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S = − ∫ d4x −g ( 1
2

∂μϕb∂μϕb + V({ϕc})) = ( f*
ω* )
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S̃Action:



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Continuum Formulation

Interacting real scalar fields:             {ϕa}a=1,2,...,Ns
(with canonically normalized kinetic terms)

S = − ∫ d4x −g ( 1
2

∂μϕb∂μϕb + V({ϕc})) = ( f*
ω* )

2

S̃Action:

S̃ = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,k

( ∇̃kϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

ϕ̃a ≡
ϕa

f*
, dη̃ ≡ a−αω*dt , dx̃i ≡ ω*dxi

Ṽ ({ϕ̃c}) ≡
1

f 2
*ω2

*
V({ϕc})

ϕc=f*ϕ̃c

<latexit sha1_base64="2HNR7gFizcQTjs+XSXx/gpL675s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpt8vV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPwDuM6g==</latexit>

]
<latexit sha1_base64="2HNR7gFizcQTjs+XSXx/gpL675s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpt8vV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPwDuM6g==</latexit>

]
(FLRW)
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S̃ = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,k

( ∇̃kϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Continuum Formulation

S̃ = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,k

( ∇̃kϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

EOM in the dimensionless variables

δS̃ = 0 ϕ̃′ ′ a − a−2(1−α) ∇̃2ϕ̃a + (3 − α)
a′ 

a
ϕ̃′ a + a2α Ṽ ,ϕ̃a

= 0
(a = 1,2,...,Ns)



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Continuum Formulation

S̃ = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,k

( ∇̃kϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

EOM in the dimensionless variables

δS̃ = 0 ϕ̃′ ′ a − a−2(1−α) ∇̃2ϕ̃a + (3 − α)
a′ 

a
ϕ̃′ a + a2α Ṽ ,ϕ̃a

= 0
(a = 1,2,...,Ns)

( a′ 

a )
2

=
a2α

3 ( f*
mp )

2

[ Ẽ K + Ẽ G + Ẽ V] ,

a′ ′ 

a
=

a2α

3 ( f*
mp )

2

[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V] ,

EOM of the Expanding Background

Ẽ K ≡
1

2a2α ∑
i

⟨(ϕ̃i
′ )2⟩

Ẽ V ≡ ⟨Ṽ({ϕ̃j})⟩

Ẽ G ≡
1

2a2 ∑
i,k

⟨( ∇̃ kϕ̃i)2⟩

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice Formulation

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice

Simple Prescription:



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice Formulation

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice

Simple Prescription: Valid for  
Scalar  
Fields

Not enough 
for Gauge 
theories !



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice Formulation <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice Formulation

ii) Lattice action approach: Discretize the continuum action

i) EOM discretization approach: Discretize the continuum EOM

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
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Lattice Formulation

ϕ̃′ ′ a − a−2(1−α) ∇̃2ϕ̃a + (3 − α)
a′ 

a
ϕ̃′ a = − a2α Ṽ ,ϕ̃a

i) EOM discretization approach: Discretize the continuum EOM

ii) Lattice action approach: Discretize the continuum action

Discretize:
<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice Formulation

ϕ̃′ ′ a − a−2(1−α) ∇̃2ϕ̃a + (3 − α)
a′ 

a
ϕ̃′ a = − a2α Ṽ ,ϕ̃a

i) EOM discretization approach: Discretize the continuum EOM

ii) Lattice action approach: Discretize the continuum action

Discretize:
<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

S̃ = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,k

( ∇̃kϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

Discretize:
<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice Formulation

ϕ̃′ ′ a − a−2(1−α) ∇̃2ϕ̃a + (3 − α)
a′ 

a
ϕ̃′ a = − a2α Ṽ ,ϕ̃a

i) EOM discretization approach: Discretize the continuum EOM

ii) Lattice action approach: Discretize the continuum action

S̃ = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,k

( ∇̃kϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice Formulation

ϕ̃′ ′ a − a−2(1−α) ∇̃2ϕ̃a + (3 − α)
a′ 

a
ϕ̃′ a = − a2α Ṽ ,ϕ̃a

i) EOM discretization approach: Discretize the continuum EOM

ii) Lattice action approach: Discretize the continuum action

S̃ = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,k

( ∇̃kϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

?



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum: S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice: S̃L = δη̃δx̃ 3 ∑
n0

∑
n

1
2

a3−α
+0/2 ∑

b

( Δ̃ +
0 ϕ̃b)2 −

1
2

a1+α ∑
b,i

( Δ̃ +
i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

 time

 step

 lattice

 spacing

 integration

   Sum≃

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

S̃L = δη̃δx̃ 3 ∑
n0

∑
n

1
2

a3−α
+0/2 ∑

b

( Δ̃ +
0 ϕ̃b)2 −

1
2

a1+α ∑
b,i

( Δ̃ +
i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

 Forward

   Derivatives

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

S̃L = δη̃δx̃ 3 ∑
n0

∑
n

1
2

a3−α
+0/2 ∑

b

( Δ̃ +
0 ϕ̃b)2 −

1
2

a1+α ∑
b,i

( Δ̃ +
i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

  scale factor

 at (n0 + 1/2)δη̃

  scale factor

     at n0δη̃

(semi-integer times) (integer times)

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

S̃L = δη̃δx̃ 3 ∑
n0

∑
n

1
2

a3−α
+0/2 ∑

b

( Δ̃ +
0 ϕ̃b)2 −

1
2

a1+α ∑
b,i

( Δ̃ +
i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

ϕ̃b(n0 + 1) − ϕ̃b(n0)
δη̃

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
≡ ( Δ̃ +

0 ϕ̃b)
n,n0+1/2

ϕ̃b(n + ̂i ) − ϕ̃b(n)
δx̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
≡ ( Δ̃ +

i ϕ̃b)
n+ ̂i/2,n0

S̃L = δη̃δx̃ 3 ∑
n0

∑
n

1
2

a3−α
+0/2 ∑

b

( Δ̃ +
0 ϕ̃b)2 −

1
2

a1+α ∑
b,i

( Δ̃ +
i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> { <latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
(n0 + 1/2)δη̃ n0δη̃

(semi-integer times) (integer times)
@ @

S̃L = δη̃δx̃ 3 ∑
n0

∑
n

1
2

a3−α
+0/2 ∑

b

( Δ̃ +
0 ϕ̃b)2 −

1
2

a1+α ∑
b,i

( Δ̃ +
i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

S̃cont = ∫ d3x̃dη̃
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( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> { <latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
(n0 + 1/2)δη̃ n0δη̃
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Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> { <latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
(n0 + 1/2)δη̃ n0δη̃

(semi-integer times) (integer times)
@ @

δϕa
SL = 0 Δ̃ −

0 [a3−α
+0/2 Δ̃ +

0 ϕ̃b] = a1+α ∑
i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns

Backward

time deriv.

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

( Backward

spat. deriv.

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

( Backward

spat. deriv.

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>
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i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach <latexit sha1_base64="CATXfDJn6uZ1CO2ek3qU3eoNhSM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEK8hF2Jj2PQiwcPCsYEsnHpnUySwXksM7NKWJIf8eKvePGgiOBJ/8ZJzEGNBQ1FVTfdXXHCmbG+/+lNTc/Mzs0vLOaWlldW1/LrG1dGpZrQKlFc6XoMhnImadUyy2k90RREzGktvjkZ+rVbqg1T8tL2EtoU0JGszQhYJ0X5/TABbRnwKBQpHgxCrmRHs07XgtbqzgkSYg5R5uz+dRZqUTzb7Uf5gl/yR8CTJBiTAhrjPMq/hy1FUkGlJRyMaQR+YpvZcDXhtJ8LU0MTIDfQoQ1HJQhqmtnovT7ecUoLt5V2JS0eqT8nMhDG9ETsOgXYrvnrDcX/vEZq20fNjMkktVSS70XtlGOr8DAr3GKaEst7jgDRzN2KSRc0EOsSzbkQgr8vT5KrvVJwUCpflAuV43EcC2gLbaMiCtAhqqBTdI6qiKB79Iie0Yv34D15r97bd+uUN57ZRL/gfXwB7VukNg==</latexit>

@µ �! r(L)
µ

Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice:

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> { <latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
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<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Continuum:

Lattice: S̃L = δη̃δx̃ 3 ∑
n0

∑
n

1
2

a3−α
+0/2 ∑

b

( Δ̃ +
0 ϕ̃b)2 −

1
2

a1+α ∑
b,i

( Δ̃ +
i ϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

S̃cont = ∫ d3x̃dη̃
1
2

a3−α ∑
b

ϕ̃′ 2
b −

1
2

a1+α ∑
b,i

( ∇̃iϕ̃b)2 − a3+α Ṽ ({ϕ̃c})

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> { <latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
(n0 + 1/2)δη̃ n0δη̃

(semi-integer times) (integer times)
@ @

δϕa
SL = 0 Δ̃ −

0 [a3−α
+0/2 Δ̃ +

0 ϕ̃b] = a1+α ∑
i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Δ̃ −
0 [a3−α

+0/2 Δ̃ +
0 ϕ̃b] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns

<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Δ̃ −
0 [a3−α

+0/2 Δ̃ +
0 ϕ̃b] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns

<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Where does the scale factor live ?



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Cont: ( a′ 

a )
2

=
a2α

3 ( f*
mp )

2

[ Ẽ K + Ẽ G + Ẽ V] ;
a′ ′ 

a
=

a2α

3 ( f*
mp )

2

[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

Where does the scale factor live ?



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Cont: ( a′ 

a )
2

=
a2α

3 ( f*
mp )

2

[ Ẽ K + Ẽ G + Ẽ V] ;
a′ ′ 

a
=

a2α

3 ( f*
mp )

2

[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡

1
2a2 ∑

b,k
⟨( Δ̃ +

k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩
[integer times] [integer times][semi-integer times]

Where does the scale factor live ?



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

i) IF  a(n0 + 1/2)
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[integer times] [integer times][semi-integer times]

Where does the scale factor live ?



<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

i) IF  a(n0 + 1/2) a′ ⟶ Δ̃ +
0 a−0/2 ≡ b ,

a′ ′ ⟶ Δ̃ +
0 b =

1
3 ( f*

mp )
2

a1+2α
+0/2 [(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V ]

Cont. Lattice
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>
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Where does the scale factor live ?



<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

i) IF  a(n0 + 1/2) a′ ⟶ Δ̃ +
0 a−0/2 ≡ b ,

a′ ′ ⟶ Δ̃ +
0 b =

1
3 ( f*

mp )
2

a1+2α
+0/2 [(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V ]

Cont. Lattice
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
[semi-integer  

times]

[integer times]

Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>
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Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡
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i) IF  a(n0 + 1/2) a′ ⟶ Δ̃ +
0 a−0/2 ≡ b ,

a′ ′ ⟶ Δ̃ +
0 b =

1
3 ( f*

mp )
2

a1+2α
+0/2 [(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V ]

Cont. Lattice
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
[semi-integer  

times] ( Ẽ G + Ẽ G,+0̂)
2

( Ẽ V + Ẽ V,+0̂)
2 consistency 

[integer times]

Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>
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[integer times] [integer times][semi-integer times]

Where does the scale factor live ?



<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

i) IF  a(n0 + 1/2) a′ ⟶ Δ̃ +
0 a−0/2 ≡ b ,

Cont. Lattice
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ [integer times]

[semi-integer  
times] ( Ẽ G + Ẽ G,+0̂)

2
( Ẽ V + Ẽ V,+0̂)

2

ii) IF  a(n0)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>
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Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Cont: ( a′ 

a )
2

=
a2α

3 ( f*
mp )

2

[ Ẽ K + Ẽ G + Ẽ V] ;
a′ ′ 

a
=

a2α

3 ( f*
mp )

2

[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

Where does the scale factor live ?



<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

i) IF  a(n0 + 1/2) a′ ⟶ Δ̃ +
0 a−0/2 ≡ b ,

Cont. Lattice
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ [integer times]

[semi-integer  
times] ( Ẽ G + Ẽ G,+0̂)

2
( Ẽ V + Ẽ V,+0̂)

2

ii) IF  a(n0)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ a′ ⟶ Δ̃ +
0 a ≡ b+0/2 , [semi-integer times]

a′ ′ ⟶ Δ̃ +
0 b−0/2 =

1
6 ( f*

mp )
2

a1+2α[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]
[integer times]

a′ ′ ⟶ Δ̃ +
0 b =

1
3 ( f*

mp )
2

a1+2α
+0/2 [(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V ]

Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Cont: ( a′ 

a )
2

=
a2α

3 ( f*
mp )

2

[ Ẽ K + Ẽ G + Ẽ V] ;
a′ ′ 

a
=

a2α

3 ( f*
mp )

2

[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

Where does the scale factor live ?



<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

i) IF  a(n0 + 1/2) a′ ⟶ Δ̃ +
0 a−0/2 ≡ b ,

Cont. Lattice
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ [integer times]

[semi-integer  
times] ( Ẽ G + Ẽ G,+0̂)

2
( Ẽ V + Ẽ V,+0̂)

2

ii) IF  a(n0)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ a′ ⟶ Δ̃ +
0 a ≡ b+0/2 , [semi-integer times]

a′ ′ ⟶ Δ̃ +
0 b−0/2 =

1
6 ( f*

mp )
2

a1+2α[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]
[integer times]

a′ ′ ⟶ Δ̃ +
0 b =

1
3 ( f*

mp )
2

a1+2α
+0/2 [(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V ]

( Ẽ K,−0̂/2 + Ẽ K,+0̂/2)
2

 consistency 

Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Cont: ( a′ 

a )
2

=
a2α

3 ( f*
mp )

2

[ Ẽ K + Ẽ G + Ẽ V] ;
a′ ′ 

a
=

a2α

3 ( f*
mp )

2

[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

Where does the scale factor live ?



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action/EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Δ̃ −
0 [a3−α

+0/2 Δ̃ +
0 ϕ̃b] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns

<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Expansion  
of the  

Universe

i) IF  a(n0 + 1/2)
Δ̃ +

0 a−0/2 ≡ b ,
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

ii) IF  a(n0)
Δ̃ +

0 a ≡ b+0/2 ,

Δ̃ +
0 b−0/2 =

1
6 ( f*

mp )
2

a1+2α[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

Δ̃ +
0 b =

1
3 ( f*

mp )
2

a1+2α
+0/2 [(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V ]

Scalar  
field  

dynamics

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
( Ẽ G + Ẽ G,+0̂)

2

( Ẽ V + Ẽ V,+0̂)
2

( Ẽ K,−0̂/2 + Ẽ K,+0̂/2)
2

Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡

1
2a2 ∑

b,k
⟨( Δ̃ +

k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

<latexit sha1_base64="8wSkXT0yP3b7KNeYpm6UbBnCe7c=">AAAB7nicdZDJSgNBEIZr4hbjFvXopTEInoYZicsx6MVjBLNAMoSeTk3SpGehu0cIQx7CiwdFvPo83nwbe5IJqOgPDT9fVdFVv58IrrTjfFqlldW19Y3yZmVre2d3r7p/0FZxKhm2WCxi2fWpQsEjbGmuBXYTiTT0BXb8yU1e7zygVDyO7vU0QS+ko4gHnFFtUKcvfEkZDqo1xz53chHHdpamIG5BalCoOah+9IcxS0OMNBNUqZ7rJNrLqNScCZxV+qnChLIJHWHP2IiGqLxsvu6MnBgyJEEszYs0mdPvExkNlZqGvukMqR6r37Uc/lXrpTq48jIeJanGiC0+ClJBdEzy28mQS2RaTI2hTHKzK2FjagLQJqGKCWF5KfnftM9s98Ku39VrjesijjIcwTGcgguX0IBbaEILGEzgEZ7hxUqsJ+vVelu0lqxi5hB+yHr/Alp1j5g=</latexit>

{



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Lattice action/EOM approach Continuum Lattice
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Δ̃ −
0 [a3−α

+0/2 Δ̃ +
0 ϕ̃b] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns

<latexit sha1_base64="wk5nGhlwZ9zE4srhspxKyAnJd3Q=">AAACG3icbVBNS8NAEN34bf2KevSyWISKUJJS1KPoxaOCVaGpYbLdpks3u2F3o5RQf4cX/4oXD4p4Ejz4b9zWHLT1wcDjvRlm5kUpZ9p43pczNT0zOze/sFhaWl5ZXXPXNy61zBShDSK5VNcRaMqZoA3DDKfXqaKQRJxeRb2ToX91S5VmUlyYfkpbCcSCdRgBY6XQrQUpKMOAh0GS4fv7gEsRKxZ3DSgl76wgIOIQ5tYe3OSVvd1B6Ja9qjcCniR+QcqowFnofgRtSbKECkM4aN30vdS08uFewumgFGSapkB6ENOmpQISqlv56LcB3rFKG3eksiUMHqm/J3JItO4nke1MwHT1uDcU//OamekctnIm0sxQQX4WdTKOjcTDoHCbKUoM71sCRDF7KyZdUECMjbNkQ/DHX54kl7Wqv1+tn9fLR8dFHAtoC22jCvLRATpCp+gMNRBBD+gJvaBX59F5dt6c95/WKaeY2UR/4Hx+Ay3vorw=</latexit>

@µ �! r(+)
µ

Expansion  
of the  

Universe

i) IF  a(n0 + 1/2)
Δ̃ +

0 a−0/2 ≡ b ,
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

ii) IF  a(n0)
Δ̃ +

0 a ≡ b+0/2 ,

Δ̃ +
0 b−0/2 =

1
6 ( f*

mp )
2

a1+2α[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

Δ̃ +
0 b =

1
3 ( f*

mp )
2

a1+2α
+0/2 [(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V ]

Scalar  
field  

dynamics

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
( Ẽ G + Ẽ G,+0̂)

2

( Ẽ V + Ẽ V,+0̂)
2

( Ẽ K,−0̂/2 + Ẽ K,+0̂/2)
2

<latexit sha1_base64="8wSkXT0yP3b7KNeYpm6UbBnCe7c=">AAAB7nicdZDJSgNBEIZr4hbjFvXopTEInoYZicsx6MVjBLNAMoSeTk3SpGehu0cIQx7CiwdFvPo83nwbe5IJqOgPDT9fVdFVv58IrrTjfFqlldW19Y3yZmVre2d3r7p/0FZxKhm2WCxi2fWpQsEjbGmuBXYTiTT0BXb8yU1e7zygVDyO7vU0QS+ko4gHnFFtUKcvfEkZDqo1xz53chHHdpamIG5BalCoOah+9IcxS0OMNBNUqZ7rJNrLqNScCZxV+qnChLIJHWHP2IiGqLxsvu6MnBgyJEEszYs0mdPvExkNlZqGvukMqR6r37Uc/lXrpTq48jIeJanGiC0+ClJBdEzy28mQS2RaTI2hTHKzK2FjagLQJqGKCWF5KfnftM9s98Ku39VrjesijjIcwTGcgguX0IBbaEILGEzgEZ7hxUqsJ+vVelu0lqxi5hB+yHr/Alp1j5g=</latexit>

{
How do we solve these EOM ? …



Can we apply previous 
evolution algorithms ?

Notation
ϕ+0 ≡ ϕ(n, n0)

π+0/2 ≡ π(n, n0 + 1/2)

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

* LeapFrog 
* Verlet methods 
* Runge-Kutta methods 
* Higher Order integrators



Can we apply previous 
evolution algorithms ?

Notation
ϕ+0 ≡ ϕ(n, n0)

π+0/2 ≡ π(n, n0 + 1/2)

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

* LeapFrog 
* Verlet methods 
* Runge-Kutta methods 
* Higher Order integrators



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

x0 x1 x2 x3 x4

v1/2 v3/2 v5/2 v7/2 v9/2



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

EOM



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

EOM

Δ̃ −
0 [a3−α

+0/2 Δ̃ +
0 ϕ̃b] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,NsEOM:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
≡ π̃(b)

+0/2



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

EOM

Δ̃ −
0 [a3−α

+0/2 Δ̃ +
0 ϕ̃b] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,NsEOM:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
≡ π̃(b)

+0/2

Δ̃ −
0 [a3−α

+0/2π̃
(b)
+0/2] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

EOM

Δ̃ −
0 [a3−α

+0/2π̃
(b)
+0/2] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

EOM

Δ̃ −
0 [a3−α

+0/2π̃
(b)
+0/2] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

EOM

Δ̃ −
0 [a3−α

+0/2π̃
(b)
+0/2] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

EOM

Δ̃ −
0 [a3−α

+0/2π̃
(b)
+0/2] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns

π̃(a)
−0/2 + 𝒦ϕ̃a

[{ϕ̃(b), a−0/2, a, a+0/2, π̃(a)
−0/2]δη̃

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
Non-conservative force

(no good for symplectic integrator)



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

π̃(a)
+0 = π̃(a) + 𝒦ϕ̃a

[{ϕ̃(b)
+0/2}, a, a+0/2, a+0, π̃(a)]δη̃

. 

. 

.

Non-conservative force



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

Δ̃ −
0 [π̃(b)

+0/2] = a1+α ∑
i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns

Δ̃ −
0 [a3−α

+0/2 Δ̃ +
0 ϕ̃b] = a1+α ∑

i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,NsEOM:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
≡ π̃(b)

+0/2 <latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
𝒦ϕ̃a

[{ϕ̃(b)}, a]
(Appropriate for symplectic integrators)

Conservative force !



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

Δ̃ −
0 [π̃(b)

+0/2] = a1+α ∑
i

Δ̃ −
i Δ̃ +

i ϕ̃b − a3+α Ṽ ,ϕ̃b
; b = 1,2,...,Ns



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡

1
2a2 ∑

b,k
⟨( Δ̃ +

k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡

1
2a2 ∑

b,k
⟨( Δ̃ +

k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡

1
2a2 ∑

b,k
⟨( Δ̃ +

k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡

1
2a2 ∑

b,k
⟨( Δ̃ +

k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

Ẽ K ≡
1

2a2α
+0/2

∑
b

⟨( Δ̃ +
0 ϕ̃b)2⟩ , Ẽ G ≡

1
2a2 ∑

b,k
⟨( Δ̃ +

k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

Pretty much the same as III)



Scalar Field @ Expanding Background (SF@EB) Algorithms 

(Staggered) LeapFrog

“The Art” (2006.15122) presented 4 LF methods:

I

III
II

IV

Discussed here CosmoLatticeOrderLabel
𝒪(dt)
𝒪(dt)

𝒪(dt2)

𝒪(dt2)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
(Non-conservative)

(Conservative)

(Symplectic integ.)

(Symplectic integ.)

https://arxiv.org/pdf/2006.15122.pdf


Scalar Field @ Expanding Background (SF@EB) Algorithms 

Synchronized LeapFrog

x0 x1 x2 x3 x4
v0 v3/2 v3v2



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Verlet Algorithms

x0 x1 x2 x3 x4
v0 v3/2 v3v2

Loup Verlet

RIP 13th/06/2019



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

(a(3−α)ϕ̃′ i)′ − a1+α ∇̃ 2ϕ̃i + a3+αṼ,ϕ̃i
= 0 , i = 1,2,...,Ns

Continuum:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Fld dynamics:



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

(a(3−α)ϕ̃′ i)′ − a1+α ∇̃ 2ϕ̃i + a3+αṼ,ϕ̃i
= 0 , i = 1,2,...,Ns

Continuum:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
ϕ̃′ i = a−(3−α)π̃i ,
π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Fld dynamics:



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

(a(3−α)ϕ̃′ i)′ − a1+α ∇̃ 2ϕ̃i + a3+αṼ,ϕ̃i
= 0 , i = 1,2,...,Ns

Continuum:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
ϕ̃′ i = a−(3−α)π̃i ,
π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {

𝒦ϕi
({ϕj}, a)(Kernel)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ (Drift)𝒟ϕ̃i
(π̃i, a)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Fld dynamics:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

(a(3−α)ϕ̃′ i)′ − a1+α ∇̃ 2ϕ̃i + a3+αṼ,ϕ̃i
= 0 , i = 1,2,...,Ns

Continuum:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {
ϕ̃′ i = a−(3−α)π̃i ,
π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {

𝒦ϕi
({ϕj}, a)(Kernel)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ (Drift)𝒟ϕ̃i
(π̃i, a)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Fld dynamics:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ Conservative force



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

Continuum:

ϕ̃′ i = a−(3−α)π̃i ,

π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,...,Ns

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Fld dynamics                           :(π̃i ≡ a(3−α)ϕ̃′ i)



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

Continuum:

ϕ̃′ i = a−(3−α)π̃i ,

π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,...,Ns

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Exp. Background:

(π̃i ≡ a(3−α)ϕ̃′ i)Fld dynamics                           :



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

Continuum:

ϕ̃′ i = a−(3−α)π̃i ,

π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,...,Ns

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Exp. Background:

(π̃i ≡ a(3−α)ϕ̃′ i)Fld dynamics                           :

(two flavours)

position-Verlet velocity-Verlet



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Verlet Algorithms

Continuum:

ϕ̃′ i = a−(3−α)π̃i ,

π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,...,Ns

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Exp. Background:

(π̃i ≡ a(3−α)ϕ̃′ i)Fld dynamics                           :

(two flavours)

position-Verlet velocity-Verlet

Lattice EOM Approach



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Velocity-Verlet Integration



Scalar Field @ Expanding Background (SF@EB) Algorithms 

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

Velocity-Verlet Integration



Scalar Field @ Expanding Background (SF@EB) Algorithms 

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

Velocity-Verlet Integration

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ 1/2 - step



Scalar Field @ Expanding Background (SF@EB) Algorithms 

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Velocity-Verlet Integration

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ Full - step



Scalar Field @ Expanding Background (SF@EB) Algorithms 

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Ẽ K ≡

1
2a2α

+0/2
∑

b
⟨( Δ̃ +

0 ϕ̃b)2⟩ , Ẽ G ≡
1

2a2 ∑
b,k

⟨( Δ̃ +
k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

Velocity-Verlet Integration

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ 1/2 - step



Scalar Field @ Expanding Background (SF@EB) Algorithms 

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Ẽ K ≡

1
2a2α

+0/2
∑

b
⟨( Δ̃ +

0 ϕ̃b)2⟩ , Ẽ G ≡
1

2a2 ∑
b,k

⟨( Δ̃ +
k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

Velocity-Verlet Integration



Scalar Field @ Expanding Background (SF@EB) Algorithms 

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
Ẽ K ≡

1
2a2α

+0/2
∑

b
⟨( Δ̃ +

0 ϕ̃b)2⟩ , Ẽ G ≡
1

2a2 ∑
b,k

⟨( Δ̃ +
k ϕ̃b)2⟩ , Ẽ V ≡ ⟨Ṽ({ϕ̃b})⟩

Velocity-Verlet Integration



Scalar Field @ Expanding Background (SF@EB) Algorithms 

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

Position-Verlet Integration



Scalar Field @ Expanding Background (SF@EB) Algorithms 

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Position-Verlet Integration

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ 1/2 - step



Scalar Field @ Expanding Background (SF@EB) Algorithms 

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Position-Verlet Integration

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ Full - step



Scalar Field @ Expanding Background (SF@EB) Algorithms 

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Position-Verlet Integration

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ 1/2 - step



Scalar Field @ Expanding Background (SF@EB) Algorithms 

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Position-Verlet Integration



Scalar Field @ Expanding Background (SF@EB) Algorithms 

ϕ̃′ i = a−(3−α)π̃i ,π̃′ i = a1+α ∇̃ 2ϕ̃i − a3+αṼ,ϕ̃i

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Position-Verlet Integration



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Verlet Integration

“The Art” (2006.15122) presented 2 Verlet methods:

I. Velocity-
II. Position-

Discussed here CosmoLatticeOrderLabel
𝒪(dt2)
𝒪(dt2)

https://arxiv.org/pdf/2006.15122.pdf


Scalar Field @ Expanding Background (SF@EB) Algorithms 

Verlet Integration

“The Art” (2006.15122) presented 2 Verlet methods:

I. Velocity-
II. Position-

Discussed here CosmoLatticeOrderLabel
𝒪(dt2)
𝒪(dt2) (Slightly faster)

https://arxiv.org/pdf/2006.15122.pdf


Scalar Field @ Expanding Background (SF@EB) Algorithms 

Runge-Kutta



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Runge-Kutta

(Can solve non-symplectic systems)



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Runge-Kutta

(Can solve non-symplectic systems)

Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,....,Ns
(fld Kernels)

(expansion Kernels)



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Runge-Kutta

(Can solve non-symplectic systems)

Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,....,Ns
(fld Kernels)

(expansion Kernels)

non-conservative !



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Runge-Kutta

(Can solve non-symplectic systems)

Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,....,Ns
(fld Kernels)

(expansion Kernels)

non-conservative !



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Runge-Kutta

(Can solve non-symplectic systems)

Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ i = 1,2,....,Ns
(fld Kernels)

(expansion Kernels)

Many flavours:           + explicit OR implicit

Gauss-Legendre

*

*

𝒪(dηp)

non-conservative !



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Runge-Kutta

(Can solve non-symplectic systems)

Lattice Problem:

( c10 ≡ 0 , c21 ≡ 1 )

Explicit RK2 𝒪(dη2)[          ]



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Runge-Kutta

(Can solve non-symplectic systems)

Lattice Problem:

( c10 ≡ 0 , c21 ≡
1
2

, c32 ≡
1
2

, c43 ≡ 1 )

Explicit RK4 𝒪(dη4)[          ]



Scalar Field @ Expanding Background (SF@EB) Algorithms 

Higher Order Symplectic 
Integrators (Yoshida Method)

Haruo Yoshida
National Astronomical Observatory of Japan 
 NAOJ · Division of Theoretical Astronomy 

[ 𝒪(dη4), 𝒪(dη6), 𝒪(dη8), 𝒪(dη10), . . . ]

https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan
https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan


Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
 conservative ! (good for symplectic integrators)



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

 conservative ! (good for symplectic integrators)



Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

 conservative ! (good for symplectic integrators)



Continuum Problem:

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 conservative ! (good for symplectic integrators)



Lattice Problem:

 (s-copies)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)



Lattice Problem:

 (s-copies)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

1/2 - step



Lattice Problem:

 (s-copies)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

Full - step



Lattice Problem:

 (s-copies)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

1/2 - step



Lattice Problem:

η̃0 η̃1

dη̃

 (s-copies)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)



Lattice Problem:

η̃0 η̃1

dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies)



Lattice Problem:

η̃0 η̃1

dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s) ;

…
dη̃(1) dη̃(2) dη̃(3) dη̃(s)

dη̃(p) ≡ ωpdη̃
s

∑
p=1

ωp = 1

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ (            allowed)ωp < 0

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies)



Lattice Problem:

η̃0 η̃1dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies)

dη̃(p) ≡ ωpdη̃
s

∑
p=1

ωp = 1

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Lattice Problem:

η̃0 η̃1dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies)

dη̃(p) ≡ ωpdη̃
s

∑
p=1

ωp = 1

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Lattice Problem:

η̃0 η̃1dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies)

Appropriate                      : Errors intermediate steps cancel to {ωp}p=1,...,s 𝒪(δηr)

(s1 ≡ 1 ; n = 1, 2, . . . )
sn ≡ 2sn−1 + 1 = 1,3,7,15,... 𝒪(δη2n)

dη̃(p) ≡ ωpdη̃
s

∑
p=1

ωp = 1

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{(r = 2,4,6,8,...)



Lattice Problem:

η̃0 η̃1dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies)

Appropriate                      : Errors intermediate steps cancel to {ωp}p=1,...,s 𝒪(δηr)
dη̃(p) ≡ ωpdη̃
s

∑
p=1

ωp = 1

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{e.g. 𝒪(dη4)



Lattice Problem:

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies 
VV2)

η̃0 η̃1dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

dη̃(p) ≡ ωpdη̃ ;
s

∑
p=1

ωp = 1
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[



Lattice Problem:

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies 
VV2)

η̃0 η̃1dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

dη̃(p) ≡ ωpdη̃ ;
s

∑
p=1

ωp = 1
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

 s



Lattice Problem:

Scalar Field @ Expanding Background (SF@EB) Algorithms 
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet           ]𝒪(dη2)

 (s-copies 
VV2)

η̃0 η̃1dη̃ ≡ dη̃(1) + dη̃(2) + . . . + dη̃(s)

dη̃(p) ≡ ωpdη̃ ;
s

∑
p=1

ωp = 1
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

 s



LeapFrog (LF) 
Verlet methods (VV2,PV2) 

Runge-Kutta methods (RK2, RK4) 
Higher Order integrators (VV4, VV6, VV8, VV10)

Scalar Field @ Expanding Background (SF@EB) Algorithms 

Summary



School 2022CosmoLattice —

— Lecture 4 —

* L4.a:                          SF@EB Algorithms 
* L4.b: Models

<latexit sha1_base64="3xKoo3JR17ONDb/vKUjNMGs6gOI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRahbuqklD52RTduhAr2Ae1YMmmmDc1khiQj1KH4K25cKOLW/3Dn35hpK6jogQuHc+7l3nvckDOlbfvDSi0tr6yupdczG5tb2zvZ3b2WCiJJaJMEPJAdFyvKmaBNzTSnnVBS7Luctt3xeeK3b6lULBDXehJSx8dDwTxGsDZSP3sQ96QPNRaj6U2Y74Ujdnp50s/m7IJt2wghmBBUKduG1GrVIqpClFgGObBAo5997w0CEvlUaMKxUl1kh9qJsdSMcDrN9CJFQ0zGeEi7hgrsU+XEs+un8NgoA+gF0pTQcKZ+n4ixr9TEd02nj/VI/fYS8S+vG2mv6sRMhJGmgswXeRGHOoBJFHDAJCWaTwzBRDJzKyQjLDHRJrCMCeHrU/g/aRULqFwoXZVy9bNFHGlwCI5AHiBQAXVwARqgCQi4Aw/gCTxb99aj9WK9zltT1mJmH/yA9fYJ7t+U6A==</latexit>

tanhp(�/M)

<latexit sha1_base64="XzdUQaSQgOIWQmKyPHnM+xno1d8=">AAACD3icdVDLSgMxFM3UV62vUZdugkVpF5aklD52RTfurGAf0NaSSdM2NPMgyQhl6B+48VfcuFDErVt3/o2ZtoIWPXDhcM693HuPEwiuNEKfVmJldW19I7mZ2tre2d2z9w8ayg8lZXXqC1+2HKKY4B6ra64FawWSEdcRrOmML2K/ecek4r53oycB67pk6PEBp0QbqWefdlyiR5SI6Gqa6evbfPZsSYkwmmZ7dhrlEEIYYxgTXCoiQyqVch6XIY4tgzRYoNazPzp9n4Yu8zQVRKk2RoHuRkRqTgWbpjqhYgGhYzJkbUM94jLVjWb/TOGJUfpw4EtTnoYz9edERFylJq5jOuNb1bIXi3957VAPyt2Ie0GomUfniwahgNqHcTiwzyWjWkwMIVRycyukIyIJ1SbClAnh+1P4P2nkc7iYK1wX0tXzRRxJcASOQQZgUAJVcAlqoA4ouAeP4Bm8WA/Wk/Vqvc1bE9Zi5hD8gvX+BTNunCY=</latexit>

O(dt2)�O(dt10)

Lattice Formulation of scalar field 
dynamics in an expanding background



School 2022CosmoLattice —

— Lecture 4 —

* L4.a:                          SF@EB Algorithms 
* L4.b: Models

<latexit sha1_base64="3xKoo3JR17ONDb/vKUjNMGs6gOI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRahbuqklD52RTduhAr2Ae1YMmmmDc1khiQj1KH4K25cKOLW/3Dn35hpK6jogQuHc+7l3nvckDOlbfvDSi0tr6yupdczG5tb2zvZ3b2WCiJJaJMEPJAdFyvKmaBNzTSnnVBS7Luctt3xeeK3b6lULBDXehJSx8dDwTxGsDZSP3sQ96QPNRaj6U2Y74Ujdnp50s/m7IJt2wghmBBUKduG1GrVIqpClFgGObBAo5997w0CEvlUaMKxUl1kh9qJsdSMcDrN9CJFQ0zGeEi7hgrsU+XEs+un8NgoA+gF0pTQcKZ+n4ixr9TEd02nj/VI/fYS8S+vG2mv6sRMhJGmgswXeRGHOoBJFHDAJCWaTwzBRDJzKyQjLDHRJrCMCeHrU/g/aRULqFwoXZVy9bNFHGlwCI5AHiBQAXVwARqgCQi4Aw/gCTxb99aj9WK9zltT1mJmH/yA9fYJ7t+U6A==</latexit>

tanhp(�/M)

<latexit sha1_base64="XzdUQaSQgOIWQmKyPHnM+xno1d8=">AAACD3icdVDLSgMxFM3UV62vUZdugkVpF5aklD52RTfurGAf0NaSSdM2NPMgyQhl6B+48VfcuFDErVt3/o2ZtoIWPXDhcM693HuPEwiuNEKfVmJldW19I7mZ2tre2d2z9w8ayg8lZXXqC1+2HKKY4B6ra64FawWSEdcRrOmML2K/ecek4r53oycB67pk6PEBp0QbqWefdlyiR5SI6Gqa6evbfPZsSYkwmmZ7dhrlEEIYYxgTXCoiQyqVch6XIY4tgzRYoNazPzp9n4Yu8zQVRKk2RoHuRkRqTgWbpjqhYgGhYzJkbUM94jLVjWb/TOGJUfpw4EtTnoYz9edERFylJq5jOuNb1bIXi3957VAPyt2Ie0GomUfniwahgNqHcTiwzyWjWkwMIVRycyukIyIJ1SbClAnh+1P4P2nkc7iYK1wX0tXzRRxJcASOQQZgUAJVcAlqoA4ouAeP4Bm8WA/Wk/Vqvc1bE9Zi5hD8gvX+BTNunCY=</latexit>

O(dt2)�O(dt10)

Lattice Formulation of scalar field 
dynamics in an expanding background



School 2022CosmoLattice —

— Lecture 4.b — 

Models  
<latexit sha1_base64="3xKoo3JR17ONDb/vKUjNMGs6gOI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRahbuqklD52RTduhAr2Ae1YMmmmDc1khiQj1KH4K25cKOLW/3Dn35hpK6jogQuHc+7l3nvckDOlbfvDSi0tr6yupdczG5tb2zvZ3b2WCiJJaJMEPJAdFyvKmaBNzTSnnVBS7Luctt3xeeK3b6lULBDXehJSx8dDwTxGsDZSP3sQ96QPNRaj6U2Y74Ujdnp50s/m7IJt2wghmBBUKduG1GrVIqpClFgGObBAo5997w0CEvlUaMKxUl1kh9qJsdSMcDrN9CJFQ0zGeEi7hgrsU+XEs+un8NgoA+gF0pTQcKZ+n4ixr9TEd02nj/VI/fYS8S+vG2mv6sRMhJGmgswXeRGHOoBJFHDAJCWaTwzBRDJzKyQjLDHRJrCMCeHrU/g/aRULqFwoXZVy9bNFHGlwCI5AHiBQAXVwARqgCQi4Aw/gCTxb99aj9WK9zltT1mJmH/yA9fYJ7t+U6A==</latexit>

tanhp(�/M)



Inflationary Models

Oscillations

tanhp(ϕ/M)

(p ≥ 2)

( α − attractors, Kallosh, Linde 2013)e.g.

V(ϕ, χ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

+
1
2

g2 χ2ϕ2



V(ϕ, χ) =
1
2

Λ4 [tanh ( ϕ
M )]

2

+
1
2

g2 χ2ϕ2

Oscillations

( α − attractors, Kallosh, Linde 2013)e.g.

Inflationary Models tanhp(ϕ/M)



Inflationary Models

Oscillations

tanhp(ϕ/M)

(p ≥ 2)

( α − attractors, Kallosh, Linde 2013)e.g.

V(ϕ, χ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

+
1
2

g2 χ2ϕ2



Inflationary Models tanhp(ϕ/M)

(p ≥ 2)

( α − attractors, Kallosh, Linde 2013)e.g.

V(ϕ, χ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

+
1
2

g2 χ2ϕ2

Vϕ(ϕ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

≃
1
p

λμ4−p |ϕ |p , λμ4−p ≡ Λ4M−p



Inflationary Models tanhp(ϕ/M)

(p ≥ 2)

( α − attractors, Kallosh, Linde 2013)e.g.

V(ϕ, χ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

+
1
2

g2 χ2ϕ2

Vϕ(ϕ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

≃
1
p

λμ4−p |ϕ |p , λμ4−p ≡ Λ4M−p

Vϕ ≃
1
2

m2
ϕϕ2 ; m2

ϕ ≡ ( Λ
M )

2

Λ2

Vϕ ≃
1
4

λϕ4 ; λ ≡ ( Λ
M )

4

Vϕ ≃
1
6

1
σ2

ϕ6 ; σ2 ≡ ( M
Λ )

4

M2



Inflationary Models tanhp(ϕ/M)

(p ≥ 2)

( α − attractors, Kallosh, Linde 2013)e.g.

V(ϕ, χ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

+
1
2

g2 χ2ϕ2

Vϕ(ϕ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

≃
1
p

λμ4−p |ϕ |p , λμ4−p ≡ Λ4M−p
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Inflationary Models tanhp(ϕ/M)

(p ≥ 2)

( α − attractors, Kallosh, Linde 2013)e.g.

V(ϕ, χ) =
1
p

Λ4 [tanh ( ϕ
M )]

p

+
1
2

g2 χ2ϕ2

Run for p = 2, p = 4, p = 6,

kIR, kUV, N,

choosing LF, VV2, VV4, VV6, VV8, VV10

checking energy conservation, field mean values, field variance, field spectra, … 

changing

Exercise time !



(p ≥ 2)V(ϕ, χ) =
1
p

Λ4 [tanh ( |ϕ |
M )]

p

+
1
2

g2 χ2ϕ2

Vϕ(ϕ) =
1
p

Λ4 [tanh ( |ϕ |
M )]

p

≃
1
p

λμ4−p |ϕ |p , λμ4−p ≡ Λ4M−p

Choice Param.: α = 3 ( p − 2
p + 2 ) , f* ≡ ϕ* , ω* ≡ Λ2M− p

2 ϕ
p − 2

2
*

dη̃ ≡ a−αω*dt

dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

; χ̃ =
χ
f*

Potential: Ṽ(ϕ̃, χ̃) ≡
1

f 2
*ω2

*
V(ϕ̃, χ̃) =

1
p

M̃p tanhp ( | ϕ̃ |
M̃ ) +

1
2

q χ̃2ϕ̃2

Deriv. Potential:
∂Ṽ
∂ϕ̃

= M̃p−1 tanhp−1( | ϕ̃ | /M̃)
cosh2( | ϕ̃ | /M)

sgn(ϕ̃) + q χ̃2ϕ̃

M̃ ≡
M
ϕ*

Λ̃ ≡
Λ
ϕ*
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{;

∂Ṽ
∂χ̃

= q ϕ̃2 χ̃;

Deriv.^2 Potential:

∂2Ṽ
∂ϕ̃2

=
M̃p−2

cosh2( | ϕ̃ | /M ) [(p − 1)tanhp−2( | ϕ̃ | /M̃ ) − (p + 1)tanhp( | ϕ̃ | /M̃ )] sgn(ϕ̃) + q χ̃2

∂2Ṽ
∂χ̃2

= q ϕ̃2
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{

q ≡
g2ϕ2

*

ω2
*

=
g2M̃p

Λ̃4

;
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2
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