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Can we simulate the very first 
instants of the Universe ?



If so, How? What can we learn?

Can we simulate the very first 
instants of the Universe ?



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

What
interesting

phenomena?



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production

Phase
Transitions



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production

Cosmic
Defects

Phase
Transitions



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production

Cosmic
Defects

Phase
Transitions

Common
Factor ?



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production

Cosmic
Defects

Phase
Transitions

Common
Factor ?

Non-linear
field 

dynamics



The Early Universe

Non-linear
field 

dynamics

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Common
Factor ?



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Non-linear
  Numerical 
simulations

≡



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

CosmoLattice



School 2022CosmoLattice —

School aimed to provide a pedagogical 
introduction to lattice field theory techniques 

+

their adaptation to simulate the dynamics of
interacting fields in an expanding background
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We will introduce CosmoLattice, our public code
for lattice simulations of early Universe scenarios 

… so you learn how to simulate non-linear scalar
and gauge field dynamics in an expanding universe 

http://www.cosmolattice.net/
http://www.cosmolattice.net/
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Lesson 5: Lattice U(1) gauge theories 
Lesson 6: Lattice SU(2) gauge theories 
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Topical 4: Plotting 3D data with CosmoLattice 
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S = − ∫ d4x −g { 1
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∂μϕ∂μϕ + (DA
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1
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FμνFμν + (DμΦ)†(DμΦ) +
1
2

Tr{GμνGμν} + V(ϕ, |φ | , |Φ | )}
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potential

ds2 = − dt2 + a2(t) δij dxidxj
➤ Self-consistent expansion (Friedmann equations)

➤ Fixed power-law background

➤ Background Metric: {
a(t) ∼ t

2
3(1 + w)
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Lattice Equations

➤ Hamiltonian scheme: coupled first-order differential equations

ϕ′ ≡ πϕaα−3

(πϕ)′ = − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′ a3−α KICK:

DRIFT:

➤ Scalar fld example

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ
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➤ Scalar fld example

➤ Gauge fields introduced via links and plaquettes (like in lattice-QCD)

δx{➤ Scalar Fields and momenta are defined in the lattice sites

N : number of points/dimension

L = N ⋅ δx : length side

Minimum and maximum momenta:

kmin =
2π
L

kmax =
3

2
Nkminδt : time step

L

Aμ

Uμν

(lattice spacing)
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{



Transparencies worked out together with Paco Torrentí

Lattice Equations

➤ Hamiltonian scheme: coupled first-order differential equations

ϕ′ ≡ πϕaα−3

(πϕ)′ = − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′ a3−α KICK:

DRIFT:

➤ Scalar fld example

➤ Gauge fields introduced via links and plaquettes (like in lattice-QCD)

δx{➤ Scalar Fields and momenta are defined in the lattice sites

N : number of points/dimension

L = N ⋅ δx : length side

Minimum and maximum momenta:

kmin =
2π
L

kmax =
3

2
Nkminδt : time step

Aμ

Uμν

(lattice spacing)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ



Transparencies worked out together with Paco Torrentí

Writing a model

➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)



Transparencies worked out together with Paco Torrentí

Writing a model

➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)

Example:

<latexit sha1_base64="ijHEj9iyxcfqJ8+r0WeUblrqZOY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9OIxYl6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c381hPXRsSqjuOE+xEdKBEKRtFKj/XeRa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNy7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AzRuNfg==</latexit>

T⇤

<latexit sha1_base64="3HwSR48LjAl+GPf3rzmSa/q1vWg=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ohuXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzlfueeSEUFv9XThAQxGnEaUYy0kdr95pgOzgblimNf1KueX4WO7Tg113Nz4tX8cx+6RslRAUs0B+X3/lDgNCZcY4aU6rlOooMMSU0xI7NSP1UkQXiCRqRnKEcxUUE2v3YGT4wyhJGQpriGc/X7RIZipaZxaDpjpMfqt5eLf3m9VEf1IKM8STXheLEoShnUAuavwyGVBGs2NQRhSc2tEI+RRFibgEomhK9P4f+k7dlu1fZv/ErjchlHERyBY3AKXFADDXANmqAFMLgDD+AJPFvCerRerNdFa8FazhyCH7DePgFip48H</latexit>

�⇤

<latexit sha1_base64="A17HvYb1VjBKSMqeeH1jt1dRl/c=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCiWRoi6LblxWsA9oQphMJ+3QycOZG6GEfoQbf8WNC0XcunDn3zhts9DWAwPnnnMvd+7xE8EVWNa3UVhaXlldK66XNja3tnfM3b2WilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7weuK3H5hUPI7uYJQwNyT9iAecEtCSZ546yYBX4Bg7iofsHjuNAfdOsAO6UjjwMkeGOFZ0rHs8s2xVrSnwIrFzUkY5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuphHRO91setQYH2mlh4NY6hcBnqq/JzISKjUKfd0ZEhioeW8i/ud1Uwgu3YxHSQosorNFQSowxHiSEO5xySiIkSaESq7/iumASEJB51jSIdjzJy+S1lnVPq/Wbmvl+lUeRxEdoENUQTa6QHV0gxqoiSh6RM/oFb0ZT8aL8W58zFoLRj6zj/7A+PwBva6dZQ==</latexit>

�(t) ' �⇤ ⇥ fosc(t)

<latexit sha1_base64="s5xlxvMni0+vGwQhq22/PcgfmCQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQPYRdCeox6MVjhLwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBZcG9f9dlIbm1vbO+ndzN7+weFR9vikpqNEMayySESqEVCNgkusGm4ENmKFNAwE1oPBw8yvj1BpHsmKGcfoh7QneZczaqzkV/LmkrQkDkmlfdXO5tyCOwdZJ96S5GCJcjv71epELAlRGiao1k3PjY0/ocpwJnCaaSUaY8oGtIdNSyUNUfuT+dFTcmGVDulGypY0ZK7+npjQUOtxGNjOkJq+XvVm4n9eMzHdO3/CZZwYlGyxqJsIYiIyS4B0uEJmxNgSyhS3txLWp4oyY3PK2BC81ZfXSe264N0Uik/FXOl+GUcazuAc8uDBLZTgEcpQBQZDeIZXeHNGzovz7nwsWlPOcuYU/sD5/AHWGZDb</latexit>

T (t) 6= T⇤



Transparencies worked out together with Paco Torrentí

Writing a model

➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)

Example:

<latexit sha1_base64="ijHEj9iyxcfqJ8+r0WeUblrqZOY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9OIxYl6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c381hPXRsSqjuOE+xEdKBEKRtFKj/XeRa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNy7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AzRuNfg==</latexit>

T⇤

<latexit sha1_base64="3HwSR48LjAl+GPf3rzmSa/q1vWg=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ohuXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzlfueeSEUFv9XThAQxGnEaUYy0kdr95pgOzgblimNf1KueX4WO7Tg113Nz4tX8cx+6RslRAUs0B+X3/lDgNCZcY4aU6rlOooMMSU0xI7NSP1UkQXiCRqRnKEcxUUE2v3YGT4wyhJGQpriGc/X7RIZipaZxaDpjpMfqt5eLf3m9VEf1IKM8STXheLEoShnUAuavwyGVBGs2NQRhSc2tEI+RRFibgEomhK9P4f+k7dlu1fZv/ErjchlHERyBY3AKXFADDXANmqAFMLgDD+AJPFvCerRerNdFa8FazhyCH7DePgFip48H</latexit>

�⇤

<latexit sha1_base64="A17HvYb1VjBKSMqeeH1jt1dRl/c=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCiWRoi6LblxWsA9oQphMJ+3QycOZG6GEfoQbf8WNC0XcunDn3zhts9DWAwPnnnMvd+7xE8EVWNa3UVhaXlldK66XNja3tnfM3b2WilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7weuK3H5hUPI7uYJQwNyT9iAecEtCSZ546yYBX4Bg7iofsHjuNAfdOsAO6UjjwMkeGOFZ0rHs8s2xVrSnwIrFzUkY5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuphHRO91setQYH2mlh4NY6hcBnqq/JzISKjUKfd0ZEhioeW8i/ud1Uwgu3YxHSQosorNFQSowxHiSEO5xySiIkSaESq7/iumASEJB51jSIdjzJy+S1lnVPq/Wbmvl+lUeRxEdoENUQTa6QHV0gxqoiSh6RM/oFb0ZT8aL8W58zFoLRj6zj/7A+PwBva6dZQ==</latexit>

�(t) ' �⇤ ⇥ fosc(t)

<latexit sha1_base64="s5xlxvMni0+vGwQhq22/PcgfmCQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQPYRdCeox6MVjhLwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBZcG9f9dlIbm1vbO+ndzN7+weFR9vikpqNEMayySESqEVCNgkusGm4ENmKFNAwE1oPBw8yvj1BpHsmKGcfoh7QneZczaqzkV/LmkrQkDkmlfdXO5tyCOwdZJ96S5GCJcjv71epELAlRGiao1k3PjY0/ocpwJnCaaSUaY8oGtIdNSyUNUfuT+dFTcmGVDulGypY0ZK7+npjQUOtxGNjOkJq+XvVm4n9eMzHdO3/CZZwYlGyxqJsIYiIyS4B0uEJmxNgSyhS3txLWp4oyY3PK2BC81ZfXSe264N0Uik/FXOl+GUcazuAc8uDBLZTgEcpQBQZDeIZXeHNGzovz7nwsWlPOcuYU/sD5/AHWGZDb</latexit>

T (t) 6= T⇤

<latexit sha1_base64="JZVat4eIWApa43Xm9RG5Gz6dfqM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBeiiJFPUiFL14rGA/oAlhs920SzebsLsRSujf8OJBEa/+GW/+GzdtDtr6YODx3gwz84KEM6Vt+9sqra1vbG6Vtys7u3v7B9XDo66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gsld7veeqFQsFo96mlAvwiPBQkawNpIb+nV0g9z2mPl1v1qzG/YcaJU4BalBgbZf/XKHMUkjKjThWKmBYyfay7DUjHA6q7ipogkmEzyiA0MFjqjysvnNM3RmlCEKY2lKaDRXf09kOFJqGgWmM8J6rJa9XPzPG6Q6vPYyJpJUU0EWi8KUIx2jPAA0ZJISzaeGYCKZuRWRMZaYaBNTxYTgLL+8SroXDeey0Xxo1lq3RRxlOIFTOAcHrqAF99CGDhBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEVJJBt</latexit>

f⇤ = �⇤
<latexit sha1_base64="2XkZO/HpiZYGTbSrN257beeOAd4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjSRU2kqBuh6MZlhb6gDWEynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3YKe7u7R8cukfHLS1ThUkTSyZVJ0KaMCpI01DDSCdRBPGIkXY0epj57TFRmkrRMJOEBBwNBI0pRsZKoev2JCcDFJbhHfQvG2E5dEtexZsDrhI/JyWQox66X72+xCknwmCGtO76XmKCDClDMSPTYi/VJEF4hAaka6lAnOggm18+hedW6cNYKlvCwLn6eyJDXOsJj2wnR2aol72Z+J/XTU18G2RUJKkhAi8WxSmDRsJZDLBPFcGGTSxBWFF7K8RDpBA2NqyiDcFffnmVtK4q/nWl+lQt1e7zOArgFJyBC+CDG1ADj6AOmgCDMXgGr+DNyZwX5935WLSuOfnMCfgD5/MHDF6R/A==</latexit>

!⇤ = 1/T⇤

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵ Make period  
constant in 

<latexit sha1_base64="Dt/Nr537e163g3ZpUJdKH0cgahw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPRi8cK9gObUDabSbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh51dJIpBm2WiET1AqpBcAlt5CiglyqgcSCgG4xvZ373CZTmiXzASQp+TIeSR5xRNNKjh1yE4AHSQbXm1J057FXiFqRGCrQG1S8vTFgWg0QmqNZ910nRz6lCzgRMK16mIaVsTIfQN1TSGLSfzy+e2mdGCe0oUaYk2nP190ROY60ncWA6Y4ojvezNxP+8fobRtZ9zmWYIki0WRZmwMbFn79shV8BQTAyhTHFzq81GVFGGJqSKCcFdfnmVdC7q7mW9cd+oNW+KOMrkhJySc+KSK9Ikd6RF2oQRSZ7JK3mztPVivVsfi9aSVcwckz+wPn8AqCmQ6w==</latexit>

⌘̃

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Transparencies worked out together with Paco Torrentí

Writing a model

➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)



Transparencies worked out together with Paco Torrentí

Writing a model

➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (input.txt)
(no need to re-compile !)



Transparencies worked out together with Paco Torrentí

Self-consistent Expansion

➤ Algorithms use second Friedmann equation to evolve the scale factor.

➤ The first Friedmann equation is used to check the accuracy of the simulation.
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➤ Algorithms use second Friedmann equation to evolve the scale factor.

➤ The first Friedmann equation is used to check the accuracy of the simulation.
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Output from your Run

Volume averages: variance, energies, etc
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* Choose Algorithm 
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CL is a platform for field theories 
You choose the problem to solve !
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OK-ish lattice 
Representation

(lattice spacing)
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Lattice spacing

"Good" lattice spacing: 

dx

F(x)

f(n) ≡ F(xn ≡ x* + ndx)

| f(n + 1) − f(n) | ∼ |F′ (xn) |dx
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| f(n + 1) − f(n) | ∼ |F′ (xn) |dx
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x1 x5x3 x7 x11x9 x13 x15

f(1)
f(2)

f(3)

f(4)

f(5)

f(6)
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f(8)
Better lattice 

Representation

dx

"Good" lattice spacing: 

x4x2 x6 x10x8 x12 x14 x16

f(15)

f(14)

f(13)
f(12)

f(11)
f(10)

f(9)

f(16)

F(x)

f(n) ≡ F(xn ≡ x* + ndx)

(lattice 
spacing)

Must choose  
appropriate  

Lattice spacing

| f(n + 1) − f(n) | ∼ |F′ (xn) |dx

Price to pay  
Must store  

twice as  
many 

numbers



Primer on Lattice Techniques
"Good" lattice spacing: | f(n + 1) − f(n) | ∼ |F′ (xn) |dx
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"Good" lattice spacing: i.e. represent well your derivatives !
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"Good" lattice spacing: i.e. represent well your derivatives !
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x1 x5x3 x7 x11x9 x13 x15

f(1)
f(2)

f(3)

f(4)

f(5)

f(6)

f(7)

f(8)
“Good" lattice 

Representation

dx
(lattice spacing)

x4x2 x6 x10x8 x12 x14 x16

f(15)

f(14)

f(13)
f(12)

f(11)
f(10)

f(9)

f(16)

F(x)

f(n) ≡ F(xn ≡ x* + ndx)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Primer on Lattice Techniques
"Good" lattice spacing: i.e. represent well your derivatives !

x 
x1 x5x3 x7 x11x9 x13 x15

f(1)
f(2)

f(3)

f(4)

f(5)

f(6)

f(7)

f(8)
“Good" lattice 

Representation

dx
(lattice spacing)

x4x2 x6 x10x8 x12 x14 x16

f(15)

f(14)

f(13)
f(12)

f(11)
f(10)

f(9)

f(16)

F(x)

f(n) ≡ F(xn ≡ x* + ndx)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{ ⟹
f(n + 1) − f(n)

dx
≈ F′ (xn+1/2)

xn+1/2 ≡
xn + xn+1

2

more on  
this later !
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dx

dx

Generalization to 2 spatial dimensions (2D)

x1

x2



Primer on Lattice Techniques
Generalization to 2 spatial dimensions (2D)

dx

dx

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

{xn1n2
} , ni = 1, 2, . . . . , N ; i = 1,2 (N2 entries)



Primer on Lattice Techniques
Generalization to 2 spatial dimensions (2D)

dx

dx

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

{xn1n2
} , ni = 1, 2, . . . . , N ; i = 1,2

F(x) ⟶ f(n1, n2) ≡ F(xn1n2
)

(N2 entries)



Primer on Lattice Techniques
Generalization to 2 spatial dimensions (2D)

dx

dx

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

{xn1n2
} , ni = 1, 2, . . . . , N ; i = 1,2

F(x) ⟶ f(n1, n2) ≡ F(xn1n2
)

{f(n)} , N2 entries

(ni = 1, 2, . . . . , N ; i = 1,2)

n ≡ (n1, n2)

(N2 entries)

F(x) — Lattice 
representation 



Primer on Lattice Techniques
Generalization to 2 spatial dimensions (2D)

dx

dx

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

{xn1n2
} , ni = 1, 2, . . . . , N ; i = 1,2

F(x) ⟶ f(n1, n2) ≡ F(xn1n2
)

{f(n)} , N2 entries

(ni = 1, 2, . . . . , N ; i = 1,2)

"Good" lattice spacing IF: 

f(n + ̂i ) − f(n)
dx

≈
∂F
∂xi (n+ ̂i/2)dx

n ≡ (n1, n2)

̂i ≡unit vector in i-direction
(i = 1,2,3)

(N2 entries)



Primer on Lattice Techniques
Generalization to 3 spatial dimensions (3D)

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

δx

n3 = 3

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{
δx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{δx

n3 = 4



Primer on Lattice Techniques
Generalization to 3 spatial dimensions (3D)

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

{xn1n2n3
} , ni = 1, 2, . . . . , N ; i = 1,2,3

F(x) ⟶ f(n1, n2, n3) ≡ F(xn1n2n3
)

δx

n3 = 3
n3 = 4

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{
δx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{δx

(N3 entries)



Primer on Lattice Techniques
Generalization to 3 spatial dimensions (3D)

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

{xn1n2n3
} , ni = 1, 2, . . . . , N ; i = 1,2,3

F(x) ⟶ f(n1, n2, n3) ≡ F(xn1n2n3
)

{f(n)} , N3 entries

(ni = 1, 2, . . . . , N ; i = 1,2,3)

n ≡ (n1, n2, n3)

δx

n3 = 3

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{
δx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{δx

(N3 entries)

n3 = 4

F(x) — Lattice 
representation 



Primer on Lattice Techniques
Generalization to 3 spatial dimensions (3D)

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

{xn1n2n3
} , ni = 1, 2, . . . . , N ; i = 1,2,3

F(x) ⟶ f(n1, n2, n3) ≡ F(xn1n2n3
)

{f(n)} , N3 entries

(ni = 1, 2, . . . . , N ; i = 1,2,3)

"Good" lattice spacing IF: 

f(n + ̂i ) − f(n)
dx

≈
∂F
∂xi (n+ ̂i/2)dx

n ≡ (n1, n2, n3)

̂i ≡unit vector in i-direction

δx

n3 = 3
n4 = 3

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{
δx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{δx

(i = 1,2,3)

(N3 entries)



Primer on Lattice Techniques
Generalization to d-spatial dimensions (d-D)

{xn1n2...nd
} , ni = 1, 2, . . . . , N ; i = 1,2,...,d

F(x) ⟶ f(n1, n2, . . . , nd) ≡ F(xn1n2...nd
)

(4D lattice according to Christopher Nolan)

(Nd entries)



Primer on Lattice Techniques
Generalization to d-spatial dimensions (d-D)

{f(n)} , Nd entries

(ni = 1, 2, . . . . , N ; i = 1,2,...,d)

"Good" lattice spacing IF: 

f(n + ̂i ) − f(n)
dx

≈
∂F
∂xi (n+ ̂i/2)dx

n ≡ (n1, n2, . . . , nd)

̂i ≡unit vector in i-direction

(4D lattice according to Christopher Nolan)

{xn1n2...nd
} , ni = 1, 2, . . . . , N ; i = 1,2,...,d

F(x) ⟶ f(n1, n2, . . . , nd) ≡ F(xn1n2...nd
)

(Nd entries)

F(x) — Lattice representation
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What about the boundaries ?



Primer on Lattice Techniques
What about the boundaries ?

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7) f(N )

{f(n) ≡ F(xn)} , n = 1, 2, . . . . , N

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = N

(example, N = 8)

{f(n)}

(N = 8)



Primer on Lattice Techniques
What about the boundaries ?

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

f(n, t) ≡ F(xn, t) , n = 2,3,..,N − 1

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}f(1) ≡ F(x1) ; f(N) ≡ F(xN)
Fixed Boundary 

Conditions

f(N )

n = N
(N = 8)
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f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}

n = N+1n = 0

f(N )

n = N
(N = 8)

??



Primer on Lattice Techniques
What about the boundaries ?

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}
f(1)

f(N )

n = 0

f(N )

n = N
(N = 8)

n = N+1



Primer on Lattice Techniques
What about the boundaries ?

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}
f(1)

f(N )

n = 0

f(N )

n = N
(N = 8)

n = N+1

f(n, t) ≡ F(xn, t) , n = 1,2,3,..,N

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}f(N + 1) ≡ f(1) ; f(0) ≡ f(N)
Periodic Boundary 

Conditions



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 1D

n = 2

n = 3

n = 4

n = N

n = 1

n = N -1

boundary

f(1)
f(2)

f(3)

f(4)

f(N )

f(N − 1)

f(N + 1) ≡ f(1)
f(0) ≡ f(N )

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
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Periodic Boundary Conditions: 2D

n1 = 1 n1 = 2 n1 = 3 n1 = N − 1 n1 = N

n2 = 1
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What about the boundaries ?

Periodic Boundary Conditions: 2D

n1 = 1 n1 = 2 n1 = 3 n1 = N − 1 n1 = N

n2 = 1

n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n1 = N + 1
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Periodic Boundary Conditions: 2D

n2 = 3
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n2 = N

n2 = N − 1

n1 = 1 n1 = 2 n1 = 3 n1 = N − 1 n1 = N

n2 = 1

n1 = N + 1
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What about the boundaries ?

Periodic Boundary Conditions: 2D

n1 = 1 n1 = 2 n1 = 3 n1 = N − 1 n1 = N

n2 = 1

n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n1 = N + 1

n2 = N + 1



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 2D

Bulk

n1 = 1 n1 = 2 n1 = 3 n1 = N − 1 n1 = N

n2 = 1

n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n1 = N + 1

n2 = N + 1



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 2D

Boundary

n1 = 1 n1 = 2 n1 = 3 n1 = N − 1 n1 = N

n2 = 1

n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n1 = N + 1

n2 = N + 1



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 2D

{n ≡ (n1, n2)} , {f(n)} ,

(N2 entries)

ni = 1, 2, . . . . , N ; i = 1,2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Lattice 2D



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 2D

f(n + N ̂i ) ≡ f(n)

{n ≡ (n1, n2)} , {f(n)} ,

(N2 entries)

ni = 1, 2, . . . . , N ; i = 1,2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2)



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 2D

f(n + N ̂i ) ≡ f(n)

{n ≡ (n1, n2)} , {f(n)} ,

(N2 entries)

ni = 1, 2, . . . . , N ; i = 1,2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2)

Torus (T2)



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 3D

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)

ni = 1, 2, . . . . , N ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Lattice 3D



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 3D

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)

ni = 1, 2, . . . . , N ; i = 1,2,3
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} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)
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What about the boundaries ?

Periodic Boundary Conditions: 3D

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)

ni = 1, 2, . . . . , N ; i = 1,2,3
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} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Torus (T3)
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What about the boundaries ?

Periodic Boundary Conditions: 3D

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)

ni = 1, 2, . . . . , N ; i = 1,2,3
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} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Torus (T3)



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: 3D

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)

ni = 1, 2, . . . . , N ; i = 1,2,3
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} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Torus (T3)



Primer on Lattice Techniques
What about the boundaries ?

Periodic Boundary Conditions: d-D

{n ≡ (n1, n2, . . . , nd)} , {f(n)} ,

(Nd entries)

ni = 1, 2, . . . . , N ; i = 1,2,...,d

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,…,d)

Torus (Td)



Primer on Lattice Techniques
Definition of a Lattice (3D)

{n ≡ (n1, n2, n3)} , {fj(n)}

(N3 sites)
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} fj(n + N ̂i ) ≡ fj(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)[ j = 1, 2 ,…, # ]

ni = 1, 2, . . . . , N ; i = 1,2,3



Primer on Lattice Techniques
Definition of a Lattice (3D)

{n ≡ (n1, n2, n3)} , {fj(n)}

(N3 sites)
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} fj(n + N ̂i ) ≡ fj(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)[ j = 1, 2 ,…, # ]

ni = 0, 1, . . . . , N − 1 ; i = 1,2,3



Primer on Lattice Techniques
Definition of a Lattice (3D)

{n ≡ (n1, n2, n3)} , {fj(n)}

(N3 sites)

ni = 0, 1, . . . . , N − 1 ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

δx

N : number of points/dimension

L = N ⋅ δx : length side

(lattice spacing)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

δx ≡
L
N

: lattice spacing

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

[ j = 1, 2 ,…, # ]

fj(n + N ̂i ) ≡ fj(n)



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

( ∑
n

ei 2π
N nñ = N3δ0,ñ )



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice
f(n + N ̂i ) ≡ f(n)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,3)



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Discrete Momentum:

f(n + N ̂i ) ≡ f(n)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñ = (ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)(i = 1,2,3)



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Periodic FT modes:

f(n + N ̂i ) ≡ f(n)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñ = (ñ1, ñ2, ñ3)

ni = 1,2,...,N

f(ñ + N ̂i ) ≡ f(ñ) , i = 1,2,3
̂i ≡ unit vector in    -directionñi



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

f(ñ + N ̂i ) ≡ f(ñ)

Momentum Lattice Periodic



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(ñ + N ̂i ) ≡ f(ñ)

Real Lattice Reciprocal Lattice

f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(ñ + N ̂i ) ≡ f(ñ)

Real Lattice Fourier Lattice

f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

reciprocal  of each  other



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(ñ + N ̂i ) ≡ f(ñ)

Real Lattice
δx

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

N : # points/dimension

L = N ⋅ δx : length side

δx ≡
L
N

: lattice spacing

f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

Fourier Lattice



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(ñ + N ̂i ) ≡ f(ñ)

Real Lattice
δx

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

N : # points/dimension

L = N ⋅ δx : length side

Minimum and maximum momenta:

kmin =
2π
L

k (i)
max =

1
2

Nkminδx ≡
L
N

: lattice spacing

f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

Fourier Lattice



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(ñ + N ̂i ) ≡ f(ñ)

Real Lattice
kmin

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{2k (i)
max

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }δx

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

N : # points/dimension

L = N ⋅ δx : length side

δx ≡
L
N

: lattice spacing

f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

Fourier Lattice



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

kIR ≡
2π
L

ki > 0

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 =
N
2

kIR ≡
2π
L

ki < 0

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)

ñ2 = 0



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 =
N
2

kIR ≡
2π
L

ki > 0

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)

ñ2 = 0



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 =
N
2

kIR ≡
2π
L

ki < 0

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)

ñ2 = 0



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

kIR ≡
2π
L

k (i)
max

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)

k (i)
max ≡

N
2

kIR



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

kIR ≡
2π
L

k (i)
max

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)

2k (i)
max

k (i)
max ≡

N
2

kIR



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

kIR ≡
2π
L

k(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)

2k (i)
max

k (i)
max ≡

N
2

kIR

k(ñ) ≡ ñkIR

Linear Momentum

ñ ≡ (ñ1, ñ2, ñ3)
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Definition of Fourier Lattice

kIR

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

kUV

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

kIR ≡
2π
L

kUV ≡ d
N
2

kIR

= d
π

dx

Momentum Lattice Periodic

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

f(ñ + N ̂i ) ≡ f(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
(i = 1,2,...,d)
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Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(ñ + N ̂i ) ≡ f(ñ)

Real Lattice
δx

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

N : # points/dimension

L = N ⋅ δx : length side

δx ≡
L
N

: lattice spacing

IR  (min) and UV (max) momenta:

kIR =
2π
L kUV =

3
2

Nkmin

f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

Fourier Lattice



Primer on Lattice Techniques
Definition of a Fourier Transform

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)

Periodic Lattice Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,3)f(ñ + N ̂i ) ≡ f(ñ)

Real Lattice
δx

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

N : # points/dimension

L = N ⋅ δx : length side

δx ≡
L
N

: lattice spacing

kmin
kUV

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

Fourier Lattice



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,...,d)f(ñ + N ̂i ) ≡ f(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kIR ≡
2π
L

kUV ≡ d
N
2

kIR = d
π

dx

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}



Primer on Lattice Techniques
Definition of Fourier Lattice

Momentum Lattice Periodic
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,...,d)f(ñ + N ̂i ) ≡ f(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kIR ≡
2π
L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}L ≡ Ndx

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }dx

Real Periodic Lattice
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}(i = 1,2,...,d)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

kUV ≡ d
N
2

kIR = d
π

dx

(reciprocal)



Primer on Lattice Techniques
Lattice Derivatives

dx
Spatial Coordinates

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

t = t1
(lattice spacing)



Primer on Lattice Techniques
Lattice Derivatives

dx
Spatial Coordinates

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

t = t1

dx
Spatial Coordinates

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

t = t2

 dt

(t2 = t1 + dt)

(lattice spacing)

(lattice spacing)

(time step)



Primer on Lattice Techniques
Lattice Derivatives

dx
Spatial Coordinates

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

t = t1

dx
Spatial Coordinates

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

t = t2

 dt

(t2 = t1 + dt)

New notation: n ≡ (n0, n) = (n0, n1, n2, n3)

ni = 0, 1,..., N − 1 ; i = 1,2,3
n0 = 1, 2, 3, . . . , # (time steps)

(time step)

(lattice spacing)

(lattice spacing)



Primer on Lattice Techniques
Lattice Derivatives

[∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
2dxμ

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)Neutral:

f(2) f(4)f(3)

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

dxμ



Primer on Lattice Techniques
Lattice Derivatives

[∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
2dxμ

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)Neutral:

f(2) f(4)f(3)

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

dxμ



Primer on Lattice Techniques
Lattice Derivatives

[∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
2dxμ

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)Neutral:

dx, dt
f(2) f(4)f(3)

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

dxμ



Primer on Lattice Techniques
Lattice Derivatives

[∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
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dxμ
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dxμ
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dxμ [∇(+)
μ f ](3.5) ≡

f(4) − f(3)
dxμ

⟶ ∂μ𝚏(3.5) + 𝒪(dx2
μ)
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Arbitrary: [∇i f](l) = ∑
m

Di(l, m)f(m) = ∑
m

Di(l − m)f(m) = ∑
m′ 

Di(m′ )f(l − m′ )

(Lin. Combination)
Di(l, m)weights: real-valued function of 


two lattice coordinates
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[∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
2dxμ

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)Neutral:

Charged:
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[r±
µ f ] =
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@if(x)
��
x⌘ndx+n0dt

+O(dxµ)

@if(x)
��
x⌘ (n±µ̂/2)dxµ +O(dx2

µ)
(+) Forward    ;     (-) Backward

Arbitrary: [∇i f](l) = ∑
m

Di(l, m)f(m) = ∑
m

Di(l − m)f(m) = ∑
m′ 

Di(m′ )f(l − m′ )

(specially useful for Laplacians)
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[∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
2dxμ

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)Neutral:

Charged:

<latexit sha1_base64="XULya9vkp3xTI/uw8ta3s9TYFTo="></latexit>

[r±
µ f ] =

±f(n± µ̂)⌥ f(n)

dxµ
�!

8
><

>:

@if(x)
��
x⌘ndx+n0dt

+O(dxµ)

@if(x)
��
x⌘ (n±µ̂/2)dxµ +O(dx2

µ)
(+) Forward    ;     (-) Backward

Arbitrary: [∇i f](l) = ∑
m

Di(l, m)f(m) = ∑
m

Di(l − m)f(m) = ∑
m′ 

Di(m′ )f(l − m′ )

<latexit sha1_base64="xUq8BMde2tyMedpmkVXHuuBT07E="></latexit>

D0
i (m

0) =
�m0,�ı̂ � �m0 ,̂ı

2dx
,

<latexit sha1_base64="Oib+jyI8aYx4UxIQlTc1jR7hapU="></latexit>

D±
i (m

0) =
±�m0,⌥ı̂/2 ⌥ �m0,±ı̂/2

dx
, if l = n+

ı̂

2
,

<latexit sha1_base64="rjHeMDkfwnJEvo/B9NDXSz7+DY4="></latexit>

D±
i (m

0) =
±�m0,⌥ı̂ ⌥ �m0,0

dx
, if l = n ,

Neutral: Charged:

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
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Lattice Derivatives

"Goodness" of Lattice  
representation of  
continuum fields

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} controlled by

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} Smallness of dxμ

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

dxμ
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"Goodness" of Lattice  
representation of  
continuum fields

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} controlled by

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} Smallness of 
Lattice Derivative Operator

dxμ

∇μ

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

dxμ
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"Goodness" of Lattice  
representation of  
continuum fields
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} controlled by

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} Smallness of 
Lattice Derivative Operator

Location where operator 'lives'

dxμ

∇μ

nμ ± aμ

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

dxμ
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Lattice Momentum

<latexit sha1_base64="Bei11W7GRKaLpPJgcg53GmYaC9U="></latexit>

[rif ] (n) =
X

m0

Di(m
0)f(n�m0)Derivative:

Lattice Derivatives
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Fourier transform 
of a Derivative: 

<latexit sha1_base64="sDel4C6DgJu5WWVwSECejLzvByk="></latexit>

[rif ](ñ) =
X

n

e�
2⇡i
N ñ·n

X

m

Di(n�m)f(m)

<latexit sha1_base64="sU2HhXB2l9ke1c9zar7OFQ56EsA="></latexit>

=
X

n0

e
2⇡i
N ñ·n0

Di(n
0)
X

m

e�
2⇡i
N ñ·mf(m)

Lattice MomentumLattice Derivatives
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Fourier transform 
of a Derivative: 

<latexit sha1_base64="sDel4C6DgJu5WWVwSECejLzvByk="></latexit>

[rif ](ñ) =
X

n

e�
2⇡i
N ñ·n

X

m

Di(n�m)f(m)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}<latexit sha1_base64="sU2HhXB2l9ke1c9zar7OFQ56EsA="></latexit>

=
X

n0

e
2⇡i
N ñ·n0

Di(n
0)
X

m

e�
2⇡i
N ñ·mf(m)
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<latexit sha1_base64="xfFCAAgITVfn4/le7kpk7TLKTpc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiRT0WvXisYD+gCWWz2bRLN5uwOymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBangGhzn2yptbG5t75R3K3v7B4dH9vFJRyeZoqxNE5GoXkA0E1yyNnAQrJcqRuJAsG4wvp/73QlTmifyCaYp82MylDzilICRBrYd1TzgImS5F0RYzi4HdtWpOwvgdeIWpIoKtAb2lxcmNIuZBCqI1n3XScHPiQJOBZtVvEyzlNAxGbK+oZLETPv54vIZvjBKiKNEmZKAF+rviZzEWk/jwHTGBEZ61ZuL/3n9DKJbP+cyzYBJulwUZQJDgucx4JArRkFMDSFUcXMrpiOiCAUTVsWE4K6+vE46V3X3ut54bFSbd0UcZXSGzlENuegGNdEDaqE2omiCntErerNy68V6tz6WrSWrmDlFf2B9/gDQF5Mj</latexit>

f(ñ)
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weights: define

Lattice derivative
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X

n0
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N ñ·n0 ~D(n0)Lattice Momentum:

k0
Lat,i =

sin(2πñi /N )
dx

k +
Lat,i = k−

Lat,i = 2
sin(πñi /N )

dx
, if l = n ± ̂ı

2
,

k±
Lat,i =

sin(2πñi /N )
dx

± i
1 − cos(2πñi /N )

dx
, if l = n
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X

n0
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N ñ·n0 ~D(n0)Lattice Momentum:

kLin,i = ñi
2π

Ndx
,

k +
Lat,i = k−

Lat,i = 2
sin(πñi /N )

dx
,

Linear:

Charged:
(if l = n ± ̂ı

2
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2π
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Lat,i = k−

Lat,i = 2
sin(πñi /N )

dx
,

Linear:
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2
)
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N
2

N
4

N
2

2
N
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2
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2
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N
2
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}ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,...,d)f(ñ + N ̂i ) ≡ f(ñ)

kIR
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kUV

ñ1 = −
N
2

+ 1 ñ1 = 0 ñ1 =
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

kIR ≡
2π
L

kUV ≡ d
N
2

kIR

= d
π

dx

kNyquist
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Function with 
random amplitudes 
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𝚏(x, t) = F(t) + δF(x, t) ⟶ 𝚏k(t)
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random amplitudes 
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⟨𝚏2(x, t)⟩ = ∫ d log k Δ𝚏(k, t) ,

⟨𝚏k(t)𝚏k′ (t)⟩ = (2π)3𝒫𝚏(k, t)δ(k − k′ )*

Δ𝚏(k, t) ≡
k3

2π2
𝒫𝚏(k, t)

Ensemble 
Average

Power 
Spectrum 

2-point 
Funct. 

𝚏(x, t) = F(t) + δF(x, t) ⟶ 𝚏k(t)

Function with 
random amplitudes 

Fourier 
Transform 
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ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2
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2π
L
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k1 + kIR
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k1

k1 + kIR

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ Ωdnd−1
1 ; k1 ≃ n1kIR

(d-dimensional solid  
angle in d spatial dims)

k1

(multiplicity)
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k1

k1 + kIR

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

k1

(d = 3)
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k1

k1 + kIR

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

k1

(d = 3)

|𝚏k1
|2 ≡ ⟨ |𝚏k |2 ⟩R1

(angular average)
≡

(ensemble average)
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Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

(angular average)
Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)
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Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

(angular average)
Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)
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}* *

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

*

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1 Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

Lattice: ⟨ f 2⟩V =
dx3

L3 ∑
n

f 2(n) =
1

N3 ∑
n

f 2(n) =
1

N6 ∑̃
n

𝚏(ñ)
2

Lattice FT

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

Lattice: ⟨ f 2⟩V =
dx3

L3 ∑
n

f 2(n) =
1

N3 ∑
n

f 2(n) =
1

N6 ∑̃
n

𝚏(ñ)
2

=
1

N6 ∑
|ñ|

∑
ñ′ ∈R(ñ)

𝚏(ñ)
2

≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

Radial-Angular 
Decomposition

Angular 
Summation

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

Lattice: ⟨ f 2⟩V =
dx3

L3 ∑
n

f 2(n) =
1

N3 ∑
n

f 2(n) =
1

N6 ∑̃
n

𝚏(ñ)
2

=
1

N6 ∑
|ñ|

∑
ñ′ ∈R(ñ)

𝚏(ñ)
2

≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

Radial-Angular 
Decomposition

Angular 
Summation

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

Multiplicity 
≃ 4π | ñ |2

*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

Lattice: ⟨ f 2⟩V ≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

Summation  
over bins 

= ∑
|ñ|

Δ log k(ñ)
k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

Lattice: ⟨ f 2⟩V ≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

Summation  
over bins 

= ∑
|ñ|

Δ log k(ñ)
k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Δ log k(ñ) ≡
kIR

k(ñ)
; k(ñ) ≡ kIR | ñ |

*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

Lattice: ⟨ f 2⟩V ≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

Summation  
over bins 

= ∑
|ñ|

Δ log k(ñ)
k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Lattice Power Spectrum

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum:

Lattice: ⟨ f 2⟩V ≃ ∑
|ñ|

Δ log k(ñ) Δ(L)
f ( | ñ | ) ,

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

(Summation  over bins)


⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Bin 1: k(ñ) ∈ [k1, k1 + kIR] {𝚏k} ; #1 ≃ 4πn2
1 ; k1 ≃ n1kIR

(d = 3)

Related to                           ?⟨𝚏k𝚏k′ ⟩ ∝ 𝒫𝚏(k)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}* *

Continuum:

Lattice: ⟨ f 2⟩V ≃ ∑
|ñ|

Δ log k(ñ) Δ(L)
f ( | ñ | ) ,

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>}≡ R1

|𝚏k1
|2 ≡ ⟨𝚏k𝚏k⟩R1

(Summation  over bins)


Lattice Power Spectrum: 

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}Δ(L)
f ( | ñ | ) ≡

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′ ⟩ = (2π)3𝒫𝚏(k)δ(k − k′ )

Lattice representation

of continuum
⟨𝚏k𝚏k′ ⟩*

*

(angular average)

(multiplicity)



Primer on Lattice Techniques
Definition of Power Spectrum

Δ(L)
f ( | ñ | ) ≡

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

k1

k1 + kIR k1

Based on: ⟨(⋯)⟩R(ñ) ≡
1

4π | ñ |2 ∑
ñ′ ∈R(ñ)

(⋯)

Multiplicity 
≃ 4π | ñ |2



Primer on Lattice Techniques
Definition of Power Spectrum

Δ(L)
f ( | ñ | ) ≡

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

k1

k1 + kIR k1

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(



Primer on Lattice Techniques
Definition of Power Spectrum Multiplicity 

≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kNyquist

kUV

kIR ≡
2π
L

= d
π

dx



Primer on Lattice Techniques
Definition of Power Spectrum Multiplicity 

≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

~ works 
Ok-ish 

kNyquist



Primer on Lattice Techniques
Definition of Power Spectrum Multiplicity 

≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

~ Very  
good 

kNyquist



Primer on Lattice Techniques
Definition of Power Spectrum Multiplicity 

≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

~ Excellent  
Job 

kNyquist

kNyquist



Primer on Lattice Techniques
Definition of Power Spectrum Multiplicity 

≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

~ works 
Badly 

k > kNyquist

kNyquist



Primer on Lattice Techniques
Definition of Power Spectrum

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

k1

k1 + kIR k1



Primer on Lattice Techniques
Definition of Power Spectrum

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)?      Real 

Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

k1

k1 + kIR k1



Primer on Lattice Techniques
Definition of Power Spectrum

(Similar calculation as before)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

k1

k1 + kIR k1

Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′ )
2⟩

R(ñ)



Primer on Lattice Techniques
Definition of Power Spectrum

(Similar calculation as before)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

k1

k1 + kIR k1

Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′ )
2⟩

R(ñ)

See Technical Note I, on the 
definition of Power Spectrum 

https://cosmolattice.net/technicalnotes/



Primer on Lattice Techniques
Definition of Power Spectrum

(Similar calculation as before)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

k1

k1 + kIR k1

Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′ )
2⟩

R(ñ)



Primer on Lattice Techniques
Definition of Power Spectrum

Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′ )
2⟩

R(ñ)

k1

k1 + kIR k1

If: 1 ≲ | ñ | ≤ N/2
(sub-Nyquist freq.'s)

≃
k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|



Primer on Lattice Techniques
Definition of Power Spectrum

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS:
Correct for all 

lattice site

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Δ(L)

f ( | ñ | ) ≡
|k(ñ) |dx

2πN5
#|ñ| ⟨ f(ñ′ )

2⟩
R(ñ)

k1

k1 + kIR k1



Primer on Lattice Techniques
Definition of Power Spectrum

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

1 ≲ | ñ | ≤ N/2
Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Type-I Lattice PS:

Type-II Lattice PS:

Correct for all 
lattice site

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Δ(L)

f ( | ñ | ) ≡
|k(ñ) |dx

2πN5
#|ñ| ⟨ f(ñ′ )

2⟩
R(ñ)

k1

k1 + kIR k1



Primer on Lattice Techniques
Definition of Power Spectrum

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

1 ≲ | ñ | ≤ N/2
Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Type-I Lattice PS:

Type-II Lattice PS:

Correct for all 
lattice site

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Δ(L)

f ( | ñ | ) ≡
|k(ñ) |dx

2πN5
#|ñ| ⟨ f(ñ′ )

2⟩
R(ñ)



Primer on Lattice Techniques
Definition of Power Spectrum

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

1 ≲ | ñ | ≤ N/2
Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Type-I Lattice PS:

Type-II Lattice PS:

Correct for all 
lattice site

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Δ(L)

f ( | ñ | ) ≡
|k(ñ) |dx

2πN5
#|ñ| ⟨ f(ñ′ )

2⟩
R(ñ)

CosmoLattice Choose: Type + Version + Verbosity



Primer on Lattice Techniques
Definition of Power Spectrum

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

1 ≲ | ñ | ≤ N/2
Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Type-I Lattice PS:

Type-II Lattice PS:

Correct for all 
lattice site

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Δ(L)

f ( | ñ | ) ≡
|k(ñ) |dx

2πN5
#|ñ| ⟨ f(ñ′ )

2⟩
R(ñ)

CosmoLattice e.g. Type I

Version

Δ(I)
f (l) =

k(l)δx
2πN5

#l⟨ f(ñ′ )
2⟩

R(l)
1: 

2: Δ(I)
f (l) =

⟨k(ñ′ )⟩lδx
2πN5

#l⟨ f(ñ′ )
2⟩

R(l)

3: Δ(I)
f (l) =

δx#l

2πN5 ⟨k(ñ′ ) | f(ñ′ )
2⟩

R(l)

Choose: Type + Version + Verbosity

⟨k(ñ′ )⟩l ≡
kIR

#l ∑
ñ′ ∈R(l)

| ñ′ |

k(l) =
1
2

(k (l)
max + k(l)

min(l))Mean bin momentum:

Weighted bin momentum:



Primer on Lattice Techniques
Definition of Power Spectrum

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|

1 ≲ | ñ | ≤ N/2
Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Type-I Lattice PS:

Type-II Lattice PS:

Correct for all 
lattice site

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Δ(L)

f ( | ñ | ) ≡
|k(ñ) |dx

2πN5
#|ñ| ⟨ f(ñ′ )

2⟩
R(ñ)

CosmoLattice e.g. Type I

Version

Δ(I)
f (l) =

k(l)δx
2πN5

#l⟨ f(ñ′ )
2⟩

R(l)
1: 

2: Δ(I)
f (l) =

⟨k(ñ′ )⟩lδx
2πN5

#l⟨ f(ñ′ )
2⟩

R(l)

3: Δ(I)
f (l) =

δx#l

2πN5 ⟨k(ñ′ ) | f(ñ′ )
2⟩

R(l)

Choose: Type + Version + Verbosity

⟨k(ñ′ )⟩l ≡
kIR

#l ∑
ñ′ ∈R(l)

| ñ′ |

Verbosity

0: 

1: 

2: 

k(l) =
1
2

(k (l)
max + k(l)

min(l))

{ k(l), ⟨k(ñ′ )⟩l, rms(k(ñ′ )), k(l)
min, k (l)

max

Output

{ k(l), Δ(I)
f (l) }

{ ⟨k(ñ′ )⟩l, Δ(I)
f (l) }

ALL Δ(I)
f , ⟨Δ(I)

f ⟩, rms(Δ(I)
f ), Δ(I)

min, Δ(I)
max }



Primer on Lattice Techniques
Definition of Power Spectrum

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>
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f ( | ñ | ) ≃

k3(ñ)
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Primer on Lattice Techniques

Summary

* Lattice Definition 
* Fourier Tranform 
* Fourier Lattice (Reciprocal) 
* Lattice Derivatives 
* Lattice Momenta 
* Power Spectrum 



School 2022CosmoLattice —

Welcome to the Lattice
— Lecture 1 —

* L1.a: Overview of CosmoLattice (CL) 
* L1.b: What is really a Lattice ? 
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Lesson 2: Inflation and post-inflationary dynamics 
Lesson 2b: Primer on Lattice simulations 
Practice

— Dani
— Paco
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(morning)
(afternoon)

(afternoon)
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Shall we 
Coffee 
Break ?


