<T> / N * pVec[l-1]),std::sin(-2.0 * Constants::pi<T> /

— N * pVec[1-1])) : std::complex<T>(1.)); .
60 p.—§ KL ifL,j
61 T klatticeSquare = Total(k, 1, Model: :NDim, j— 95— 2
— abs((klattice(k))*conj(klattice(k)))); KL
62
63 if(i == j) return (std::complex<T>)(1) - conj(klattice(i)) * (klattice(j)) /
— klatticeSquare;
64 return - conj(klattice(i)) * (klattice(j)) / klatticeSquare;

J. Baeza-Ballesteros & N. Loayza CosmoLattice school - 7th September 2022



GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96

auto P12
auto P13
auto P21
auto P22
auto P23
auto P31
auto P32
auto P33

auto ul2
auto uil3
auto u21
auto u22
auto u23
auto u31l
auto u32

J. Baeza-Ballesteros & N. Loayza

auto P11 =

auto uil =

auto u33 =

Pr(model, it,
Pr(model, it,
Pr(model, it,
conj(P12);
Pr(model, it,
Pr(model, it,
conj(P13);
conj(P23);
Pr(model, it,

i_c,
i_c,
1’c,

2_Bp

3_c,

template<class Model, class Looper>
auto projectedGW_complex(ModelZ model, Looper& it) {

1_¢);
2_¢);
3_¢);

E.®)3

GetValue: :get (model.pi_GWtensor(i_c,1_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(i_c,2_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(i_c,3_c).inFourierSpace(), it());

ul2;

GetValue: :get (model.pi_GWtensor(2_c,2_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(2_c,3_c).inFourierSpace(), it());

ul3;
u23;

GetValue: :get (model.pi_GWtensor(3_c,3_c).inFourierSpace(), it());
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96

auto P12
auto P13
auto P21
auto P22
auto P23
auto P31
auto P32
auto P33

auto ul2
auto uil3
auto u21
auto u22
auto u23
auto u31l
auto u32

J. Baeza-Ballesteros & N. Loayza

auto P11 =

auto uil =

auto u33 =

Pr(model, it,
Pr(model, it,
Pr(model, it,
conj(P12);
Pr(model, it,
Pr(model, it,
conj(P13);
conj(P23);
Pr(model, it,

i_c,
i_c,
1’c,

2_Bp

3_c,

template<class Model, class Looper>
auto projectedGW_complex(ModelZ model, Looper& it) {

1_¢);
2_¢);
3_¢);

E.®)3

GetValue: :get (model.pi_GWtensor(i_c,1_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(i_c,2_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(i_c,3_c).inFourierSpace(), it());

ul2;

GetValue: :get (model.pi_GWtensor(2_c,2_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(2_c,3_c).inFourierSpace(), it());

ul3;
u23;

GetValue: :get (model.pi_GWtensor(3_c,3_c).inFourierSpace(), it());
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96

auto P12
auto P13
auto P21
auto P22
auto P23
auto P31
auto P32
auto P33

auto ul2
auto uil3
auto u21
auto u22
auto u23
auto u31l
auto u32

J. Baeza-Ballesteros & N. Loayza

auto P11 =

auto uil =

auto u33 =

Pr(model, it,
Pr(model, it,
Pr(model, it,
conj(P12);
Pr(model, it,
Pr(model, it,
conj(P13);
conj(P23);
Pr(model, it,

i_c,
i_c,
1’c,

2_Bp

3_c,

template<class Model, class Looper>
auto projectedGW_complex(ModelZ model, Looper& it) {

1_¢);
2_¢);
3_¢);

E.®)3

GetValue: :get (model.pi_GWtensor(i_c,1_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(i_c,2_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(i_c,3_c).inFourierSpace(), it());

ul2;

GetValue: :get (model.pi_GWtensor(2_c,2_c).inFourierSpace(), it());
GetValue: :get (model.pi_GWtensor(2_c,3_c).inFourierSpace(), it());

ul3;
u23;

GetValue: :get (model.pi_GWtensor(3_c,3_c).inFourierSpace(), it());

(mu)ij(, 1) = &° = u
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

98 auto Pull = P11 * ull + P12 * u21 + P13 * u31;

99 auto Pul2 = P11 * ul2 + P12 * u22 + P13 * u32;

100 auto Pul3 = P11 * ul3 + P12 * u23 + P13 * u33;

101 auto Pu21 = P21 * ull + P22 * ul2 + P23 * ul3;

102 auto Pu22 = P21 * ul2 + P22 * u22 + P23 * u23;

103 auto Pu23 = P21 * ul3 + P22 * u23 + P23 * u33;

104 auto Pu3l = P31 * ull + P32 * u21 + P33 * ul3;

105 auto Pu32 = P31 * ul2 + P32 * u22 + P33 * u23;

106 auto Pu33 = P31 * ul3 + P32 * u23 + P33 * u33;

107

108 auto Pu_s1l = P11 * conj(ull) + P12 * conj(u21) + P13 * conj(u3l);
109 auto Pu_s12 = P11 * conj(ul2) + P12 * conj(u22) + P13 * conj(u32);
110 auto Pu_s13 = P11 * conj(ul3) + P12 * conj(u23) + P13 * conj(u33);
111 auto Pu_s21 = P21 * conj(ull) + P22 * conj(ul2) + P23 * conj(ul3);
112 auto Pu_s22 = P21 * conj(ul2) + P22 * conj(u22) + P23 * conj(u23);
113 auto Pu_s23 = P21 * conj(ul3) + P22 * conj(u23) + P23 * conj(u33);
114 auto Pu_s31 = P31 * conj(ull) + P32 * conj(u21) + P33 * conj(ul3);
115 auto Pu_s32 = P31 * conj(ul2) + P32 * conj(u22) + P33 * conj(u23);
116 auto Pu_s33 = P31 * conj(ul3) + P32 * conj(u23) + P33 * conj(u33);
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

98 auto Pull = P11 * ull + P12 * u21 + P13 * u31;

99 auto Pul2 = P11 * ul2 + P12 * u22 + P13 * u32;

100 auto Pul3 = P11 * ul3 + P12 * u23 + P13 * u33;

101 auto Pu21 = P21 * ull + P22 * ul2 + P23 * ul3;

102 auto Pu22 = P21 * ul2 + P22 * u22 + P23 * u23;

103 auto Pu23 = P21 * ul3 + P22 * u23 + P23 * u33;

104 auto Pu3l = P31 * ull + P32 * u21 + P33 * ul3;

105 auto Pu32 = P31 * ul2 + P32 * u22 + P33 * u23;

106 auto Pu33 = P31 * ul3 + P32 * u23 + P33 * u33;

107

108 auto Pu_s1l = P11 * conj(ull) + P12 * conj(u21) + P13 * conj(u3l);
109 auto Pu_s12 = P11 * conj(ul2) + P12 * conj(u22) + P13 * conj(u32);
110 auto Pu_s13 = P11 * conj(ul3) + P12 * conj(u23) + P13 * conj(u33);
111 auto Pu_s21 = P21 * conj(ull) + P22 * conj(ul2) + P23 * conj(ul3);
112 auto Pu_s22 = P21 * conj(ul2) + P22 * conj(u22) + P23 * conj(u23);
113 auto Pu_s23 = P21 * conj(ul3) + P22 * conj(u23) + P23 * conj(u33);
114 auto Pu_s31 = P31 * conj(ull) + P32 * conj(u21) + P33 * conj(ul3);
115 auto Pu_s32 = P31 * conj(ul2) + P32 * conj(u22) + P33 * conj(u23);
116 auto Pu_s33 = P31 * conj(ul3) + P32 * conj(u23) + P33 * conj(u33);
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GWs in CosmoLattice: hf-jhf-j*

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116

src/include/CosmoInterface/definitions/GWsProjector.h

auto
auto
auto
auto
auto
auto
auto
auto
auto

auto
auto
auto
auto
auto
auto
auto
auto
auto

J. Baeza-Ballesteros & N. Loayza

Pull =
Pul2 =
Pul3 =
Pu2l =
Pu22 =
Pu23 =
Pu31l =
Pu32 =
Pu33 =

Pu_s11
Pu_s12
Pu_s13
Pu_s21
Pu_s22
Pu_s23
Pu_s31
Pu_s32
Pu_s33

P11
P11
P11
P21
P21
P21
P31
P31
P31

* oK K K K K X X ¥

= P11
= P11
=NP14
=NP21
=NP21
= P21
= P31
= P31
= P31

ull
ul2
ul3
ull
ul2
ul3
uil
ui2
ui3

P12
P12
P12
P22
P22
P22
P32
P32
P32

FE TR I S
LR N

conj(ull)
conj(u12)
conj (u13)
conj(ull)
conj(ul2)
conj(u13)
conj(ull)
conj(ul2)
conj(u13)

* K K K K K X K X

u21l
u22

P13
P13
P13
P23

u3l;
u32;
u33;
ul3;
u23;
u33;
ul3;
u23;
u33;

g
N
@
* oK K K K K K K X

conj(u21)
conj(u22)
conj(u23)
conj(ul2)
conj(u22)
conj(u23)
conj(u21)
conj(u22)
conj(u23)

EE R

i I I

P13
P13
P13
P23
P23
P23
P33
P33
P33
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EE I

conj(udl);
conj(u32);
conj(u33);
conj(uld);
conj(u23);
conj(ud3);
conj(uid);
conj(u23);
conj(ud3);




GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

118 auto Trl = (Pull * Pu_sl11l + Pul2 * Pu_s21 + Pul3 * Pu_s31) + (Pu21
« * Pu_sl12 + Pu22 * Pu_s22 + Pu23 * Pu_s32) + (Pu31l * Pu_s13 +
< Pu32 * Pu_s23 + Pu33 * Pu_s33);

119 auto Tr2a = (Pull + Pu22 + Pu33);

120 auto Tr2b = (Pu_sll + Pu_s22 + Pu_s33);

121

122 return pow(model.al,2*(model.alpha-3)) * abs(Trl - .5 * Tr2a *

— Tr2b);

123 |}

hjh* = Te[Pu' P(u')*] = 3Tr[Pu/] Te[P(u')*]
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

118 autq Trl = (Pull * Pu_sl11l + Pul2 * Pu_s21 + Pul3 * Pu_s31) + (Pu21
— |* Pu_s12 + Pu22 * Pu_s22 + Pu23 * Pu_s32) + (Pu31l * Pu_s13 +
— |Pu32 * Pu_s23 + Pu33 * Pu_s33);

119 auto Tr2a = (Pull + Pu22 + Pu33);

120 auto Tr2b = (Pu_s1l + Pu_s22 + Pu_s33);

121

122 return pow(model.al,2+*(model.alpha-3)) * abs(Trl - .5 * Tr2a *
— Tr2b);

123 |}

hjh* = Te[Pu'P(u')*] = 3Tr[Pu/] Te[P(u')*]
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

118 autq Trl = (Pull * Pu_sl11l + Pul2 * Pu_s21 + Pul3 * Pu_s31) + (Pu21
— |* Pu_s12 + Pu22 * Pu_s22 + Pu23 * Pu_s32) + (Pu31l * Pu_s13 +
— |Pu32 * Pu_s23 + Pu33 * Pu_s33);

119 autqd Tr2a = (Pull + Pu22 + Pu33);|

120 auto Tr2b = (Pu_sll + Pu_s22 + Pu_s33);

121

122 return pow(model.al,2*(model.alpha-3)) * abs(Trl - .5 * Tr2a *
— Tr2b);

123 |}

hjh* = Te[Pu'P(u')*] = 3Tr[Pu/I Te[P(u')*]
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

118 autq Trl = (Pull * Pu_sl11l + Pul2 * Pu_s21 + Pul3 * Pu_s31) + (Pu21
— |* Pu_s12 + Pu22 * Pu_s22 + Pu23 * Pu_s32) + (Pu31l * Pu_s13 +
— |Pu32 * Pu_s23 + Pu33 * Pu_s33);

119 autq Tr2a = (Pull + Pu22 + Pu33);|

120 autd Tr2b = (Pu_sil + Pu_s22 + Pu_s33); |

121

122 return pow(model.al,2+*(model.alpha-3)) * abs(Trl - .5 * Tr2a *
— Tr2b);

123 |}

Wbl = Tr[Pu'P(u')*] — $Te[Pu/] Tr[P(u')"]
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GWs in CosmoLattice: hf-jhf-j*

src/include/CosmoInterface/definitions/GWsProjector.h

118 autq Trl = (Pull * Pu_sl11l + Pul2 * Pu_s21 + Pul3 * Pu_s31) + (Pu21
— |* Pu_s12 + Pu22 * Pu_s22 + Pu23 * Pu_s32) + (Pu31l * Pu_s13 +
— |Pu32 * Pu_s23 + Pu33 * Pu_s33);

119 autq Tr2a = (Pull + Pu22 + Pu33);|

120 autd Tr2b = (Pu_sil + Pu_s22 + Pu_s33); |

121

122 return pow(model.al,2+*(model.alpha-3)) * abs(Trl - .5 * Tr2a *
— Tr2b);

123 |}

Wbl = Tr[Pu'P(u')*] — $Te[Pu/] Tr[P(u')"]

Similar for the real projector
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GWs in CosmoLattice: Qgw
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GWs in CosmoLattice: Qgw

src/include/CosmoInterface/measurements/gwspowerspectrum.h
see Technical note I: Power Spectrum

54 if (PSVersion != 3){
55 auto fk2 = projectRadiallyGW(model, PSVersion == 1, PRJType, PSType,
< PSVersion) .measure(model, nbins, kMaxBins);
5 if (PSType == 2){
57 return Function(ntilde, pow<3>(kIR * ntilde * dx ) / N3
—s /(8*pow<2>(Constants: :pi<T>)*pow(model.al,2+model.alpha))
«— *pow<2>(Constants: :reducedMPlanck<T> / model.fStar)/Energies: :rho(model)) *
< fk2;

58 ¥ 3 5
1 Iﬁ:3 o0X mp

_ = h.h.*
rot 81222 \ N f. ( i i >R(fi)
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GWs in CosmoLattice: Qgw

src/include/CosmoInterface/measurements/gwspowerspectrum.h
see Technical note I: Power Spectrum

54 if (PSVersion != 3){
55 auto fk2 = projectRadiallyGW(model, PSVersion == 1, PRJType, PSType,
< PSVersion) .measure(model, nbins, kMaxBins);
5 if (PSType == 2){
57 return Function(ntilde, pow<3>(kIR * ntilde * dx ) / N3
—s /(8*pow<2>(Constants: :pi<T>)*pow(model.al,2+model.alpha))
«— *pow<2>(Constants: :reducedMPlanck<T> / model.fStar)/Energies: :rho(model)) *

— fk2;
58 ¥ 3 2
Q 1 &3 0% mp| (KK
GW = =5 9595~ | ra i"ii /R(k
rot 81222 \ N f. ii'lij /R(x)
59 else if (PSType == 1){
60 £k2.sumInsteadOfAverage();
61 return Function(ntilde, kIR * ntilde * dx / pow<5>(N) /
< (8+(Constants: :pi<T>)*pow(model.al,2*model.alpha))
< *pow<2>(Constants: :reducedMPlanck<T> / model.fStar)/Energies::rho(model)) *
— fk2;
62 ¥
Q 1 K ox mp 2# <h/ H *>
GW = =5 5 5~ | =& — r\Mi N )R(k
o 872222 \ N5 f, i /R(k)
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Working Examples



A¢p* Self resonance

| #Evolution
| expansion = true
Levolver = LF

HLattice | wWrite the model
ldt = 0.05 |
IKIR = 0.5

| #Times ; |
[tOutputFreq = 5 V( ¢) —_— l ¢ 4
{ tOutputinfreq =5 4
jtMax = 1500 :

A: #Power spectrum options
{PS_type =1

PS_vePsion=1 ¢ -+ 3H¢ -+ ﬂ¢3 — O

#GWs
| GWprojectorType = 1
i withGWs=true

#1C

| kCutOff = 4

finitial amplitudes = 5.6964e18 # homogeneous amplitudes in GeV
tinitial momenta = -4.86735e30 # homogeneous amplitudes in GeVa

f #Model Parameters
jlambda=9e-1¢ i
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ng(lﬁ t) PS_version = 1; GWprojectorType =1

PS_Typel
PS_Type II_




QGW(kp f) PS_version = 1:; GWprojectorType = 2

PS_Typel
PS_Type II -




	Part II: GWs in the lattice
	Part III: Gravitational waves in CosmoLattice

	pbs@ARFix@1: 
	pbs@ARFix@2: 
	pbs@ARFix@3: 
	pbs@ARFix@4: 
	pbs@ARFix@5: 
	pbs@ARFix@6: 
	pbs@ARFix@7: 
	pbs@ARFix@8: 
	pbs@ARFix@9: 
	pbs@ARFix@10: 
	pbs@ARFix@11: 
	pbs@ARFix@12: 
	pbs@ARFix@13: 
	pbs@ARFix@14: 
	pbs@ARFix@15: 
	pbs@ARFix@16: 
	pbs@ARFix@17: 
	pbs@ARFix@18: 
	pbs@ARFix@19: 
	pbs@ARFix@20: 
	pbs@ARFix@21: 
	pbs@ARFix@22: 
	pbs@ARFix@23: 
	pbs@ARFix@24: 
	pbs@ARFix@25: 
	pbs@ARFix@26: 
	pbs@ARFix@27: 
	pbs@ARFix@28: 
	pbs@ARFix@29: 
	pbs@ARFix@30: 
	pbs@ARFix@31: 
	pbs@ARFix@32: 
	pbs@ARFix@33: 
	pbs@ARFix@34: 
	pbs@ARFix@35: 
	pbs@ARFix@36: 
	pbs@ARFix@37: 
	pbs@ARFix@38: 
	pbs@ARFix@39: 
	pbs@ARFix@40: 
	pbs@ARFix@41: 
	pbs@ARFix@42: 
	pbs@ARFix@43: 
	pbs@ARFix@44: 
	pbs@ARFix@45: 
	pbs@ARFix@46: 
	pbs@ARFix@47: 
	pbs@ARFix@48: 
	pbs@ARFix@49: 
	pbs@ARFix@50: 
	pbs@ARFix@51: 
	pbs@ARFix@52: 
	pbs@ARFix@53: 
	pbs@ARFix@54: 
	pbs@ARFix@55: 
	pbs@ARFix@56: 
	pbs@ARFix@57: 
	pbs@ARFix@58: 
	pbs@ARFix@59: 
	pbs@ARFix@60: 
	pbs@ARFix@61: 
	pbs@ARFix@62: 
	pbs@ARFix@63: 
	pbs@ARFix@64: 
	pbs@ARFix@65: 
	pbs@ARFix@66: 


