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Interacting real scalar fields: {qb } a=12,...N, (with canonically normalized kinetic terms)
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i) EOM discretization approach: Discretize the continuum EOM
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ii) Lattice action approach: Discretize the continuum action
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i) EOM discretization approach: Discretize the continuum EOM
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Continuum Lattice

Lattice action/EOM approach ( 5 ol
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Continuum Lattice

Lattice action/EOM approach ( 5 ol
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How do we solve these EOM ? ...



Can we apply previous
evolution algorithms ?

* LeapFrog

* Verlet methods

* Runge-Kutta methods

* Higher Order integrators

Notation
¢+() = ¢(na n())

Toon =nm,ng+ 1/2) |
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Notation
¢+() = ¢(na n())

Toon =nm,ng+ 1/2) |




Scalar Field @ Expanding Background (SF@EB) Algorithms

(Staggered) LeapFrog

o &

>



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for 7?5:3 Jg = Ear do and scale factor a(ng + 1/2):
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I) Iterative scheme for 7'%5:3 Jg = ﬁar do and scale factor a(ng + 1/2):

] ~_ 3_ — ~ . 1 ~_~ ~ 3 ~— ~ . _
EOM:  Ajlal 2 Al =a'™ Y ATATH,—a™**V ;: b=12...N,
T 40/2
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I) Iterative scheme for 7@ ) = 5;{ do and scale factor a(ng + 1/2):

+0/
EOM: X—[ 3—(1’K+¢Z ] = l4+a ’K—’K+¢Z _ 3+a’-‘\f~ . b=12...N
: ol@ion BoPpl = a i AP, —a By = 1,2,...,V
— ~(b) l
="on
‘A-1,3—a=b) 1= ,1 A=A+ 3+a’y) - _
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I) Iterative scheme for 7'”75:3 Jg = E(J{ do and scale factor a(ng + 1/2):

IC i {$a,b} at i, {7y, a2} at iio— 0.567



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog
I) Iterative scheme for 7@ E(J{ ¢o and scale factor a(ng + 1/2):

10/2 =

IC i {$a,b} at i, {7y, a2} at iio— 0.567

ato/2 = G_gi2+bd — a=(aro2+a_o2)/2



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for 7”%5:3 Jg = 5;{ do and scale factor a(ng + 1/2):

IC i {$a,b} at i, {7y, a2} at iio— 0.567

aygi2 = a_gpe+tbdn — a=(ajo2t+a_ogs2)/2

33—

~ (a) a—0/2 ~ (a) —(3~a) a AN—A+7(a Y ~

T2 = <a+0/2> T o2 + g/ <a1+ ZAk Al‘:(p( ) _ g3t ‘/,qg(a)) O7]
k




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for 7”%5:3 Jg = ﬁar do and scale factor a(ng + 1/2):

IC i {$a,b} at i, {7y, a2} at iio— 0.567

ayo/2 = Q_g/2 + b(Sﬁ — a = (a+0/2 + Cl,_o/g)/Q
33—
~ (a) a—0/2 ~(a) —(3—0a) o A— A+ 7(a ot ~
T2 = <a+0/2) T o2 + g/ <a1+ ZAk Al‘:(p( ) _ g3t ‘/,qg(a)) O7]
k

~ (b ~ ~
”(_63/2 + H 5 U, a_op. a, ayp, ”(_63/2]5’7

T

Non-conservative force
(no good for symplectic integrator)

Agladysid® 1=a'** Y ATAYf,—a***V 5 b=12..N
l



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog
II) Iterative scheme for #(®) = ﬁar qg(a) and scale factor a(ng)

—0/2

IC : {a, 79} at i, {8\, b_os2} at fio — 0.507



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

II) Iterative scheme for 7@ = ﬁar qg(_ag /o and scale factor a(ng)

IC : {a, 79} at i, {8\, b_os2} at fio — 0.507

~(a) _ ~ o A0 ~ ~
ﬂgf()) = 79 + %¢a[{¢ig/z}, a,a., g, a,g V160

Non-conservative force



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

IT1) Iterative scheme for ﬁig = a’ o /2A+q§a and scale factor a(ng)



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I11) Iterative scheme for (@) , = a’~“ ﬁar b, and scale factor a(ng)

+0/ +0/2
EOM: X— 3—(1X+~ — 1+a ’K—’K+~ _ 3+a’-‘7“~ . b=12...N
: Bolajgs Mgyl =a Ay —a V0 b=120N,
— ~(b) I
=" on — — —
K ¢3a[{¢( ’},a]l Conservative force !
(Appropriate for symplectic integrators)
X—[~(b) = l4+a X—X+q§ _ 3+a7 N hb=12... N
07 ol =@ i 2, Pp—4d B> = breendVs



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I11) Iterative scheme for ﬁf:g = aif)%zg b, and scale factor a(ng)



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog
I11) Iterative scheme for 7@ A+¢a and scale factor a(ng)

+0/2 = a+0/2

IC {&(a), CL,} at no, {ﬁ-(_ag/za b—0/2} at 1o — 055ﬁ




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I11) Iterative scheme for ﬁf:g o = =g’ o /2A+<ba and scale factor a(ng)

IC {qg(a), CL,} at no, {7~T(_08/27 b—0/2} at 1o — O55ﬁ

r,.,a, ~\a o a (84 >
13/2 _ (_3/2_|_< 1+ ZA A+¢()—a3+ V¢(a)> 57

%) i} N = ~ ~
\bio2 = bt 377(7{;7)) alt? [(a—Z)EK—I—aEg—i—(a—l—l)EV],




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I11) Iterative scheme for ﬁig o = =g’ o /2A+<ba and scale factor a(ng)

IC {(/3("‘),&,} at no, {7~T(_a3/275—0/2} at 7o — 0.507 ¢

NP AU W DY)
~(a) _ ~(a) 14+« + 1 (a 3+ .
Tio2 = T_o/2 T ( ZA A ¢( ) —a V¢(a)> 07] “\\
brors = boot (1) a2 (o - 2 Fk + aF B
| 010/2 = b_g/2+ 5\ ) @ (@ —2)Ex +aEg+ (a+1)Ey |, .
p :
{f argp = a + b_|_0/2 5771 — CL+0/2 — (CL_|_() + CL())/Z, "',¢¢
7(a) ~(a) —(B—e) et
\ Lo = (/5(&)"'577 Tiro/2%0/2 > aaemmmmmnT
S
T = 1 2 T = 1 2 T =
Fe= 5 2 (Bsd) . Eo=5 > (Btary. Ev=(WdD)




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I11) Iterative scheme for ﬁig o = =g’ o /2A+<ba and scale factor a(ng)

IC {(/3("‘),&,} at no, {7?(_03/275—0/2} at 7o — 0.507 ¢

NP AU W DY)
~(a) _ ~(a) 1+ a 3+« S
Tio2 = T_o/2 T ( i ZA A+¢( ) — a”" V¢(a)> 07] “\\
beos = bon+ 01 (I at+2al(a - 2)Fg + ab )i
04072 = b2t 3 \m, a (@ =2)Ex +abe + (e +1)Ev|, [
{r ato = a+bygpdl —  ajo2 = (a40+a0)/2, _,x"'
(a) a ~ (a) —( —a) e
\ Pro = 6 + 877 Tro2%o0/2 0 aaaeemmmmnTT
S
. 2 . f* 2(a+1) ( = -
HC . b+0/2—§(m—p) a+0/2 (EK—I_EG‘I'EV))




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

IV) Iterative scheme for #(® = a3_°‘56" (5(_03 /o and scale factor a(ng +1/2)

Pretty much the same as //i)

—~—

Ex=sg— Y {Ed?) . Fo=og 2 {Ed2) . Ey= (WD)




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

“The Art” (2006.15122) presented 4 LF methods:

Label Discussed here Order Cosmolattice
| v Oldn) X (Non-conservative)
Il X O(d1) X | (Sympiesticinteg.)
: 1] ) v * O(dr?) v’ )1 (Conservative)
\Y} )~ 4 O(dt?) % | (Symplectic integ.)



https://arxiv.org/pdf/2006.15122.pdf

Scalar Field @ Expanding Background (SF@EB) Algorithms

Synchronized LeapFrog

o &
| &

/\/\/\/\




Scalar Field @ Expanding Background (SF@EB) Algorithms

Verlet Algorithms

Loup Verlet




Scalar Field @ Expanding Background (SF@EB) Algorithms
Verlet Algorithms

| Fld dynamics:
@) —a'** V2 + a7tV =0, i=12,...N,

Continuum: |




Scalar Field @ Expanding Background (SF@EB) Algorithms
Verlet Algorithms

| Fld dynamics:
@) —a'"** V2 + a7tV =0, i=12,...N,

( ~
L [di= a0z,

Continuum: |




Scalar Field @ Expanding Background (SF@EB) Algorithms
Verlet Algorithms

| Fld dynamics:
@) —a'"** V2 + a7tV =0, i=12,...N,

D 431-(7%1" a) (Drift)
r ~ l = N
[#1=a

. a3+avd~).

\ — L/

Continuum: | (Kernel) T%jbi({¢j}a a)




Scalar Field @ Expanding Background (SF@EB) Algorithms
Verlet Algorithms

| Fld dynamics:
@) —a'"** V2 + a7tV =0, i=12,...N,

D 431-(7%1" a) (Drift) \
f ~ Ll = N
¢l, — a_(3_a)ﬁ-'l_ ; -
4 o _ > Conservative force

— a1+av2¢. . a3+aV,d~).

\ — L/

Continuum: | (Kernel) ;{pi({ ¢}, a)




Scalar Field @ Expanding Background (SF@EB) Algorithms
Verlet Algorithms

| Fid dynamics (7, = a®~%¢)) :

4 N ~ 1= 1,2,...,N

Continuum: |




Scalar Field @ Expanding Background (SF@EB) Algorithms
Verlet Algorithms

| Fid dynamics (7, = a®~%¢)) :
11— o —(B-a)=
( ¢i_a ( a)ﬂ.i,
4 o ~ 1= 1,2,...,N
L 7~Z.l/ — a1+av2¢i Cl3+aV¢
Continuum: ( Exp. Background:
(a' =D,
alt2e ( f, 2 _ - _
v =2 (£) [a-2Bx+aBo+ @+ DBy,
< 3 mp
~ 1 3 ~ 1 ~ ~ -~
=55 2 @) Bo= 553 (i), Bv= (Ve
\



Scalar Field @ Expanding Background (SF@EB) Algorithms

Verlet Algorithms
(two flavours)

TN

position-Verlet velocity-Verlet
| Fid dynamics (7, = a®~%¢)) :
( &;za—@—a)ﬁi,
< o 3 i=1.2,..N,
L ﬁ.l/: a1+av2¢i Cl3+aV¢
Continuum: ( Exp. Background:
(a' =D,
I+2a /¢ 2 - ~ ~
p = * —NEx +aF \E
V=55 () [0 2B aBos 4 nB].
= _ 1 ~ 2 =~ _ 1 T )\2 o — (L.
B =55 (7). Be=g, Zz};(wm) ). Bv=(V{d}),
\



Scalar Field @ Expanding Background (SF@EB) Algorithms

Verlet Algorithms
(two flavours)

TN

position-Verlet velocity-Verlet

| Fid dynamics (7, = a®~%¢)) :

Continuum: { Exp. La"'_‘\‘_\e = — e

(o L _

/ qlT2a f* 5 N ) N
iy ( ) [(a —2)Ek +akg + (a+ 1)EV] :
1 5 (i

Bre= 53 (@), Bo=553 ((Wid?), Bv=(V(a)) .,




Scalar Field @ Expanding Background (SF@EB) Algorithms
Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC {qg(i),ﬁ(i),a,b} at 7o,



Scalar Field @ Expanding Background (SF@EB) Algorithms
Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC {q;(i),if(i),a,b} at 7o,



Scalar Field @ Expanding Background (SF@EB) Algorithms
Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC {q;(i),ﬁ(i),a,b} at 7o,
]. * 2 i~ i — 5~
GM/Q — b+§(?£—) 02| (0 = 2) Ex + aEg + (a+ 1By |7,
p
!

-  1/2 - step
~ (i ~ (i o A-AT 0 ayy "
L7TE|_())/2 — 7@ 4 (al—l— ZAkA;‘¢()—a3+ V:d';(i)> 9 |

k



Scalar Field @ Expanding Background (SF@EB) Algorithms
Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

¢ {9, 79 q b} at 7,
* -~ I = 07
G)M/Q = b—|—3(?£> 1+2a[(a—2)EK—|—aEG+(oz-l—l)EV}En,
P
<

~ (2 ~ (3 a N— AN+ (3 a7 577
k

([ at0 = a+bygnon, \
at+o +a
< [a+0/2 = +°2 ] L Full - step
O _ 30 4 g5a0) —(3-a)
\ gbg—%) = ¢ +ONT 000002 >




Scalar Field @ Expanding Background (SF@EB) Algorithms
Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

¢ {9, 79 q b} at 7,
* o 07
6%/2 = b+ - 3 (TJ:L ) 142 [( 2)EK—|—04EG+(04—|—1)EV] 277
p
{

~ (2 ~ (3 a N— AN+ (3 o 577
i%/z = 7%+ (CLH ZAk Al — Pt V (z)) 5
k

([ at0 = a+bygnon,
G40 +a
{{avop = 2 |
7(1) 0 5=01)  —(3-a)
| %0 = 6 + 67 7 Tro/2%0/2
\
() _ =00 a 30) 0n
)|
- step
| S\ 142a on
bro = bio/ + 3 a+0 [( ~2)Ek 10+ aEg 40+ (a+ 1)EV—|—O] 5 7
\ Myp
= 1 o/ — - o\ — 1 — / — - o\ N ------------------------------------------------------------
= + 2 —t + 2 —
| Fem g (@) Fo=gz X(G107) . Fv=(Widb) |



Scalar Field @ Expanding Background (SF@EB) Algorithms
Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

¢ {9, 79 q b} at 7,
* o 07
6%/2 = b+ - 3 (?{z ) 142 [( 2)EK—|—04EG+(04—|—1)EV] 277
p
{

~ (2 ~ (2 o AN— A+ (2 o 577
i%/z = 7%+ (CLH ZAk Al — Pt V (z)) 5
k

([ at0 = a+bygnon,
. CL_|_()+G/
<[a’+0/2 -T2 ]
(2 i ~ ~ (2 —(3—«
o = 89 447 (+2)/2 +(()/2 ),
~ (2 ~ 17 o (/ 577
(A = W (ol DA AL -t T, ) 5

¥ 0]
bro = byoptg (73; ) alp™® [( —2)Ek 40+ aEg 0+ (a+ 1)Ev+o] 2?7 ;
p

&l
o
Il
[
N
>
=
<
N
(\®)
~_—
[
Nl
Il
=
(\®)
N
>
~ 4
<=
N
[\
~_
IRl
III
NN
=<
=
T
-



Scalar Field @ Expanding Background (SF@EB) Algorithms

Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC {6, 7D a4 b} at 7o, €T T
GAOQ b+ - ( /s ) 1+2a [(oz —2)Ex + aEg + (o + 1)EV} o7
< 3 \'my 2’
~ (i ~ (i a N A— A+ o on J
5_2)/2 7T( ) + (al-l— Z Ak‘ A‘ki‘qb( ) _ 3+ V (z)> 2 }‘
k .
( a4 a + b+0/25ﬁ ) l|
440 + a '
< [a+0/2 — 9 7] :
30 _ 56 o 5ra) B0 '
| Ao = Y T palgn” '
~(2 ~ (2 o 7 577 l:
(A = w8, (ai% LA T sol,) 2 ,
| f * 1420 01) ,"'
bro = byos2 -|- A a+0 [( —2)Ek 10+ aEg 1o+ (o + 1)EV—|—O] 5 R
\ p .
2 O uucecl et g
HC p2 — © (ﬁ) g2(atl) (EK + Eq+ EV-> -------------
____________________________________________________________________ ALY A
— 1 — — —
E . = A + 2 , F . .=—— A + 2 , E V
) (Bsd) . Eo=5 > (Btd?) . Ev=(7dD)



Scalar Field @ Expanding Background (SF@EB) Algorithms
Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,



Scalar Field @ Expanding Background (SF@EB) Algorithms
Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
on \
< -  1/2 - step

7(1 7 (4 0 ~ (1) ,— (83—«
39, = 30+ Pig-@-a)

\



Scalar Field @ Expanding Background (SF@EB) Algorithms
Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
577
(Lﬂ/z = atb= n
<

T 7(2 5~ ~(2) ,—(3—«
¢(+3>/2 = ¢ + ?nﬂ( Jg= B~
D = 504 (gt STRCRFGD _gte 7 P
Tvo = T +0/2Z ¢+0/2 o726 +0/2 T
{ ) Full - step

f* o = - - ~
bro = b+ ( ai)% (o = 2)Ex + aBig + (o +1) By |87,

\ My



Scalar Field @ Expanding Background (SF@EB) Algorithms
Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
5
< ~

? (1 0 ~ (1) ,— (83—«
¢(+3>/2 = ¢()+?n7T()a B
[ ~() _ G 14+o () 3 a ~
o = A4 ( +T)/2ZA A+"5+0/2 +T)/2V¢“) +0/2) "
{ 1 f 2 — ~ ~
b = b+§<m_p) ar{ig‘[(a—%EK—l—aEg—l—(a—l—l)EV]dﬁ,
57 w
a0 = ayg2+bio 277
< 50— g0 +577 (i) ~(3-0) + 1/2 - step
BREL +0/2 7 o T+0%0 -
)




Scalar Field @ Expanding Background (SF@EB) Algorithms
Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
57
C‘w/z = a+b 577 )
< i

[ 7 (4 o7 1) —(3—a
ngrz)/z = ¢()+?n7T()a B
( ~(1) _ ~( 14+« (7) 3 Qa ~
o o ( +B/2ZA A+¢+0/2 +B/2V¢(” +o/2) "
< AN
_ x 1+2a = = = e~
b0 = bty (m—p) alt2 [(a—z)EK+aEG+(a+1)EV]5n,
o7]
( ay0 = aygpe+bio 277
< . . 57
@) _  70) M~ ,—B-a)
L Pyo = ¢+0/2+ 9 T+09+0 .
HC . p2= 2 (£> a1 (EK +Eg + EV) :
3 \my



Scalar Field @ Expanding Background (SF@EB) Algorithms
Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

c : {¢9D.7D abyati, € TTTTmeell
57 e
C‘+0/2 = a+b 577 : .
! SR R
7(2) _ ) N .G) —(3—a '
By = 0+ g6, \
(-6 (i 1+a +30)  _ 3+a i ~ l
SRR o L I L ;
< DN . ) ;
\ b_|_0 = b -+ § <m—p) ar{)?g |:(Oé — 2)EK + OZEG -+ (Oé + ].)EV] 577, 'l'
on ’
a0 = ayg2+bio 277 it
{ oy oy on ¢¢'
(2) _ 709 N ~(3) g (8—2) .’
\ Pyo = ¢+0/2+ 9 T+09+0 S,
O e
HC : B=1 (£> a?(e+l) (EK + Eg + EV> :
3 \my



Scalar Field @ Expanding Background (SF@EB) Algorithms

Verlet Integration

“The Art” (2006.15122) presented 2 Verlet methods:

_Label Discussed here _Order Cosmolattice
L Velocity- . 0d) v )
1. Position- v O(dt?) v



https://arxiv.org/pdf/2006.15122.pdf

Scalar Field @ Expanding Background (SF@EB) Algorithms

Verlet Integration

“The Art” (2006.15122) presented 2 Verlet methods:

Label Discussed here Order Cosmolattice
I Velocity- v v )
- ) (Slightly faster)

_Il. Position-



https://arxiv.org/pdf/2006.15122.pdf

Scalar Field @ Expanding Background (SF@EB) Algorithms

Runge-Kutta

Y



Scalar Field @ Expanding Background (SF@EB) Algorithms

Runge-Kutta
(Can solve non-symplectic systems)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Runge-Kutta
(Can solve non-symplectic systems)

Continuum Problem:

ra’ = b,
o

[%= T i=12,..N,
T = Kia,b,{¢;},7], (fldKernels)

b = Kgla, EK,Eg,EV], (expansion Kernels)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Runge-Kutta
(Can solve non-symplectic systems)

Continuum Problem:

; non-conservative !
o
|9 = i=12,....N.

7. = Kila,b, {qgj}g_';"%”'i'}'], (fld Kernels)
\V = K,la, Ex,Eq, Ey], (expansion Kernels)




Scalar Field @ Expanding Background (SF@EB) Algorithms

Runge-Kutta
(Can solve non-symplectic systems)

Continuum Problem:

d = b non-conservative !

T Y

o

SO s / i=1.2,..N,

7. = Kila,b, {qgj}g_';"%"i';'], (fld Kernels)
\V = K,la, Ex,Eq, Ey], (expansion Kernels)

......
""""""""""""
----
* S
* L2
. .

where Kale, B, B, B = § (%) a'***|(a = 2Bk + afa + (@ + DEy |,
Bi = 5= Xu (72, Bo= T (Vkdi?) By = (VD)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Runge-Kutta
(Can solve non-symplectic systems)

Many flavours: 6(dn”) + explicit OR implicit”

Continuum Problem:

d = b non-conservative !
- 9
o
{ i = T / i=1.2,..N,

7. = Kila,b, {qu} m] (fld Kernels)
b = Kgla, EK,E(;,EV] (expansion Kernels)

--------
..............
ot ey
.* .
. .
. .

Kila,b, {95}, 7l = a7V, (3 — a)2y = 0™V
{03}, 7] i (3
where Kala, B, B, By] = § (L) at+2(a”~ Ny + aFig + (a + DEy],
Bi = 5= Xu (72, Bo= T (Vkdi?) By = (VD)

*Gauss-Legendre



Scalar Field @ Expanding Background (SF@EB) Algorithms

Runge-Kutta
(Can solve non-symplectic systems)

Explicit RK2 [ 6(dn?) ]

Lattice Problem:

~(p) _ =~ ~ (p—=1)

T, = m(n,ng) + oncpp—1k; , A N

9 = b(ng) + Bicpp kT, Afdimmo) = G +7)
= PP

67 = i(n,no) + Siicpp 1'“(1’_) WY Afa(ng) = (W +b3)

a,(P) — (nO) +5ncpp 1b(p 1) &—F,ﬁ_z(n nO) _ l(k(l) —I—k(2))

k.(p) = [a(p) {¢(p)} ~(p)] 0 h ) 2 2(1) 2(2)

Z Afb(ng) = 5(ka’ +ks')

P = Ko[a® Egp) Eg’),E‘(f)], b, 0 2

(ClOEO, 62151)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Lattice Problem:

~(P)
b?m
$§p)
a®)
1.(P)
k:gp)

<CIOEO, Cyy = —

Runge-Kutta
(Can solve non-symplectic systems)

Explicit RK4 [0 ]

7;(m, ng) + 5ﬁcp,p—1k§p_1) ;

b(ng) + 07cp p—1 k(p_l)
qbz(n ng) + 07icpp—17
a(ng) —|—5ncpp (P 1)

[a(p) { p)} ~(p)]
K, (), B &)E@ 5]

C43El>

~(p 1)

Vs

p=1,2,3,4

D 4 97® | 9z0) | 70

b 4+ 20 4 2b(3) 4 p(4))

D 4 ok® 42k 4 k™)

w

Sl= O O O
QL &~

kS + 262 + 268 + k)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic
Integrators (Yoshida Method)

[ O(dn™), O(dn®), O(dn®), Odn'®), ...]

iz Orbit Planc

-
<

\ 7 8 Y 29| 7
iy A\ / v ¢ zp
5 { ‘ ¢ f
28 o tr 4
'}. '.-' ': .> -: ; ‘ ie zy
Haruo Yoshida — .
Reference Plane
National Astronomical Observatory of Japan (hquator ial hcllpl,lc)
NAOJ - Division of Theoretical Astronomy



https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan
https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan

Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectic Integrators

Continuum Problem:

rd = b conservative ! (good for symplectic integrators)
o a7_(3—a)ﬁ_i, j
7= Kila, {95}

\ V' = Kila,FEx,Eq, Ev],




Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectic Integrators

Continuum Problem:

where

P

, ; conservative ! (good for symplectic integrators)
(a = 0,

&,L — a’_(B_a)ﬁ-?hj
ﬁ; — Ki[a’a{q;j}L

\b, — Ka[a7EK7EG7EV]7

[ Kila, {§;}] = a*oV2§; — a®*oV 5 |

o~ - 1/ f.\? - _ _
Kela, Ex, Eg, Ey] = 3 (77‘];—) alt?e [(a —2)Ex + aFEg + (a+ l)EV] :
p

1 ~

Br=553 (), Bo=555 (Vb)) Bv=(V(dD).

1.k



Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectic Integrators

[based on position- or velocity-Verlet 6(d;?)]

Continuum Problem:

where

—

, " conservative ! (good for symplectic integrators)
([ a = ,

&,L — a_(3_a)%i7j
77-; — Ici[a’a{q;j}L

\b, — Ka[a7EK7EG7EV]7

[ Kila, {§;}] = a*oV2§; — a®*oV 5 |

o~ - 1/ f.\? - _ _
Kela, Ex, Eg, Ey] = 3 (i—) alt?e [(a —2)Ex + aFEg + (a+ l)EV} :
p

1 ~

Br=553 (), Bo=555 (Vb)) Bv=(V(dD).

1.k



Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectlc Integrators
city-Verlet at O(dn”) ]

conservative ! (good for symplectic integrators)

ra = b,
&’,L — _(3 a)ﬁ?dj
| 77-2 — %[a7 {¢J }] )

\b, — Ka[a7EK7EG7EV]7

where
[ Kila, {#;}] = a'T0V2p; — a®+oV 5 |
fx

my

N i 1 ~ -

1.k

—

Kala, Ex, Eq, Ey] = . ( ) 1+20 [(a Bk +aFg+ (a+ 1)EV] |

~

By =(V{é:})) -




Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet 6(dn*)]

Lattice Problem:

~(0) _

= 7;(n, no)
< ¢§O) = ¢’i(n7 nO)
al% = a(ng)

\ b0 = b(ny)

— a(p 1) + b(p)

— b(P)

= D 4 201, [a— D), E@TY D EP-) )

7Y 4w P ilalr ), {4 DY

/wpz

_ ¢(p— )—I-wp5ﬁ~(p) (a (P))—(B—a),

a® 4 P 2
12;2 blz;zwp 2

~(191)/2 +w, 577,Cz [a(p)’ {q~5§p)}]

1/2 T wpdglCa[a(P),Eg), Eg), E‘(f)]

/ p=1,...,s

(s-copies)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet 6(dn*)]

Lattice Problem:

~(0) _

= 7;(n, no)
¢§O) = ¢i(n7 nO)
a9 = a(ng)

\ b0 = b(ny)

--------------------------------------------------------------------

— plo— 1)—|—w 5"IC [a(p 1) E(p 1) E(p 1) E(p 1)]

--------------------------------------------------------------------

— b(P)

~(p 1)—|—wp5’7/C [a(p 1) {¢(p 1)}]

= ¢(p_ ) +wp577 7~T(pl)/2( gz;)z)

a® 4 P
12;2 + b11;2wp 2

78+ wp K[, {5)

1/2 —|—wp5277]C [CL( ),E(p),E(p),E‘(/P)]

/ p=1,...,s

(s-copies)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet 6(dn*)]

Lattice Problem:

~(0) _

= 7;(n, no)
¢§O) = ¢i(n7 nO)
a9 = a(ng)

\ b0 = b(ny)

----------

Full - step

_ b(p—l)_|_w ‘5’71C [a(p—l) E(p—l) E(p—l),E‘(/p—l)] \

~(p 1)—|—wp5’7/C [a(p 1) {¢(p 1)}]

------------------------------------------

= ¢(p_ ) +wp577 7~T(pl)/2( gz;)z)

a® 4 P
12;2 + b11;2wp 2

o ;'(zi);;;;'&p'csﬁ ','C;'[;L'(}{)' ) { &5'(35)'}']' o
— b(P)

1/2 —|—wp5277]C [a( ),E(p),E(p),E(p)]

/ p=1,...,s

(s-copies)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet 6(dn*)]

Lattice Problem:

~(0) _

= 7;(n, no)
¢§O) = ¢i(n7 nO)
a9 = a(ng)

\ b0 = b(ny)

R L S FON PR
— b(P)

--------------------------------------------------------------------

— a(p 1) + b(p)

1/2 - step

= D 4 201, [a— D), E@TY D EP-) )

7Y 4w P ilalr ), {4 DY

/wpz

= ¢(p_ ) + wpoT) 7~T(pl)/2( gz;)z)

a® 4 P
12}2 + bf}pr 2

1/2 —|—wp5277]C [CL( ),E(p),E(p),E‘(/P)]

+/ p=1,...,s

(s-copies)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet 6(dn*)]

( bgz;)z — b(p—l)_|_wp%,ca[a’(p—l)’E}g—l)’ﬁg—l)7ﬁ‘(f—l)] )
- ~(p—1 7 — 7(p—1
W i = 7+, (67 7V)
- ﬂ-'i = T; (n7 nO) : (p) ( ]_) (p)
' 30 = gi(n,mo) " afjy = a®" V4 b
L EO) — P11, 700 : — ¢ qup) _ ¢(P_ ) ‘|‘(Up5ﬁ 77.(191)/2( §1;)2) > =
) o = af+ b
' p(0) = ('n,O) ' N 5 |
\\. -------- ° ’/T,fp) — (I;-)/2_|_wp6nlcz[a(p) {¢(p)}]
5 ~
\ b(p) = b§1;)2 _I_ wP 277’C [a’( )7E(p)7 E(p)7 E‘(/P)] / p= 1,...,8
i i, (s-copies)

3 & >
L 1
I 1

di




Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet 6(dn*)]

(W) = WD P B B B
ARl e = AW e P, (67
T = Wil o) ) 1), p(®
69 = i(n, no) ® Y172 = ar +b/wff’2
T a® —amg) P oY = P +wpon 7?(”1)/2( UARCDR
&7 = alho i 4 (®) P 1 p®
l‘b(O) = b(nyp) ,' ) 1(/)2 1/2619 2 ; o
Cemmmese- ! i m pl/2 T Wp n’CZ[a(p) {¢p 1]
|00 = b0 K, B E B
lo )

dii = dii'V + dif' P + . ..

+ dij”

/

p=1,...,8

(s-copies)



Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet O(dy ]

( bgz;)z — b(p—l) 4 wp%,Ca [a(p—l), Eg—l)’ Eg—1)7 E‘(/P—l)] )
........ - ~) (1) 57 4 1, (p— 7(p—1)
("7?@) = 7;(n no)‘- zp1/2 = 7 O+ wpyk [alP=Y), {¢jp j]
A ; (p) _ (p—1) (p)
:(g():q’g.(nn)l 2 = ¢ _H)/w]”2
Ly i — P\ 10, — 4 () (1) ~ ~(p) (p) (3— a) > —
0 : Gi = ¢ A wpdn T p(ars)”
'al®) =a(ng) NONEXD
: b =b(ng) a'® = ayjp + b11;2wp 2
(vO T =0o) 7~T§p) _ ~(P)/ +w, 577]CZ [aP), {q§§P)}]
) = b% + wp o [aP), E%’), Eg’), E‘(f)] ).,
i i, (s-copies)
. . >
: . " : :'
g ai®@  gi® d~<s>

[ dif” = w,di

dii = dif'V + dif® + ... + dif® ; 3
1= 1 1 { Z w,= 1 (w, < 0 allowed)

\ p=l1




Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectlc Integrators

B = e 4 B[, B, B, B
........ ~) (1) 87 - 7(p—1)
(l‘,ﬁ_(o) — 7~Tz(n no)‘l zp1/2 _ ’ip _|_wp_77,C.[a(p 1)7 {¢JP }]
:qg()qu-(nn): a’gp)z = qlP- 1)—|—b(1;)wp2
Ly i TR0 7(p) 7 (p—1) 577 ® (a®)y-(3-0)
a0 = g(ng) | P ?; T wpon ™ 1/2( 1/2)
o = o 60
| b(O) — b Y
S _(?E)_ oo ﬁz(p) ~(1?L)/2 + w, 577;Cz (0P, {¢(p)}]
00 = b 4w, P K[ >,E§§>,E<P>,E3°>]
o dij = dii'V + dif' + ... + dii® )

ity-Verlet 6(dn*)]

| M
E@
I

/ p=1,...,s
(s-copies)




Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectlc Integrators

ity-Verlet 6(dn*)]

o 8 S, B B B
ARl iy = 7Y 4w Pl {38V
: 7r§ = Ti(m, 7o) (p) 1 (p)
:cﬁ()ZqB-(nn): A2 = a'?P™ )+b/wp2
Jy i T P 0, () _ -1 5~~(p) aP))~(3=a) s
1 (0) — I P ?; + Wp 77 1/2( 1/2)
o =alno) ® — o® L@
10O = p(ny) . a( ) - 1(/)2 1/22"19 2 <
e ‘ 7P = 78, + w2, (6P
| 0 = o) b, B, D, B )i
iio | dii = a’ﬁ(l) + dn(z) + 4+ dﬁ(s) iy (s-copies)
L & >
(Il no + 1) ~(S)
Lt _ (s) """"""""""""
1 P ’ 1) = ¢, ~ — ~
< ¢i(n,ng +1) = ¢; [ dif'P) = W, dij

|
1a(ng + 1) = al®

- mEmmomom
—,




Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectic Integrators
ity-Verlet O(dy ]

B e v A A
-------- N ~ = T -1 £ ) o 5Pl
(10 _ 75(n,m0) fitp = T TwpgKs a7, {65}
A ; (P) _ (p—1) (p)
' 20) _ g : ay, = a7+ 55w,
1 ¢, = ¢i(m,mo) ! p) 7(p—1) 5=®) ((P)y—(3—
<:a,<o> =a(ng) . =y 7 = b et ary) T, -
jat=almo) o® = ), +bw, %,
VDO =b(ng) s 0 _ =0 51 () {5
T ¢ ﬂ-’i = / _I_wp ICZ[CLP {¢ }]
\ blP) = b§1;)2 _l_wp%nlca[a( )7E§§)7Eg))’E‘(f)] 7 p=1,..,s
o dii = di'V + di® + .. + di® g (s-copies)
3 L >
Appropriate {®),},_; _ : Errors intermediate steps cancel to O(61")  ;----=-==-r-=-=-=menene
( dii'? = w,dii
S, = 2Sn—1 +1=1,3,7,15,... |:> @(5;7211) E { -
' w, =
s,=1;n=1,2,...) (r=2,4,6.38,...) ; g
e




Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectlc Integrators

_/N\
|

ity-Verlet O(dy ]

R IRC 70, = 777D 4w KD, {7
'wg)zm(n nO)l / ’
SO ), afy = a®) b,
1 ¢z = ¢’L(n7 7?,0) : —— < p) (p— ) 5,., ~(p) (p) (3 Oé) > —
1 (0) — I é; ?; + Wp 777T 1/2( 1/2)
o =alno) (v) NONEXD
\bO) =b(ng) s : 4+ Vi3
e ‘ 7 = w5+ wPKila®, (3]
W0 = s e, B EY, B
Mo, dip = dﬁ(l) + dn(z) +...+ dﬁ(s) %1 (s-copies)
s s
Appropriate {a)p ] p=1,..s : Errors intermediate steps cancel to O(on") ;---------=--==--mmmmee
( dii” = w,dil

e.d.

wi = w3 = 1.351207191959657771818
wo = —1.702414403875838200264

O(dn*)

| M
ES
I




Scalar Field @ Expanding Background (SF@EB) Algorithms

Higher Order Symplectlc Integrators
ity-Verlet 0(dn*) ]

(: 7?7?0) =0, nO)‘: (: Ti(n,ng + 1) = 77'3'(8) ‘I
1 -~ 0 - ) o .
Lo =ditmm)l o |iditnne+1) =7
. a9 = a(ny) E (s-copies | a(ng +1) = a®) :
\I\ b(O) = b('n,o) ! W2) \l b(no + 1) — b(S) :

...........

~ ~ __ 1~(1 ) N .
o, dii = dil® + di® + ..+ dii® 7

A}

dﬁ(p) = a)pdﬁ : Za)p — 1



Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectlc Integrators

Lattice Problem:

e

H O O EH EH = O E E O g

(1 ~ ~ .
: 7T§0) = 7i(m,mo) r: mi(n,ng+1) = ﬁ§8) S

' -0 B N ) o
<:¢§)z¢i(n,n0)i _ <E¢i(n7n0—|—l)5¢§) :
: a® = a(n) ' (s-copies |, a(ng+1)=al® |

1

(v ' p(0) = b(ng) Jt VV2) \I‘b(no +1) = p(s) ;

i, di=diP+di?+.. . +di¥ 7

—= n,

dii'P) = w,dij ; Z W, =

@(dn2)]

ot;

Name | Order w; = 5} S
4 wy, = wg = 1.351207191959657771818
Vv | 0(st) wy = —1.702414403875838200264 3
wy, = wy = 0.78451361047755726382
6 wy = wg = 0.23557321335935813368
Vve | O@t") w3z = ws = —1.1776799841788710069 7
wy = 1.3151863206839112189
wy = wis = 0.74167036435061295345
wy = w4 = —0.40910082580003159400
ws = wiz = 0.19075471029623837995
8 wy = wio = —0.57386247111608226666
vve | o(st) ws = wi1 = 0.29906418130365592384 15
wg = wig = 0.33462491824529818378
wy = wg = 0.31529309239676659663
= —0.79688793935291635402
wy = wg; = —0.48159895600253002870
wy = wzo = 0.0036303931544595926879
w3 = wog = 0.50180317558723140279
wy = wog = 0.28298402624506254868
ws = woy = 0.80702967895372223806
wg = wog = —0.026090580538592205447
wy = wos = —0.87286590146318071547
VV10 | 05t wg = wog = —0.52373568062510581643 31

wg = waz = 0.44521844299952789252
w10 = W22 = 0.18612289547097907887
wy1 = wo = 0.23137327866438360633
wi2 = wyg = —0.52191036590418628905
wi3 = wig = 0.74866113714499296793
wig = wig = 0.066736511890604057532
wis = wyy = —0.80360324375670830316
wie = 0.91249037635867994571




Scalar Field @ Expanding Background (SF@EB) Algorithms
Higher Order Symplectlc Integrators

Lattice Problem:

e

H O O EH EH = O E E O g

(1 ~ ~ .
: 7T§0) = 7i(m,mo) r: mi(n,ng+1) = ﬁ§8) S

' -0 B N ) o
<:¢§)z¢i(n,n0)i _ <E¢i(n7n0—|—l)5¢§) :
: a® = a(n) ' (s-copies |, a(ng+1)=al® |

1

(v ' p(0) = b(ng) Jt VV2) \I‘b(no +1) = p(s) ;

i, di=diP+di?+.. . +di¥ 7

—= n,

dii'P) = w,dij ; Z W, =

@(dn2)]

ot;

Name | Order w; = 5} S
4 wy, = wg = 1.351207191959657771818
Vv | 0(st) wy = —1.702414403875838200264 3
wy, = wy = 0.78451361047755726382
6 wy = wg = 0.23557321335935813368
Vve | O@t") w3z = ws = —1.1776799841788710069 7
wy = 1.3151863206839112189
wy = wis = 0.74167036435061295345
wy = w4 = —0.40910082580003159400
ws = wiz = 0.19075471029623837995
8 wy = wio = —0.57386247111608226666
vve | o(st) ws = wi1 = 0.29906418130365592384 15
wg = wig = 0.33462491824529818378
wy = wg = 0.31529309239676659663
= —0.79688793935291635402
wy = wg; = —0.48159895600253002870
wy = wzo = 0.0036303931544595926879
w3 = wog = 0.50180317558723140279
wy = wog = 0.28298402624506254868
ws = woy = 0.80702967895372223806
wg = wog = —0.026090580538592205447
wy = wos = —0.87286590146318071547
VV10 | 05t wg = wog = —0.52373568062510581643 31

wg = waz = 0.44521844299952789252
w10 = W22 = 0.18612289547097907887
wy1 = wo = 0.23137327866438360633
wi2 = wyg = —0.52191036590418628905
wi3 = wig = 0.74866113714499296793
wig = wig = 0.066736511890604057532
wis = wyy = —0.80360324375670830316
wie = 0.91249037635867994571




Scalar Field @ Expanding Background (SF@EB) Algorithms

Summary

LeapFrog (LF)
Verlet methods (VV2,PV2)
Runge-Kutta methods (RK2, RK4)
Higher Order integrators (VV4, VV6, VV8, VV10)
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Lattice Formulation of scalar field
dynamics in an expanding background

* L4.a: O(d?) — O(dt") SF@EB Algorithms v
* L4.b: Models tanh”(¢/M)
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— Lecture 4 —

Lattice Formulation of scalar field
dynamics in an expanding background

* L4.a: O(d?) — O(dt") SF@EB Algorithms v
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Models
tanh” (¢ /M)



Inflationary Models tanh”(¢/M)

V(g)/A*
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Inflationary Models tanh”(¢/M)

V(g)/A*




Inflationary Models tanh”(¢/M)

tanh <£>
L M -

111111111111111

P = N*MP




Inflationary Models tanh”(¢/M)

1 1 |
V() = —A* | tanh <M> ~ PP, P = N*MP
P p
2
A
I ~ 2 h2 2 — | 2
‘\ ’: Vcb_ m¢¢ My = <M> A
|
Dscillations
I V,~—1p*; 1= A
g I’ M
\\ ; )
\ / 11 M
Vo ——¢°; o?=(— ) M?
% 60'2¢ ? (A)

111111111111111




Inflationary Models tanh”(¢/M)

Homogeneous:

¢ +3Hp+ QX |p)p=0,

tanh (%) ~ —u* P ||, P = N*MP

Q*(|p|) = PP,




Inflationary Models tanh”(¢/M)

Homogeneous:

Turner '83:

tanh <£>
L M -

¢ +3Hp+ QX |p)p=0,

Q) ~ o <

*

4/p-2
: \ VP a
t

A«

P = N*MP

Q*(|p|) = PP,

-3(p—2)

>(p+2) | a)*E\/z'uéL%pqﬁ:%z

Initial amplitude
(@ oscillations onset)




Inflationary Models tanh”(¢/M)

V(@) = —A* | tanh (%) ~ PP, P = N*MP

Homogeneous: $+3Hd+Q2(|pDp =0, |QX|d|)=u*P|p|P~2,

N0 g
Turner ’83: Q(p) ~ w- <_> ~ (a_) , Dy = \/Z,uT K
* O di=aodi
i p—2 _ oAb 22 d¥' = w.dx’
Choice Param.: a =3 <m> , =P, w:=NMZIP? ¢
' I+




Inflationary Models tanh”(¢/M)

(e.g. a — attractors, Kallosh, Linde 2013)

Exercise time !

Runforp=2,p=4,p =6,
changing kg, kv, N,
choosing LF, VW2, VW4, VW6, VV8, VW10

checking energy conservation, field mean values, field variance, field spectra, ...



1 1
V(@) = —A* | tanh <—|¢| > ~ PP, AP = A*MP
p | M /] p bl
din = a " w.dt
p—2 5 p P22 dx' = w.dx'
Choice Param.: =3|\—), FfEd:, w:=ENM72p? I R 2
S Jx
(. M - A
9] "
Potential: V(¢, 7) = (&, _Mp tanh? [~ =272 . * *
(. 7) Pl ($.70) = > o Xo s R
T T A
oV . tanh? (| @ |/M) . T ) % o
Deriv. Potential: — = M?™! ~(/§ sgn(@) + g7 3 —=qd*}
o cosh?(| ¢ |/M) oy
o’V Mr?

a732 = 1510 [(p — Dtanh? (|| /M) — (p + 1)tanhp(|c/3I/M)] sgn(g) + q 7

Deriv.*2 Potential: |

— 4 2
—=q¢



Back slides



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for 7”%5:3 Jg = 5;{ do and scale factor a(ng + 1/2):

IC i {$a,b} at i, {7y, a2} at iio— 0.567

aygi2 = a_gpe+tbdn — a=(ajo2t+a_ogs2)/2

33—

~ (a) a—0/2 ~ (a) —(3~a) a AN—A+7(a Y ~

T2 = <a+0/2> T o2 + g/ <a1+ ZAk Al‘:(p( ) _ g3t ‘/,qg(a)) O7]
k




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog
I) Iterative scheme for 7@ ) = ﬁar ¢o and scale factor a(ng + 1/2):

+0/

IC i {$a,b} at i, {7y, a2} at iio— 0.567

aroi2 = a_g2+bdn —  a=(arop2+a_gp)/2
33—«
(a) _ [ %=0/2 ~ (a) —(3—a) a\N M A-A+7(a aty -
Troje = <a+0/z) T_o2 T %o (aH > ALAL P —a*t V,<E<a>) 07}
k

o = (E(a)+5ﬁﬁfg/2



Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for 7”%5:3 Jg = ﬁar do and scale factor a(ng + 1/2):

IC i {$a,b} at i, {7y, a2} at iio— 0.567

ayo/2 = Q_g/2 + b(Sﬁ — a = (a+0/2 + Cl,_o/g)/Q
33—
~ (a) a—0/2 ~(a) —(3—0a) o A— A+ 7(a ot ~
T2 = <a+0/2) T o2 + g/ <a1+ ZAk Al‘:(p( ) _ g3t ‘/,qg(a)) O7]
k

o = (E(a)+5ﬁﬁfg/2




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for 7”%5:3 Jg = ﬁar do and scale factor a(ng + 1/2):

IC i {$a,b} at i, {7y, a2} at iio— 0.567

ayo/2 = Q_g/2 + b(Sﬁ — a = (a+0/2 + Cl,_o/g)/Q
33—
~ (a) a—0/2 ~(a) —(3—0a) o A— A+ 7(a ot ~
T2 = <a+0/2) T o2 + g/ <a1+ ZAk A;(p( ) _ g3t V,qg(a)) O7]
k

iy = o + 57 ﬁfgm

B 57 [ f \° 1 20 - — —
boo = b+ a+0/2 (Oé—Q)EK—I-aE(;—I—(Oé-I—l)EV ,
\ (FG+FG,+6) \ (FV+ Fv,+6)




Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for 7’%5:3 Jg = ﬁar do and scale factor a(ng + 1/2):

IC i {$a,b} at i, {7y, a2} at iio— 0.567

aygi2 = a_gpe+tbdn — a=(ajo2t+a_ogs2)/2
33—«
~ (a) a—0/2 ~ (a) —(3—a) a\N > A—A+7(a oty -
Tio/2 = <a+0/2) T_o/2 T @ho)2 ("’H ZAk Af oW —a®t V,<5(“>) 07}
k

o = (E(a)+5ﬁﬁfg/z

5~ * 2 = T~ =
bio = b+ n(f ) ar(r)?(;[(a—Z)EK—l—aEg—l—(Oz—l—l)EV],

3 \my e
1 f 2 (FG + FG,+6) (FV + FV,+6)
HC : V=< (—) q2(et]) (EK + Bg+ EV) : :
Myp
k} (FK o2t Exion)
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Scalar Field @ Expanding Background (SF@EB) Algorithms
(Staggered) LeapFrog

I) Iterative scheme for wfg Jg = ﬁaL do and scale factor a(ng + 1/2):

IC : {¢a,b} at 7, {w(_“g/2,a 02} at 7o — 0.587
aip/2 = Qa_p/2 + b(Sﬁ — a = (a’—|—0/2 + a’—O/Z)/2

33— \
=) _ (9=0/2 ~ (a) —(3=a) [ _1+o a 3+a ~
Tro/2 ~ ( ) T_o/2 T ®40/2 ( ’ ZA Al —a®t qu(a)) o7,

<A CL_|_0/2 [
7(a) 7 ~ ~(a) o’

Py = ¢(a)+5777r+0/2 et
5~ %k 2 i T~ T~ ¢"’
<» bio = b+ "(f ) a1+2°‘[(a—2)EK—|—aEG+(a—l—l)EV],—’

]
i
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-
-
n..
~
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~
~
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~
N

3 \my +0/2
N NLL
9 ]. f* 2 2(a+1) - — ~ (EG+2EG,+O) (EV+2EV,+0)
p k, )
(Ex_on+ Exion)




