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Introduction to non-linear gauge field dynamics

➤ Gauge fields can be significantly excited in the early universe (both during 
and after inflation).

➤ When nk>>1, gauge fields behave as classical, and we can capture their 
non-linear dynamics with lattice simulations.

➤ Realistic physics models must include gauge fields (e.g. the Standard Model).

WHY DO WE WANT TO SIMULATE GAUGE FIELDS IN THE LATTICE?

• Example 1: Broad parametric resonance of gauge fields coupled to oscillating 
complex scalars [TODAY!]

• Example 2: Gauge field production during axion inflation [TOMORROW!]

➤ CAVEAT: Gauge theories must be discretized with links and plaquettes in 
order to preserve gauge invariance in the lattice (like in lattice QCD).
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Models with gauge fields

Fμν ≡ ∂μAν − ∂νAμ

+ self-consistent expansion

Model 1: Gauge fields coupled to charged scalars (SM-like)

S = − ∫ d4x −g {(Dμφ)*(Dμφ) +
1
4

FμνFμν + V( |φ | )}
Dμ ≡ ∂μ − igAQAAμ

TODAY: Lessons 5 [U(1), by me] and 6 [SU(2), by Adrien]

TOMORROW: Topical lecture by Joanes and Ander 

e.g.: Figueroa, García-Bellido & F.T.: PRD 92 (2015) 8, 083511
Enqvist, Nurmi, Rusak, Weir.: JCAP 02 (2016) 057

Model 2: Gauge fields coupled to axions (during inflation)

S = − ∫ d4x −g { 1
2

(∂μϕ)2 +
1
4

FμνFμν +
α
4f

ϕFμνF̃μν + V(ϕ)} F̃μν ≡ ϵμναβFαβ

Fμν ≡ ∂μAν − ∂νAμ

+ self-consistent expansion e.g.: Caravano, Komatsu, Lozanov, Weller: arXiv: 2204.12874
Figueroa, Lizarraga, Urio, Urrestilla: in preparation
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U(1) gauge sector

DA
μ ≡ ∂μ − igAQAAμ

Fμν ≡ ∂μAν − ∂νAμ• Field strength:

• Covariant derivative:

Gauge couplinggA
QA Abelian charge

6

U(1) gauge-invariant action

S = − ∫ d4x −g { 1
2

∂μϕ∂μϕ + (DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + V(ϕ, |φ | )}
➤ We are going to learn how to simulate in the lattice the following action: POTENTIAL

ℰi ≡ F0i

ℬi ≡
1
2

ϵijkFjk

Electric field

Magnetic field

ϕ ∈ ℛe

φ ≡
1

2
(φ0 + iφ1)

• Scalar singlet:

• Complex scalar:
φ0, φ1 ∈ ℛe

Scalar sector

➤ Fields: {ϕ, φ0, φ1, A1, A2, A3} (we work in the temporal gauge              )A0 = 0
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Equations of motion (flat spacetime)

➤ Action and EOM are invariant under the following gauge transformations:

ϕ(x) ⟶ ϕ(x)
φ(x) ⟶ e−igAQAα(x)φ(x)

Aμ(x) ⟶ Aμ(x) − ∂μα(x)

Fμν(x) ⟶ Fμν(x)
field strength is  
gauge invariant

S = − ∫ d4x −g { 1
2

∂μϕ∂μϕ + (DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + V(ϕ, |φ | )}

∂μ∂μϕ =
∂V
∂ϕ

Dμ
ADA

μ φ =
1
2

∂V
∂ |φ |

φ
|φ |

∂νFμν = Jμ
A Jμ

A ≡ 2gAQAℐm[φ*(Dμ
Aφ)]

➤ EOM (flat spacetime):

Scalar singlet:

Complex scalar:

U(1) gauge field:
U(1) current

δS = 0

{
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Equations of motion (with expansion)

dη ≡ a−αdt➤ FLRW metric: ds2 = − a2α(η)dη2 + a2(η)δijdxidxj

➤ Dynamical EOM in an expanding background:

ϕ′￼′￼− a−2(1−α) ∇ 2ϕ + (3 − α)
a′￼

a
ϕ′￼= − a2αV,ϕ

φ′￼′￼− a−2(1−α)D 2
Aφ + (3 − α)

a′￼

a
φ′￼= −

a2αV,|φ|

2
φ

|φ |

∂0F0i − a−2(1−α)∂jFji + (1 − α)
a′￼

a
F0i = a2αJA

i

{
··Ai − a−2(1−α) ∇2 Ai + ∂j∂iAj + (1 − α)

a′￼

a
A′￼i = a2αJA

i

Jμ
A ≡ 2gAQAℐm[φ*(Dμ

Aφ)]
U(1) current:

∫S

⃗E ⋅ d ⃗S = a2 ∫V
d3 ⃗x JA

0 ( ⃗x )

:= Q (electric charge)

∇ ⋅ ⃗E = a2JA
0 ( ⃗x )∂iF0i = a2JA

0

➤ Gauss constraint: it must be preserved at all times

= 0

V = Lattice
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Stress-energy tensor

Tμν = −
2
g

δ( gℒ)

δgμν
= gμνℒ − 2

δℒ
δgμν

−gμν (gαβ[(DA
α φ)*(DA

β φ) +
1
2

(∂αϕ)(∂βϕ)] +
1
4

gαδgβλFαβFδλ + V)
= + [2Re{(DA

μ φ)*(DA
ν φ)} + (∂μϕ)(∂νϕ)] + gαβFμαFνβ

➤ Stress-energy tensor:

ρ̄ = a−2α T̄00 p̄ =
1

3a2 ∑
j

T̄jj

ρ = Kϕ + Kφ + Gϕ + Gφ + KU(1) + GU(1) + V

p = Kϕ + Kφ −
1
3

(Gϕ + Gφ) +
1
3

(KU(1) + GU(1)) − V

Kϕ =
1

2a2α
ϕ′￼

2

Kφ =
1

a2α
(DA

0 φ)*(DA
0 φ)

Gϕ =
1

2a2 ∑
i

(∂iϕ)2

Gφ =
1
a2 ∑

i

(DA
i φ)*(DA

i φ)

KU(1) =
1

2a2+2α ∑
i

F2
0i

GU(1) =
1

2a4 ∑
i, j<i

F2
ij

(Kinetic-scalar) (Gradient-scalar) (Electric & Magnetic)

• Energy density:

• Pressure density:
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Friedmann equations

( a′￼

a )
2

=
a2α

3m2
p

⟨Kϕ + Kφ + Gϕ + Gφ + KU(1) + GU(1) + V⟩

a′￼′￼

a
=

a2α

3m2
p

⟨(α − 2)(Kϕ + Kφ) + α(Gϕ + Gφ) + (α + 1)V + (α − 1)(KU(1) + GU(1))⟩

➤ Friedmann equations:
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Discretization of gauge theories

➤ In Lesson 4, we discretize the EOM of the scalar fields by approximating 
the derivatives in the continuum by finite differences in the discrete.

∂μφ(n)
Δ+

μ φ ≡
φ+μ − φ

δxμ
= ∂μφ + 𝒪(δx2)

➤ CAN WE DO THE SAME FOR GAUGE FIELDS?

Δ−
μ φ ≡

φ − φ−μ

δxμ
= ∂μφ + 𝒪(δx2)

Example:

No.

➤ WHY? This formulation does not preserve gauge invariance in the lattice 
(and propagates spurious degrees of freedom).
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Gauge invariance in the discrete

−ℒ = (Dμφ)*Dμφ +
1
4

FμνFμν + V(φ*φ) e ≡ gAQA

⟶ ∂μ(e−ieα(x)φ(x)) − ie(Aμ − ∂μα(x))φe−ieα(x) =

= e−ieα(x) (∂μφ(x) − ie(∂μα)φ(x) − ieAμ + ie∂μα(x)φ(x)) = e−ieα(x)Dμφ

S = ∫ d4xℒ

(Dμφ) ≡ ∂μφ − ieAμφ

φ(x) → e−ieα(x)φ(x)
Aμ(x) → Aμ(x) − ∂μα(x)

➤ Gauge transformation in the continuum:
{

(naive discretization)

(Dμφ) ≡ Δ+
μ φ − ieAμφ

➤ Gauge transformation in the discrete
{ φ(x) → e−ieα(x)φ(x)

Aμ(x) → Aμ(x) − Δ+
μ α(x)

⟶ Δ+
μ (e−ieα(x)φ(x)) − ie(Aμ − Δ+

μ α(x))φe−ieα(x) ≠ e−ieα(x)Dμφ

[The Leibniz rule                                   does not hold for finite difference operators]( fg)′￼= fg′￼+ f′￼g
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Links and plaquettes

We must discretize the theory with links and plaquettes  
in order to preserve GAUGE INVARIANCE in the lattice.

V(x, y) = Pexp (−ie∫
y

x
dxμAμ(x))

dxμ = (dη, dxi)➤ Parallel transporter: Connects two points of spacetime

V(x, y) ⟶ V(x, y)e−ie(α(x)−α(y))

[Aμ(x) → Aμ(x) − ∂μα(x)]

Gauge transformation:

➤ Notation: Vμ ≡ Vμ(n +
1
2

̂μ) V−μ ≡ V*μ,−μ

n + ̂μ/2

V0,n ≡ exp −ie∫
x(n+0̂)

x(n)
dη′￼A0 ≈ e−ieδηA0

➤ Links: (minimal connectors)

Vi,n ≡ exp {−ie∫
x(n+ ̂i )

x(n)
dx′￼Ai} ≈ e−ieδxAi

gauge fields and links live in points  

x

δη
η{

{
δx

V0

Vi

n
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Links and plaquettes

➤ Gauge covariant derivative:

φ ⟶ eieα(x)φ

Aμ ⟶ Aμ − Δ+
μ α

V±μ ⟶ V±μeie(α±μ−α)

{

(D±
μ φ)(l) = ± 1

δxμ
(V±μφ±μ − φ) ̂l = n̂ +

1
2

̂μ

(D±
μ φ)(l) = (Dμφ)(l) + 𝒪(δx2)

D±
μ φ → eieα(D±

μ φ)
• Expansion:

• Gauge transform.:

• Expansion:

• Gauge transform.:

ℛe{Vμν} ⟶ 1 −
1
2

δx2
μδx2

ν e2F2
μν + 𝒪(δx5)

ℐm{Vμν} ⟶ − δxμδxνeFμν + 𝒪(δx3)

Vμν ⟶ Vμν

n
l = n +

1
2

̂μ +
1
2

̂ν

➤ Plaquettes: Vμν ≡ VμV*μ,+νVν,+μV*ν ≃ e−ieδxμδxν[Fμν+𝒪(dx)]

xμ

xν
n

Vμ

V*μ,+v

Vν,μ

V*ν
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Compact and non-compact formulations

Vμ

Two formulations 
for U(1) gauge fields:

Non-compact: based on gauge field amplitudes

Compact: based on links

{ Aμ

NOTE: SU(2) theories can only be formulated with a compact formulation [see Lesson 6]

U(1) toolkit:
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Gauge EOM in program variables

φ̃ ≡
1
f*

φ Ã μ ≡
1

ω*
Aμ

dη̃ ≡ a−αω*dt dx̃i ≡ ω*dxi

➤ Program variables:

➤ Field equations (in the continuum):

(a3−αφ̃′￼)′￼− a1+α ⃗D̃ 2φ̃ = − aα+3 Ṽ ,|φ̃|
φ̃

2 | φ̃ |

∂̃0(a1−α F̃ 0i) − aα−1∂j F̃ ji = a1+αJ̃A
i

Ṽ( | φ̃ | ) =
1

f 2
*ω2

*
V( f* |φ | )

Program potential:

Link:
Vμ = e−iδxμAμ = e−iδx̃μÃμ

(π̃φ)′￼= 𝒦φ[a, φ̃, Ã j] 𝒦φ[a, φ̃, Ã j] ≡ − aα+3 Ṽ ,|φ̃|
φ̃

2 | φ̃ |
+ a1+α ⃗D̃ 2φ̃

(πA)′￼i = 𝒦Ai
[a, φ̃, Ã j] 𝒦Ai

[a, φ̃, Ã j] ≡ a1+αJ̃A
i + aα−1∂̃j F̃ ji

φ̃′￼= aα−3π̃φ

A′￼i = aα−1(π̃A)i

π̃φ ≡ a3−αφ̃′￼

(π̃A)i ≡ a1−α F̃ 0i = a1−αA′￼i

Conjugate momenta:

F̃ μν ≡ Fμν /ω2
*

D̃ μ ≡ Dμ /ω*

J̃μ
A ≡ 2gAQAℐm[φ̃*(D̃μφ̃)]
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Gauge EOM in program variables

Ẽ φ
K =

1
a6 ⟨π̃2

φ⟩ Ẽ A
K =

1
2a4

ω2
*

f 2
*

3

∑
i=1

⟨(π̃A)2
i ⟩

b′￼= 𝒦a [a, Ẽ φ
K, Ẽ φ

G, Ẽ φ
V, Ẽ A

K, Ẽ A
G]

𝒦a [a, Ẽ φ
K, Ẽ φ

G, Ẽ φ
V, Ẽ A

K, Ẽ A
G] ≡

a2α+1

3
f 2
*

m2
p

[(α − 2) Ẽ φ
K + α Ẽ φ

G + (α + 1) Ẽ V + (α − 1)( Ẽ A
K + Ẽ A

G)]

b ≡ a′￼= da /dη̃➤ Second Friedmann equation (dynamical):

➤ First  Friedmann equation (constraint):

with:

Ẽ V = ⟨ Ṽ (φ̃, …)⟩

b2 =
1
3 ( f*

mp )
2

a2(α+1) [ Ẽ φ
K + Ẽ φ

G + Ẽ V + Ẽ A
K + Ẽ A

G]

Ẽ φ
G =

1
a2

⟨∑
i

( D̃ A
i φ)*( D̃ A

i φ̃ )⟩ Ẽ A
G =

1
2a4

ω2
*

f 2
*

∑
i, j<i

⟨ F̃ 2
ij⟩

(Complex scalar: 
Kinetic and gradient)

(Electric and magnetic) (Potential)
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Discretization of gauge field equations

➤ We can discretize the field equations by using the U(1) toolkit (non-compact):

𝒦φ[a, φ̃, Ã i] = − aα+3
Ṽ ,|φ̃|

2
φ̃

| φ̃ |
+ a1+α ∑

i

D̃ −
i D̃ +

i φ̃

• Kernels:

Ẽ φ
G =

1
a2 ∑

i
⟨(D̃+

i φ̃)*(D̃+
i φ̃)⟩

Ẽ A
G =

1
2a4

ω2
*

f 2
*

∑
i, j<i

⟨(Δ̃+
i Ã j − Δ̃+

j Ã i)2⟩

• Energies:

And now we solve them with an appropriate evolution algorithm!

CONTINUOUS

𝒦φ[a, φ̃, Ã j] = − aα+3 Ṽ ,|φ̃|
φ̃

2 | φ̃ |
+ a1+α ⃗D̃ 2φ̃

Ẽ φ
G =

1
a2

⟨∑
i

( D̃ A
i φ)*( D̃ A

i φ̃ )⟩

Ẽ A
G =

1
2a4

ω2
*

f 2
*

∑
i, j<i

⟨ F̃ 2
ij⟩

𝒦Ai
[a, φ̃, Ã j] = a1+α ( 2gAQA

δx̃
f 2
*

ω2
*

ℐm[φ̃*e−iδxÃiφ̃])
+aα−1 ∑

j
(Δ̃−

j Δ̃+
j Ã i − Δ̃−

j Δ̃+
i Ã j)

𝒦Ai
[a, φ̃, Ã j] = 2a1+αgAQAℐm[φ̃*(D̃iφ̃)]

+aα−1∂̃j F̃ ji

DISCRETE
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Evolution algorithms for gauge theories

(Non-compact) Staggered leapfrog algorithm

➤ Initial conditions:

➤ Hubble constraint:

➤ Evolution:
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Evolution algorithms for gauge theories

➤ Hubble constraint:

(Non-compact) Velocity-Verlet algorithm

➤ Evolution:

➤ Initial conditions:

Generalization to VV4 - VV10

implemented in CosmoLattice 

(and explained in the “Art”)
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Initial conditions for complex scalars

φ ≡
1

2
(φ0 + iφ1)

➤ Initial condition for complex scalars:

φn(x, t*) ≡ |φ* | + δφn*
(x)

n = 0,1·φn(x, t*) ≡ | ·φ* | + δ ·φn*(x)

Homogeneous  
mode Fluctuations

➤ For complex scalars we try to set the same spectrum of initial fluctuations as for 
scalar singlets (see Lesson 2):

δφ̃n(ñ) =
1

2
( |δφ̃(l)

n (ñ) |eiθ(l)
n (ñ)+ |δφ̃(r)

n (ñ) |eiθ(r)
n (ñ))

δφ̃n
′￼(ñ) =

1
a1−α [

iω̃k,φn

2 ( |δφ̃(l)
n (ñ) |eiθ(l)

n (ñ)− |δφ̃(r)
n (ñ) |eiθ(r)

n (ñ))] − ℋ̃δφ̃n(ñ)

: Rayleigh distribution with expected (*)|δϕ̃(l,r)(ñ) |

θ(l,r)(ñ) : Random phase in range [0,2π]

ω̃k,φn
≡ k̃2 + a2(∂2Ṽ/∂φ̃2

n)

ℋ̃ ≡ aαH/ω*
(in principle)


8 random functions
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Initial conditions for gauge fields

Ai(x, t*) ≡ 0
·Ai(x, t*) ≡ δ ·Ai*(x)

➤ For gauge fields we only set 
fluctuations to the time-derivative:

Initially we have 
some electric field, 

but zero magnetic 

field

JA
0 (x) ≡ 2gAQ(φ)

A ℐm[φ*φ′￼]

∂i
·Ai(x) = JA

0 (x)

➤ But the fluctuations must preserve the Gauss constraint:

ki ·Ai(k) = JA
0 (k)

Fourier 
transform

·Ai(k) = i
ki

k2
JA

0 (k)

Initial spectrum for 
electric field

∑
i

Δ−
i Δ+

0 Ai(n) = JA
0 (n)

➤ In the discrete:

Δ+
0 Ai(ñ) = i

k−
Lat,i

(k−
Lat,i)2

JA
0 (ñ)

k−
Lat,i =

sin(2π ñi /N )
δx

− i
1 − cos(2π ñi /N )

δx
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Initial conditions for gauge fields

|δφ(l)
0 (k) | = |δφ(r)

0 (k) |
θ(r)

1 (k) = θ(r)
0 (k) + θ(l)

1 (k) − θ(l)
0 (k)

|δφ(l)
1 (k) | = |δφ(r)

1 (k) |
3 constraints:

➤ We want zero electric charge in the lattice, so we require:

Q = JA
0 (k = 0) = ∫ d3xJA

0 (x) ∝ ∫ d3kℛe[φ*0 (k)φ′￼1(k) − φ′￼0(k)φ*1 (k)] = 0
!
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Example: Abelian-Higgs model

V( |φ | ) = λ |φ |4 =
λ
4

(φ0 + φ1)4S = − ∫ d4x −g {(DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + V( |φ | )}
φ ≡

1

2
(φ0 + iφ1)

➤ As an example, we are going to simulate an Abelian gauge model:

+ self-consistent expansion 

α = 1

f* = |φ* |
ω* = λ |φ* |

➤ We chose program variables analogously to scalar model:

Ṽ( | φ̃ | ) ≡
1

f 2
*ω2

*
V( f* |φ | ) = | φ̃ |4PROGRAM 

POTENTIAL:

φ̃ ≡ φ/f*

➤ Initial conditions: We distribute the complex scalar amplitude equally between 
its components:

amplitude for the end of 
inflation in λφ4 potential

φ0 = φ1 = ϕ*/ 2 ·φ0 = ·φ1 = ·ϕ*/ 2
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Example: Abelian-Higgs model

Number of fields for each species

Coupling managers (sets which complex scalars 
are coupled to the U(1) gauge sector)

➤ In the model file (lphi4U1.h):

This model is implemented in the file lphi4U1.h of CosmoLattice.



Cosmo𝓛attice school, IFIC Valencia - 5th-8th September 2022 Francisco Torrenti 31

Example: Abelian-Higgs model

φ =
1

2
(φ0 + iφ1)

|φ* | , | ·φ* |

QA, gA

➤ In the parameter file (lphi4U1.in):

➤ In the model file (lphi4U1.h):

Reads initial homogeneous 
modes from input file

Sets the initial values for complex scalars: φ = ( |φ* |

2
,

|φ* |

2 ) ·φ = ( | ·φ* |

2
,

| ·φ* |

2 )

λ
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Example: Abelian-Higgs model

➤ In the model file (lphi4U1.h):

f* = |φ* | , ω* = λ |φ* | , α = 1

Ṽ( | φ̃ | ) = | φ̃ |4

Ṽ,|φ̃|( | φ̃ | ) = 4 | φ̃ |3

Ṽ,|φ̃||φ̃|( | φ̃ | ) = 12 | φ̃ |2
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Generic model with multiple fields

➤ Consider a model with Np potential terms, Ns scalar singlets and Nc complex 
scalars:

Ṽ = Ṽ(ϕ̃0, …, ϕ̃Ns
, | φ̃0 | , …, | φ̃Nc

| ) = Ṽ (0)(…) + … + Ṽ (Nt)(…)

• Np potentialTerms functions: 

your model file must have:

{Ṽ (0), …, Ṽ (Nt)}

{Ṽ,|φ̃0| , …, Ṽ,|φ̃Nc
|}

{Ṽ,|φ̃0||φ̃0| , …, Ṽ,|φ̃Nc
||φ̃Nc

|}

{Ṽ,ϕ̃0ϕ̃0
, …, Ṽ,ϕ̃Ns

ϕ̃Ns
}

{Ṽ,ϕ̃0
, …, Ṽ,ϕ̃Ns

}• Ns potDeriv functions: 

• Ns potDeriv2 functions: 

• Nc potDerivNormCS functions: 

• Nc potDerivNorm2CS functions: 
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Output from CosmoLattice
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Example: Abelian-Higgs model

··Ai − a−2(1−α) ∇2 Ai + ∂j∂iAj + (1 − α)
a′￼

a
A′￼i = a2αJA

i

Ji
A ≡ 2gAQAℐm[φ*(∂iφ − igAQAAiφ)]

Source term{

gAQA |φ |2 Ai

contains

Similar to the source term 
of the analogous scalar equation

Gauge fields coupled to charged scalars with a monomial potential 
experience parametric resonance  

(similar to the scalar case seen in Lesson 2)

Explicit comparison between scalar and gauge simulations:  
D.G. Figueroa, J. García-Bellido and F.T.: PRD 92 (2015) 8, 083511
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Example: Abelian-Higgs model

0 20 40 60 80 100 120 140

10-19

10-14

10-9

10-4

10

η̃

a4
ρ̃ ρ̃ =

1
f 2

*ω2
*

( Ẽ φ
K + Ẽ φ

G + Ẽ A
K + Ẽ A

G + Ẽ V)
Energy density: 

Conserved 
up to machine 

precision

0 20 40 60 80 100 120 140
10-14

10-12

10-10

10-8

η̃

Δ g
Gauss law conservation: 

Δ−
i Δ+

0 Ai = a2JA
0

LHS RHS

Δg ≡
⟨ (LHS − RHS)2⟩

⟨ (LHS + RHS)2⟩
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Example: Abelian-Higgs model

5 10 50 100
0.01

10

104

107

1010

1013

k
˜

Δ˜ E∼
(k˜

)

5 10 50 100
0.01

10

104

107

1010

1013

k
˜

Δ˜ B∼
(k˜

)

5 10 50 100

10-19

10-16

10-13

10-10

10-7

k
˜

Δ˜ ϕ∼
(k˜

)

Electric  
spectra Magnetic 

spectra 

Complex 
scalar 

spectra 



Thank you!


