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Can we simulate the very first
instants of the Universe ?




Can we simulate the very first
instants of the Universe ?

If so, How? What can we learn?
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School aimed to provide a pedagogical
mtroductlontolattlce field theory techniques

their adaptation to simulate the dynamics of
_interacting fields in an expanding background
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We WI|| mtroduce - ubllc_code

. SO you learn how to simulate non-linear scalar
and gauge field dynamics in an expanding universe



http://www.cosmolattice.net/
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Overview + Practice
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Lesson 1: What is a Lattice? — Dani

< Lesson 2: Inflation and post-inflationary dynamics — Paco
Lesson 2b: Primer on Lattice simulations — Paco

Practice — All together
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Welcome to the Lattice

Daniel G. Figueroa Adrien Florio Francisco Torrenti
IFIC UV/CSIC, Spain Stony Brook U., USA U. Basel, Switzerland
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— Lecture 1 —
Welcome to the Lattice

* L1.a: Overview of CosmolLattice (CL)
* L1.b: What is really a Lattice ?

Daniel G. Figueroa
IFIC UV/CSIC, Spain
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— Lecture 1 —
Welcome to the Lattice

e L1.b: What is really a Lattice ?

Daniel G. Figueroa
IFIC UV/CSIC, Spain
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— Lecture 1.a —

Overview of
Cosmolattice (CL)



Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031



https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122
https://arxiv.org/abs/2006.15122
https://arxiv.org/abs/2102.01031

Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

http:/www.cosmolattice.net/
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Simulates scalar and gauge field dynamics [including U(1) & SU(2) interactions]


https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122
https://arxiv.org/abs/2006.15122

Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Simulates scalar and gauge field dynamics [including U(1) & SU(2) interactions]

Lecture 4 Lectures 5 &6
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Simulates scalar and gauge field dynamics [including U(1) & SU(2) interactions]

Lecture 4 Lectures 5 & Q
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Written in C++, with modular structure separating
physics (Cosmolnterface library) and technical details (TempLat library).
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Written in C++, with modular structure separating
physics (Cosmolnterface library) and technical details (TempLat library).
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

> Parallellized in multiple spatial dimensions (but you write in serial !)
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Parallellized in multiple spatial dimensions (but you write in serial !)
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Family of evolution algorithms, accuracy ranging from 5@(&2) — 5@(&10)
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Family of evolution algorithms, accuracy ranging from 5@(&2) — 5@(&10)

Lecture 3 — Lectures 4,5 &6
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

http:/www.cosmolattice.net/

II . FEATURES DOWNLOAD DOCUMENTATION ¥ VERSIONS ¥ EVENTS ¥ PUBLICATIONS Q

Cosmolattice

A modern code for lattice simulations of scalar and gauge
field dynamics in an expanding universe
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What Field theory ?

» Matter content:

Jd4x\/_ { =0,00"¢ + (D} p)*(Diep) + %FMUF”” + (D,@)'(D"®) + %Tr{GWG””} +V(g.lol, | P )}

Transparencies worked out together with Paco Torrenti
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What Field theory ?

» Matter content:

Jd4x\/_ { —0,00"$ + (D p)* (Do) + %FMUF”” + (D, @) (D'®) + %Tr{GWG””} + V(. gl | D] )}

N e

1
$ € Re Q= ﬁ(% + i¢py)
Scalar DA=g — iQ(qa) A
sector oA A Saln
FMV = dﬂAy — dyAﬂ

U(1) gauge sector

Transparencies worked out together with Paco Torrenti



What Field theory ?

» Matter content:

Jd4x\/_ { =0,00"¢ + (D} p)*(Diep) + %FMUF”” + (D,@)'(D"®) + %Tr{GWG””} +V(g.lol, | P )}

— e T
—

1 _ 1 (o +ig,
O € Re =—(¢py + i) O =— ( . >
@ > (gﬂo P1 \/5 @, + L3
Scalar DA=0d —iQWe A D = .¥D? —ig,0.B*T
sector W= T S P
FMV = dﬂAy — aUA’u G,=9,B,-0,B,—-ilB,B)]
U(1) gauge sector SU(2) gauge sector

Transparencies worked out together with Paco Torrenti
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What Field theory ?

» Matter content:

Jd4x\/_ { =0,00"¢ + (D} p)*(Diep) + %FMUF”” + (D,@)'(D"®) + %Tr{GWG””} +Vig.lol, | P )}

N — -, ——

P € Re N L(% +ip)) ® = L (% : lf”l) Scalar
Scalar V2 o V2 \P2 7t 193 potential
A — . — A . a
F o dﬂAy — dyAﬂ GW = aﬂB,/ — OUBM — i[Bﬂ, B ]
U(1) gauge sector SU(2) gauge sector

» Background Metric:

P 772 2( V6. d i1 » Self-consistent expansion (Friedmann equations)
]

2
> Fixed power-law background a(?) ~ 130+w

Transparencies worked out together with Paco Torrenti



> Hamiltonian scheme: coupled first-order differential equations

et et

» Scalar fld example

oV
=g KICK: (7)) = — a3t — + g1+ V2
d_2¢ — —1 V2¢ -+ E—da —d¢ = — —aV ﬁﬂd) ¢ i ( ¢) -3 aCb ¢
dt? a drt dt a¢ DRIFT: ¢’ — ﬂd)aa

Transparencies worked out together with Paco Torrenti



> Hamiltonian scheme: coupled first-order differential equations

et et

» Scalar fld example

ﬂ¢ = ¢/a3—a

3dadp oV

adt dt 9

KICK:

' DRIFT:

» Scalar Fields and momenta are defined in the lattice sites

ox (lattice spacing)

s
ettt

N : number of points/dimension
L. = N - 6x :length side

Of : time step

Transparencies worked out together with Paco Torrenti
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Minimum and maximum momenta:




> Hamiltonian scheme: coupled first-order differential equations

et et

» Scalar fld example

3dadp

adt dt 9

ﬂd) — /a3—a

oV

KICK:

' DRIFT:

» Scalar Fields and momenta are defined in the lattice sites

ox (lattice spacing)

s
ettt

» Gauge fields introduced via links and plaquettes (like in lattice-QCD)

N : number of points/dimension
L. = N - 6x :length side

Of : time step

-

Minimum and maximum momenta:

Transparencies worked out together with Paco Torrenti




Writing a model

» Equations solved in (dimensionless) program variables:

Choose:

)

d77] =a a)*dt

d)?’ — a)*dxl

Space and time

~ . @Y . D
f Js IE
A B¢
el H Ha M
Aﬂ:&)* B”_a)*

Scalar
fields

Gauge
fields

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

Choose: y j=? =L $_2| Scalar
dif = a”"w.dt = i v £ ®= fi | fields
{ ’ a)*’f*} ) d¥ = w.dx'
: T Aﬂ Fa— Bﬁ Gauge
Space and time = L fields

Example: ¢(t) ~ &, X fosc(t)

¢(t) [GeV]

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

Choose: y j=? =L $_2| Scalar
dif = a”"w.dt = i v £ ®= fi | fields
{ ’ a)*’f*} ) d¥ = w.dx'
: T Aﬂ Fa— Bﬁ Gauge
Space and time = L fields

Example: ¢(t) ~ &, X fosc(t)

S
|
ek
~
3

¢(t) [GeV]

Y » Make period
constant in ﬁ

ol < > > \

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

Choose: . ¢ - _ @ . @ scalar
di/] =a a)*dt ¢ — ﬁ P ﬁ< ® = f* fields
{ ’a)*’f*} I d¥ = w.dx'
| A~ B | Gauge
Space and time A, = B = - fiolds
(()F *

» Write scalar potential and first and second derivatives in one file (model.h)

ov 0%V 0%V

o L
Vg, 1011 @) = o=V, el 1, fe P 1) _}aqs 6I(p| 11" a2 3Gl 9B

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

Choose:

)

d77] =a a)*dt

d)?’ — a)*dxl

¢Z=

4
fi J fi

S

@ | Scalar

Ly fields

Space and time

Aﬂ

A, —

1 Gauge

fields

()2 ()2

» Write scalar potential and first and second derivatives in one file (model.h)

CAAREINE

V(i £l @1, fil @)

» Parameters passed via one file (input.txt)
(no need to re-compile !)

oV

oV oV 0’V 0%V 0%V

~ 9

o¢p

—)

ol@l" oI®|" ag2” a4 9|®>

#0utput
outputfile = ./

#Evolution

expansion = true
evolver = VV2

CONO U A WN R

#Lattice

9 [N =32

10 |dt = 0.01

11 | kIR = 0.75

12 nBinsSpectra = 55

14 | #Times

15 tOutputFreq = 0.1
16 | tOutputInfreq = 1
17 tMax = 300

19 #IC

20 | kCutOff = 1.75

21 initial_amplitudes = 7.42675e18 @ # homogeneous amplitudes in GeV
22 initial_momenta = -6.2969e30 0 # homogeneous amplitudes in GeV2

24 | #Model Parameters
25 lambda = 9e-14
26 | q = 100

Transparencies worked out together with Paco Torrenti



Self-consistent Expansion

> Algorithms use second Friedmann equation to evolve the scale factor.

a a2a
— = 3 (@ —2)(Kyp+ Ky + Ko) +a(Gyp + Gy, + Go) + (a+ 1)V
p
+ (a —1)(Kya) + Gua) + Ksue) + Gsue))
(...) represents volume averaging
e Kow = gibmSiF2
. Ky = 2a12a ¢’2 Gy = # Ez(az¢)2 KZ((JI()Q) _ za1+ _ Eaz(()ng)Z :
K, = @@er(Dge) ;5 G = wXDie)(Die) 5 g 1 g
- Ko = 2(Do®)'(Do®) Go = 2 2i(Di®)'(Di®) Gove = za E”Q (é;a 2|
I a? a,t,1<t |
i (Kinetic-Scalar) (Gradient-Scalar) (Electric & Magnetic) i

Transparencies worked out together with Paco Torrenti



Self-consistent Expansion

> Algorithms use second Friedmann equation to evolve the scale factor.

> The first Frledmanne, uation is used to check the accuracy of the simulation.

a a2
— = 35 ((@=2)(Ky+ Ky + Ko) + (G + G + Ga) + (a + 1)V
p
+ (a —1)(Kya) + Gua) + Ksue) + Gsue))
a’ 2 a2a
(E) = 32 <K¢+K¢+K<p +G¢+G¢+G<I> +KU(1) +GU(1) +KSU(2) +GSU(2) +V>
p
(...) represents volume averaging
e Kooy = pimSiF2
: K¢ — 2alza ¢/2 G(;‘) = # Zz(az¢)2 K.(S']((Jl()2) - zT%*QE Za z(Ong)z :
: K, = %(D()q‘/)) (D64‘P) G, = aL2 Zz‘(DzASO)*(Df‘P) ; Gua) = 2a e > :
| _ 1 _ 1 . . a7 2ij<i by :
E o = _(DO(I)) (DOCI)) o = aTZz(DZ(I))T(DZ(I)) GSU(2) = 2a4 Za,z,]<z(Ga )2:
i (Kinetic-Scalar) (Gradient-Scalar) (Electric & Magnetic) i

Transparencies worked out together with Paco Torrenti



Al Output from your Run
p y

Volume averages: variance, energies, etc
120 a p . p=2 nl
1.0; ;
Output i
q A 08 |
Y r
Types Toe
“© 0.4} P2
[ — Ko —Gur — Ky Vint
0.2} 107°+ Go —Ksup— G,— P
\ — Ky1— Gsyz —
oo, ' it ] . | ‘ ‘ ‘
5 10 50 100 5001000 70 100 200 300 400
i t

Transparencies worked out together with Paco Torrenti



Al Output from your Run
p y

Output
Types

!

Volume averages: variance, energies, etc

128 5o a

A 0.8;

t -

3/2

1.0¢

v 0.6
®© 0.4;
0.2;
0.0

; wp=‘2§

50 100

5001000

0.01"
“© 1074+
10_6 L

10785 ‘
0 100

p=2

Ko — Gy —F
Go —Ksuz — Gy—P
— Ky1— Gsyz — V

Vint

200
f

300

400

Fld Spectra: Raw/Binned

Transparencies worked out together with Paco Torrenti




m Output from your Run

Volume averages: variance, energies, etc
1'2; Yy p=2 1,‘
Output 10, |
A 0.8; 0.01+
Types ) Toe
o 0.4}
0.2 107§
0.0; ‘ ‘ ‘ - ‘ ‘ 1 sl ‘ ‘ ‘ ‘
5 10 50 100 5001000 10 0 100 200 300 400
i t
Fld Spectra: Raw/Binned Snapshots: 2D/3D distribution

Transparencies worked out together with Paco Torrenti
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Physical Problem * Choose Lattice: dt, N, dx

* Choose Algorithm O(dt")
* Choose Param: g, m, ...

* Init Conditions
* Eqgs. of Motion

* Choose Observables



http://www.cosmolattice.net/
http://www.cosmolattice.net/

Physical Problem * New Physical Problem

* Choose Lattice: dt, N, dx
* Choose Algorithm 0O(dt")
* Choose Param: g, m, ...

* Init Conditions
* Eqgs. of Motion

* Choose Observables



http://www.cosmolattice.net/
http://www.cosmolattice.net/

Physical Problem * New Physical Problem

* Choose Lattice: dt, N, dx
* Choose Algorithm 0O(dt")
* Choose Param: g, m, ...

* Init Conditions
* Eqgs. of Motion

* Choose Observables

CL is a platform for field theories
You choose the problem to solve !
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Physical Problem

* Init Conditions
* Egs. of Motion

Basic use of CL:
Black Box
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Physical Problem

* Init Conditions
* Egs. of Motion

Basic use of CL:
Set of Black Boxes
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Physical Problem

* Init Conditions
* Eqgs. of Motion

Proper use of CL:
White, Grey & Black Boxes
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Physical Problem

* Init Conditions
* Eqgs. of Motion

White, Grey & Black Boxes

(good (advance (expert
level) level) level)
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http://www.cosmolattice.net/

» CL so far (v1.0, Public):

» Global scalar field dynamics \

—

» U(1) scalar-gauge dynamics Ready to use!

> SU(2) scalar-gauge dynamics
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http://www.cosmolattice.net/

» CLso far (v1.0, Publlc)

'-------- Il B

» Global scalar field dynamics \

—

Ready to use!

) |

]

> U(1) scalar-gauge dynamics 1
]
[

|
[]
]
I » SU(2)scalar-gauge dynamics
$

T T E R EEEEEEE

Main lectures

Daniel G. Figueroa
IFIC UV/CSIC, Spain

Adrien Florio
Stony Brook U., USA

Francisco Torrenti
U. Basel, Switzerland
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http://www.cosmolattice.net/

» CL so far (v1.0, Public):

» Global scalar field dynamics \

» U(1) scalar-gauge dynamics

—

Ready to use!

> SU(2) scalar-gauge dynamics

» CL update (v2.0, to be released by ~2023):

\/ Gravitational waves h; = 2H,-TJ-T )

\/Axion-like couplings CbFWF”V
} Implemented, but

\/ Non-minimal coupling £@*R not (yet) released

\/ Cosmic String Networks
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http://www.cosmolattice.net/

» CL so far (v1.0, Public):

» Global scalar field dynamics \

» U(1) scalar-gauge dynamics

—

> SU(2) scalar-gauge dynamics

» CL updatei(v2 0,to ber released by ~2

=

raV|tat|ona| waves
\/ |n||kecoup ings
\/Non-minimal coupling §¢2R
\/ Cosmic String Networks

TQF, B

) LN ]

Ready to use!

Just released

VCL "1'1:{ in May 2022 !

Implemented, but
not (yet) released

—
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http://www.cosmolattice.net/

> CL update (v2.0, to be released by ~2023):

- m_jg- e — -
I V/{ Gravitational waves hy; = 211"
; \/ Axion-like couplings ¢F, F*
0 \/ Non-minimal coupling £¢*R

]
i \/ Cosmic String Networks -

} Implemented, but
not (yet) released

i
i
i
i
i
¥

‘-------------'

Topical lectures
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http://www.cosmolattice.net/

Joanes Lizarraga Ben STEFANEK

(UPV/EHU, Bilbao, Spain) (Zurich Univ., Switzerland)

Toby OPFERKUCH
(Berkeley Univ., USA)

Jorge BAEZA-BALLESTEROS

Nicolas LOAYZA

(IFIC, Valencia, Spain) (IFIC, Valencia, Spain)
Ken MARSCHALL Ander URIO
(Basel Univ., Switzerland) (UPV/EHU, Bilbao, Spain)

» CL update (v2.0, to be released by ~2023):

———

- i = . - a E N
V . . . T
] raV|tat|ona| waves h,-j —®
; \/ Axion-like couplings ¢F, F*
0 \/ Non-minimal coupling £@*R

i o
0 \/ Cosmic String Networks - ¢

i
i
i
i
i
¥

‘-------------'

Topical lectures

} Implemented, but
not (yet) released
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éaamaﬂm‘l’c'ce — School 2022

— Lecture 1 —
Welcome to the Lattice

* L1.a: Overview of CosmolLattice (CL) \/
* L1.b: What is really a Lattice ?
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— Lecture 1 —
Welcome to the Lattice

* L1.a: Overview of CosmolLattice (CL) \/
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— Lecture 1.b —

What is really
a Lattice ?



Primer on Lattice Techniques

1D Lattice

(Set of regular discrete coordinates)

® © © © © o o o Coordinates



Primer on Lattice Techniques

1D Lattice

(Set of regular discrete coordinates)

(lattice spacing)

adx
® © © © © o o o Coordinates
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1D Lattice

(Set of regular discrete coordinates)
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1D Lattice

(Set of regular discrete coordinates)




Primer on Lattice Techniques

F(x)

/ RN




Primer on Lattice Techniques

f(n) = F(x, = x« + ndx)

F(x)




Primer on Lattice Techniques
f(n) = F(x, = x« + ndx)

n (3)
i (A )} f f) J * ff) #5) Lattice
Jf() * Representation
* ]16)

7
s

Jn)=Fx)},n=12,....,N



Primer on Lattice Techniques
f(n) = F(x, = x« + ndx)

F(x) 2 1O @
t Q)

(5 “Good” lattice
#(6) Representation

Jn)=Fx)},n=12,....,N



Primer on Lattice Techniques

f(n) = F(x, = x« + ndx)

F ( x) P f4)

N BAD lattice
J(D)

#(6) Representation

Jn)=Fx)},n=12,....,N



Primer on Lattice Techniques
f(n) = F(x, = x« + ndx)

F (.X) £2) fG) A4
t Q)

£(5) “Good” lattice
£(6) Representation

p Must choose
| X | appropriate
(lattice spacing) | itice spacing



Primer on Lattice Techniques
f(n) = F(x, = x« + ndx)

F(x) 2 1O @
t A

£(5) “Good” lattice
£(6) Representation

p Must choose
| X | appropriate
(lattice spacing) | itice spacing

"Good" lattice spacing: |f(n+ 1) —f(n)| ~ | F'(x,) | dx



Primer on Lattice Techniques
f(n) = F(x, = x« + ndx)

F(x) 2 1O @
t A

£(5) OK-ish lattice
£(6) Representation

~\*§'

® ® ® ® ® ® ® o— X
X1 Xy X3 Xy X5 Xg X7 Xg
dx Must choose

| | appropriate
(lattice spacing) | itice spacing

"Good" lattice spacing: |f(n+ 1) —f(n)| ~ | F'(x,) | dx



Primer on Lattice Techniques
f(n) = F(x, = x« + ndx)

F(x) 3 FO)f
t Q)

f09) Better lattice
Fan Representation

Al Xp X3 Xy X5 Xg X7 Xg Xg Xjg X171 Xip X13 X14 X15 X6

<+—>

Must choose
dx . -
_ ppropriate
(lattice Lattice spacin
spacing) P g

"Good" lattice spacing: |f(n+ 1) —f(n)| ~ | F'(x,) | dx



Primer on Lattice Techniques
f(n) = F(x, = x« + ndx)

F(x) 3 fO)
t Q)

f09) Better lattice
Fan Representation

Price to pay
Must store

twice as
f(14) f16) many

L 0000000000000 006e>_ numbers

X
X1 Xy X3 Xy X5 Xg X7 X3 Xg  Xig A1 Xpo Y13 X4 A5 X6
+——>
d Must choose
( ttJ_C appropriate
attice - .
spacing) Lattice spacing

"Good" lattice spacing: |f(n+ 1) —f(n)| ~ | F'(x,) | dx



Primer on Lattice Techniques

"Good" lattice spacing: |f(n+ 1) —f(n)| ~ | F'(x,) | dx



Primer on Lattice Techniques

"Good" lattice spacing: i.e. represent well your derivatives !
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"Good" lattice spacing: i.e. represent well your derivatives !

f(n) = F(x, = x« + ndx)

F(xX) 3 O 1)

1(9) “Good" lattice
Representation

X1 Xp X3 Xy X5 Xg X7 Xg Xg Xig X171 X1p X13 X14 X15 X6
4>
dx

(lattice spacing)



Primer on Lattice Techniques

"Good" lattice spacing: i.e. represent well your derivatives !

f(n) = F(x, = x. + ndx)

F(xX) 3 O 1)
t A

1(9) “Good" lattice
Representation

X
X Xy X3 Xy X5 Xg X7 Xg Xg Xig X11 X12 X13 X4 *15 Xi6
4>
dx fon+ 1) = fn)

~ F'(X,, 1)

(lattice spacing) dx

more on -

this later! Tnt12 ="



Primer on Lattice Techniques

Generalization to 2 spatial dimensions (2D)

o @ ® o
o @ o @
@ o ® o
@ o o @
o @ @ o
I dx
@ o o @
dx




I’l2=6

n2=5

n2=3

n2:2

S
[\
I
p—

=

Primer on Lattice Techniques

Generalization to 2 spatial dimensions (2D)

(X} m=1,2, ...

dx
® ® ®
I dx
@ o @
® ® ®
@ o @
@ @ o
® ® ®

LN i=1,2

(N? entries)



I’l2=6

n2=5

n2=3

n2:2

Primer on Lattice Techniques

Generalization to 2 spatial dimensions (2D)

dx
® ® ®
I dx
@ o @
® ® ®
@ o @
@ @ o
® ® ®

., N;i=12

)

(N? entries)
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Primer on Lattice Techniques

Generalization to 2 spatial dimensions (2D)

(X, ), m=1,2,....,N; i=12 o enies
F(X) — f(n19 n2) = F(annz)
dx
¢ o ¢ 'I 7 {f(n)}, N? entries
® o o o n= ()
(m,=1,2,....,N; i=12)
e o6 o o
® ® ® ® F(x) — Lattice
representation
o ® o o
o o6 o o
2 m=3 m=4 n=5 n=6
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Primer on Lattice Techniques

Generalization to 2 spatial dimensions (2D)

_ .o I
(Ko domi=1,2, . N i=12 o emies
Fx) —  fn,m) = F(X, )
ax
¢ o6 o o {f(n)}, N? entries
dx A
® o o o n= ()
n=1,2,.....N; i=12)
o o o o
® ® ¢ ® "Good" lattice spacing IF:
P ® ® ® f(n+f)—f(n)NaF
dx ox; (n+1/2)dx
® o ® ® i =unit vector in i-direction
2 m=3 m=4 n=5 n=6

(i=1,2,3)
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Generalization to 3 spatial dimensions (3D)

} n — 1 2 , N’ ] = 1,2’3 (N? entries)

{ ”llnz”:s

F(x) — f(n,n,,n) =FX

n1n2n3)




Primer on Lattice Techniques

Generalization to 3 spatial dimensions (3D)

{X ni — 1, 2, c e e e N, ] = 1,2,3 (N> entries)

n1n2n3} ’
F(x) — f(n,n,,n) =FX

n1n2n3)

{f(n)}, N° entries

n = (ny,n,,n3)

(n,=1,2,....,N; i=1,23)

F(x) — Lattice
representation




Primer on Lattice Techniques

Generalization to 3 spatial dimensions (3D)

} n — 1 2 , N’ ] = 1,2’3 (N? entries)

{ n1n2n3
F(x) — f(n,n,,n) =FX

n1n2n3)

{f(n)}, N° entries

n = (ny,n,,n3)

"Good" lattice spacing IF:

f@+1)—f(n) oF

dx ox; (n+1/2)dx

i =unit vector in i-direction
(i=1,2,3)




Primer on Lattice Techniques

Generalization to d-spatial dimensions (d-D)

IX n=1,2,....,N; i=172,..,d & enuis)

mny...n, } ?

Fx) — [f(n,n,...,ny) =FX

nlnz...nd)

(4D lattice according to Christopher Nolan)
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Generalization to d-spatial dimensions (d-D)

IX n=1,2,....,N; i=12,..,d @ enuie)

nlnz...nd}

Fx) — [f(n,n,...,ny) =FX

nlnz...nd)

F(x) — Lattice representation

{f(n)}, N entries

n=n,n,,...,Nny

n,=1,2,.....N; i=12,..d)

"Good" lattice spacing IF:

f@+1)—f(n) oF

dx ox; (n+1/2)dx

i =unit vector in i-direction

(4D lattice according to Christopher Nolan)
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What about the boundaries ?

Jn)=Fx)},n=1,2,....,N

(example, N = 8)



Primer on Lattice Techniques

What about the boundaries ?

J() = F(x)) ;5 (V) = Flxy)
f(n,t) = F(x,1t) ,n=23,..N—1 |

£ Fixed Boundary 2
Conditions
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Primer on Lattice Techniques

What about the boundaries ?
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Primer on Lattice Techniques

What about the boundaries ?

JIN+ 1) =f(1) ; f(0) =f(V)
f(n,t) = F(x,1) ,n=123,...N




Primer on Lattice Techniques

What about the boundaries ?

Periodic Boundary Conditions: 1D

JN+ 1) =/(1)
J(0) =f(N)
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What about the boundaries ?

Periodic Boundary Conditions: 2D

m=N @ | [ _ | | [ _
m=N-1 @ ® | ® ® |
| | | | [ |

m=3 @ | [ _ @ | [ _
m=2 @ | | [ | |
m=1 @ | ® | [ _ ®
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What about the boundaries ?

Periodic Boundary Conditions: 2D

m=N @ | [ _ | | [ _
m=N-1 @ ® | ® ® |
O | | | [ |

m=3 @ | [ _ ® | [ _
m=2 @ | | [ | |
m=1 @ | ® | [ _ ®



Primer on Lattice Techniques

What about the boundaries ?

Periodic Boundary Conditions: 2D

m=N @ | [ _ | | | O
m=N-1 @ ® | ® ® | O
O | | | [ | O

m=3 @ | [ _ @ | [ O
m=2 @ | | [ | | O
m=1 @ [ ® | [ _ @ O



Primer on Lattice Techniques

What about the boundaries ?

Periodic Boundary Conditions: 2D

m=N @ | [ _ | | | O
m=N-1 @ ® | ® ® | O
O | | | [ | O

m=3 @ | [ _ @ | [ O
m=2 @ | | [ | | O
m=1 @ O O - O » O



Primer on Lattice Techniques

What about the boundaries ?

Periodic Boundary Conditions: 2D

3

Il
e 6 o6 o o ©o
e 6 o o ©o
® 6 o6 o6 o o o
e 6 o o o ©°

5

I
e
® o6 o ¢

S
[l
1 @
I @ o
I
> @ o ® ® O o O

=
Il
[
=
(\®)
=
(V)
=
I
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Primer on Lattice Techniques

What about the boundaries ?

Periodic Boundary Conditions: 2D

n=N+1 @ O O 9 O 9 »
r----------------l
m=N® @& e e e e ©
i 1
m=N-11@ @ @ @ @ e O
i 1
i 1
10 o @ @ @ ®, ©
1 1
i 1
=30 @& @ e e e o
i 1
n2=2:0 @ @ o @ @ O
1
i 1
mn=11@ O O ® » o, O
Il BEH BH B BF B B F B = F BB B FE FE BE EFE BN B



Primer on Lattice Techniques

What about the boundaries ?

Periodic Boundary Conditions: 2D

=N ® @ O e @

nz=N—1:0 @ @ @ @ o!
1

i 1

10 o @ @ @ 0,

i 1

i 1
=30 @ e e e e!
i 1
nz=2:0 ® @ o @ o!
1

i 1
mn=11@ O O ® 9 @,
Il BEH BH B BF B B F B = F BB B FE FE BE EFE BN B



Primer on Lattice Techniques

What about the boundaries ?
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Definition of a Lattice (3D)
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Definition of a Fourier Transform
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Definition of Fourier Lattice
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Definition of a Fourier Transform
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Definition of Fourier Lattice
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Lattice Derivatives
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Lattice Derivatives

£2) 13 f4)
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x N A
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Lattice Derivatives

£2) 13 f4)
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I =1 . . o Y1, . ¢ e Spatial Coordinates
(lattice spacing)
. 5
dt (time step) f ‘2) f(z) f (*) ]16)
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Lattice Derivatives
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Lattice Derivatives
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Lattice Derivatives
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weights: D.(l, m) — real-valued function of
two lattice coordinates
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Lattice Derivatives

Jfn+p) —fn—p)
2d xH

+ @(dx/f)

X =ndx+nydt

Neutral: (VO f1(n) = 0;f(x)

( &;f(az)} + O(dx,,)

r =ndxr+nodt

+f(n+i)F f(n)
dxt

Charged: [V []=

0if ()] +O(d?)

\ x=(ntn/2)dct

(+) Forward ; (-) Backward

shift

T

Arbitrary: [V, f]() = ) D(.m)f(m) = ) Dl —m)f(m) = Y D(m"f(l—m')

ﬁ(invariant under

(Lin. Combination) Translations)

weights: D.(l, m) — real-valued function of
two lattice coordinates



Primer on Lattice Techniques

Lattice Derivatives

J(n+ ) —f(n—p)

. . = > 0. 2
Neutral [Vﬂ f](n) 2d x+ alf(X) x = ndx+ngydt T @(dx'u)
? ( aif(x)}xznda:—l—nodt + O(daju)
Charged: [Vif]= tf(n idl;i ¥ f(n) .
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(specially useful for Laplacians)
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Lattice Derivatives

Jfn+p) —fn—p)
2d xH

+ @(dx/f)

X =ndx+nydt

Neutral: (VO f1(n) = 0;f(x)

( &;f(az)} + O(dx,,)

r =ndxr+nodt

+f(n+i)F f(n)
dxt

Charged: [V []=
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Lattice Derivatives

"Goodness" of Lattice" ( Smallness of dx*

representation of | controlled by {
continuum fields
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"Goodness" of Lattice )
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Lattice Derivatives

"Goodness" of Lattice" ( Smallness of dx*

representation of ¢ controlled by { Lattice Derivative Operator V ,
continuum fields

/

* Location where operator 'lives’ n, = a,
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Lattice Derivatives —» Lattice Momentum

Derivative: [sz] (n) — Z Dz(m’)f(n — m’)
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Lattice Derivatives —» Lattice Momentum

ZD n—m
NnnD )Z

Fourier transform

of a Derivative: [V,Lf] (ﬁ) — Z
- Z e
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Lattice Derivatives —» Lattice Momentum

Fourier transform

of a Derivative: |V, f|(n) = Z e~ N M Z D;(n —m)f(m)

141
=) e ¥ D;(n)> e ¥ f(m)
n’ m

1]
|
.
T
.-
93
c'.
<
7~ N
=
N—"
~
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Fourier transform

of a Derivative: [sz](fl) — _ikLat,i(ﬁ)f(ﬁ)
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Lattice Derivatives —» Lattice Momentum

Fourier transform

of a Derivative: [sz](fl) — _ikLat,i(ﬁ)f(ﬁ)

r S
Lattice Momentum: E kLat(fl) = ZZ 62]7\?&“ D(H/) E

weights: define
Lattice derivative
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Lattice Derivatives —» Lattice Momentum

Fourier transform

of a Derivative: [VZf](ﬁ) — _ikLat,i(ﬁ)f(ﬁ)

-
: ~ . 27T .
Lattice Momentum: 1 K7 a¢ (Il) = E e N R

Neutral: & sin(2zn;/N)
eutrail. Lat.i =
’ dx
. _ sin(z;/N) , 7
kL_,i_at,i — kLat,i =2 dx ’ ifl=n=+ E s

Charged:

ged: | N sin(2zi,/N)  1-—cosnnii,/N) .

= iy , ifl=n

Lati —
v Lat dx dx
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Lattice Derivatives —» Lattice Momentum

Fourier transform

of a Derivative: [sz](fl) — _ikLat,i(ﬁ)f(ﬁ)

-
: ~ . 27T .
Lattice Momentum: . kLat(Il) = E e N R

27
Ndx'’

Linear: kp;,; =7,

sin(zi,/N)

dx

Charged: ki, ;= ki, =2

3
if l=nx—
@ 2)
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Lattice Derivatives —» Lattice Momentum

Fourier transform

of a Derivative: [sz](fl) — _ikLat,i(ﬁ)f(ﬁ)

r I
Lattice Momentum: E ki at (fl) =1 Z € x ﬂ.nlﬁ(ﬂl) E

3
if l=nx—
@ 2)

n/
(N =128)
2 O wunn. Kot E E E,"'
Linear: k.. .= 1. ] _ v : .
Lin, l Ndx 4 Kiat | : > |
N ~ sin(zi,/N) 3! : 5 :
Charged: kLati - kLati = 2 ’ : I :
’ | dx 2| | : |
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Lattice Derivatives —» Lattice Momentum

Fourier transform

of a Derivative: [sz](fl) — _ikLat,i(ﬁ)f(ﬁ)

r I
Lattice Momentum: E ki at (fl) =1 Z € x ﬂ.nlﬁ(ﬂl) E

n/
(N =128)
i Li ! ! ! ¢"’
2 Of meun- kl(-al?l) : : e
i . k s — ﬁ +/- : : "’:
Lineal Lin,i Ndx 41 KL : : -
sin(z7i;,/N) % 3} : : :
- Lt — - — ! ! !
Charged: k' ;= ki, =2 g , X . . |
. i X 21 : : :
(if 1=n+—)
2 ; ' :
1| : : :
' N (Second (Max.
i T e Nyquist) 1 "yyy
e R e s w0
(Half N N
Nyquist) |ﬁ| \/53 \/55
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Lattice Derivatives —» Lattice Momentum

Fourier transform

of a Derivative: [sz](fl) — _ikLat,i(ﬁ)f(ﬁ)

r I
Lattice Momentum: E ki at (fl) =1 Z € x ﬂ.nlﬁ(ﬂl) E

n/
(N =128)
L Li | | 1 ""
27 e :
i . k s — ﬁ +/- : : "’:
Lineal Lin,i Ndx 41 KL : : -
sin(zii,/N) % 3} I : \~25%
Charged: k;' .=ki, ;=2 l , : :
P ’ ’ dx . 21 ! !
(if 1=n+—) ! !
2 ; :
11 : : t
' N (Second (Max.
i T e Nyquist) 1 "yyy
e Hma e s o0 o
(Half N N
Nyquist) |ﬁ| \/53 \/55
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Definition of Power Spectrum

£(x,1) = F(t) + 0F(x,1) —> £(f)

T T

Function with Fourier
random amplitudes Transform
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Definition of Power Spectrum

£(x,1) = F(t) + 0F(x,1) —> £(f)

T T

Function with Fourier
random amplitudes Transform

(£2(x,1)) = Ja’logk Aq(k, 1),

Ensemble
Average
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Definition of Power Spectrum

£(x,1) = F(t) + 0F(x,1) —> £(f)

T T

Function with Fourier
random amplitudes Transform

(£2(x,1)) = Ja’logk Aq(k, 1),

Ensemble l

Average 3
k Power

Af(k, t) = 5 @f(k, t) Spectrum

27

(£ DERD) = QrY P (K, DEK — K

2-point
Funct.
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Definition of Power Spectrum

N
)

iy

_27T
L

} kir

Oe o o o

ﬁ2=

e 6 o6 o6 o o o o
1 ¢ © ©¢ © o o6 o o o o o o o o o o o o o o

——+

N
2

ﬁ2=

fi1=0
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Definition of Power Spectrum

N
)

iy

® O o & o o o o o o o oo o oo oo °o oo o o o
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fi, =0

N
——+
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ﬁ2=



Primer on Lattice Techniques

Definition of Power Spectrum
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Definition of Power Spectrum

(multiplicity)
Bin 1: k() € [k, k + k] ——  {fx}; #,2Qn®'; &k ~nkyg

l

(d-dimensional solid
angle in d spatial dims)
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Definition of Power Spectrum

= R, (multiplicity)

Bin 1: k(ﬁ) S fkla kl + kIRT E— {fk} ) #1 = 47”712 ) El = nlkIR
(d=3)
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [kla kl + kIR] E— {fk} ) #1 = 47”712 : El = nlkIR
(d=3)

2 _ >
[ T2, 17 = ([ Tk [F)g,

(angular average)

(ensemble average)
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 5 %1 = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 5 El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

Continuum: (f2)=[dlogk Aq(k) Af(k)sﬁgéf(k) , (£ f5y = Qr)’ P (k)o(k — K)
T
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 ) El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

Continuum: (f2)=[dlogk Aq(k) Af(k)sﬁgéf(k) , (£ f5y = Qr)’ P (k)o(k — K)
T

Lattice: (2 _ XN 1 ) 1 12
attice:  (f%), =—= 3 fim) =—= A =—-3 |1@]

M

Lattice FT
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 ) El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

—_—

— Related to (£ fy) < P:(k) ?

Continuum: (f2)=[dlogk Aq(k) Af(k)zﬁgéf(k) , (£ f5y = Qr)’ P (k)o(k — K)
T

L dY o 1 ) 1 INE
Lattice: (f >V=72f<n>=—2f<n>=ﬁ2\f(n)\

N3

-2 X \f<n>\
|n| neR(n)

T Angular

Radial-Angular  Summation
Decomposition
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 : El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

3
Continuum: (f?) = [dlogk Ak , Ak = %@f(k) , (£ 55 = Q)P P(k)o(k — K)
T
Latti . 2 dx i 2 1 2
attice: (f >V——Zf () =ﬁ2f (n) = Z £(#)|°

=_Z Y \f(n)\ gﬁﬂz ﬁ|2<\f(ﬁ)\2>R(ﬁ)

T |a| n eR(n)
Angular

Radial-Angular Summation Multiplicity
Decomposition ~ 47N |2
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 ) El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

Continuum: (f2)=[dlogk Aq(k) Af(k)sﬁgéf(k) , (£ 55 = Q)P P(k)o(k — K)
/4
e o 4n 2/ e |2
Lattice: (f )v—ﬁz‘ﬂnl <‘ () |
Summation
over bins
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 ) El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

3
Continuum: (f?) =[d10gk Aq(k) Af(k)z%@f(k) , (£ f5y = Qr)’ P (k)o(k — K)
T
. ) Nﬂ ~ 2 o |2 . B k3(ﬁ)L3 12
Lattice:  (/2)y= ¢ X, IAF([t@)]") = %, Alogki®) (le@l)

| R(n)
Summation
over bins N kir N N
Alogk(h) = ——; k() = kg |n|
k(n)
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 ) El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

Continuum: (f2)=[dlogk Aq(k) Af(k)sﬁgéf(k) , (£ 55 = Q)P P(k)o(k — K)
T

Lattice: (f?)y ~ % AL |2< | £()) 2>

0]

2n2 N6

S ——
—

R(f)

3/ 3
_ ;Alog k(@) X (';) L <\f(ﬁ)\2>R(ﬁ)

Summation

_ Lattice Power Spectrum
over bins
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 5 El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

Continuum: (f2)=[dlogk Aq(k) Af(k)sﬁgéf(k) , (£ 55 = Q)P P(k)o(k — K)
T

Lattice: (f)y =~ ), Aloghk(@) A”(|ii]) , (Summation over bins)

0]
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Definition of Power Spectrum

= 51 (multiplicity)
Bin 1: k(ﬁ) S [klakl + kIR] {fk} ) #1 = 47[”12 5 El = nlkIR
(d=3)

\
2 *
[Tz, 17 = (Txfi)g,

(angular average)

— Related to (£ fy) < P:(k) ?

—_—

Continuum: (f2)=[dlogk Aq(k) Af(k)sﬁgéf(k) , (£ 55 = Q)P P(k)o(k — K)
T

Lattice: (f)y =~ ), Aloghk(@) A”(|ii]) , (Summation over bins)

0]

_ o K@) L3 02
Lattice Power Spectrum: AM(|fi|) = <‘f(n)‘ >
/ 272 N6 R(f)

———

Lattice representatlon
of continuum (£ £}
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Definition of Power Spectrum

K@) L3 >
A1 ]) = <fﬁ >
(] |>l IR | £()| .

Based on: <(---)>R(ﬁ)s# PIWED

)
4| n|” 5 cra)

Multiplicity
~ 4r|n |2
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Definition of Power Spectrum

k(i) L’ 2 Multiplicit
AD(|fi]) = < £ (i > ultiplicity
po(nb 27 NO ‘ ()‘ R(i) ~ 4z | i |’
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Multiplicity
47| N |2
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Definition of Power Spectrum (

T

dx

N
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27

L

} kir

® 6 6 6 6 6 ¢ o o o o o o @ o ©o oo o o o

® 6 6 o6 o6 o6 o o o o o o H»p o oo o o oo o o

e O
o O
o O
. 3
oE
o O
o O
’.
."
o O
e o ©o
e o o
e o o
e o o
e o o
e o o
e o o
e o o
e o e
i
IS

1 ¢ © ©¢ © o o6 o o o o o o o o o o o o o o

N
——+
2

ﬁ2=

fi1=0



Primer on Lattice Techniques

Multiplicity
47| N |2

[

Definition of Power Spectrum

N
)

iy
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47| N |2
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Definition of Power Spectrum
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Definition of Power Spectrum

k(i) L’ 2 Multiplicit
AD(|fi]) < £ (i > ultiplicity
po(nb 27 NO ‘ ()‘ R(i) ~ 4z | i |’
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Definition of Power Spectrum

AL ]) ? (#"" noa )

n Multiplicity
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Definition of Power Spectrum
. |k(n) | dx NE #, Real
AR = ——— # <‘f (), >R(ﬁ) (Mlulltiplicity)

(Similar calculation as before)
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Definition of Power Spectrum
. |k(n) | dx NE #, Real
AR = ——— # <‘f (), >R(ﬁ) (Mlulltiplicity)

(Similar calculation as before)

See Technical Note |, on the
definition of Power Spectrum
https://cosmolattice.net/technicalnotes/
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Definition of Power Spectrum
. |k(n) | dx NE #, Real
AR = ——— # <‘f (), >R(ﬁ) (Mlulltiplicity)

(Similar calculation as before)
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Definition of Power Spectrum

2> ( #lﬁl Real )
Multiplicity

R(i1)

If: 1 5 |n| <N/2

(sub-Nyquist freq.'s)

| K(fi) | dx

AD(h|) =
Wl =——2

5 < ‘f(ﬁ')

2722 N6 ~ 4r|n|?

N k(i) L <‘ ; (ﬁ)‘2> ( Multiplicity )
R()
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Definition of Power Spectrum

. k(f) | d #.' Real
Type-l Lattice PS:  a(jii|) = k@) | dx #o <\ f(ﬁ')\2> ( Al oo )
R(n)

5 Multiplicity
( Correct for all ) 2nN

lattice site
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Definition of Power Spectrum

- B} N _ | k(ﬁ) | d.x ~ 2 #lﬁl Real
Type-l Lattice PS:  aA"(jii|) = s e | F@) Multiplicity
( Correct for all ) R(n)
lattice site

k3 = L3 T
Type-ll Lattice PS: AX(li]) ~ ) <‘f(ﬁ)‘2>R(~) (Mult-phc-ty)

272 N ~ 4z |ii|?
Correct for Sub-Nyquist
modes only: 1 < |fa| < N/2
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Definition of Power Spectrum

- B} N _ | k(ﬁ) | d.x ~ 2 #lﬁl Real
Type-l Lattice PS:  A®(jii|) = s e | F@) Multiplicity
( Correct for all ) R(1)
lattice site

k3 = L3 T
Type-ll Lattice PS: AX(li]) ~ ) <‘f(ﬁ)‘2>R(~) (Mult-phc-ty)

272 NO ~ 4z |ii|?
Correct for Sub-Nyquist
modes only: 1 < |fa| < N/2
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Definition of Power Spectrum

- B} N _ | k(ﬁ) | d.x ~ 2 #lﬁl Real
Type-l Lattice PS:  A®(jii|) = s e | F@) Multiplicity
( Correct for all ) R(1)
lattice site

k3 = L3 T
Type-ll Lattice PS: AX(li]) ~ ) <‘f(ﬁ)‘2>R(~) (Mult-phc-ty)

272 NO ~ 4z |ii|?
Correct for Sub-Nyquist
modes only: 1 < |fa| < N/2

gamafme — Choose: Type + Version + Verbosity
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Definition of Power Spectrum

m . _ . | k(ﬁ) | dx ~ 2 #lﬁl Real
Type-l Lattice PS:  aA"(jii|) = s i | F@) Multiplicity
( Correct for all ) R(n)
lattice site
&ma[me —> Choose: Type + Version + Verbosity e.g. Type |
Version
i k(1)x )
1 1 AD) = #< i’ >
Mean bin momentum:  k(/) = E(kr(rgx + kY (1)) : S ) 27N ‘f( ) R)
i (k(ii)),6x 2
20 AV = (| f@)
: . k ! 27N
Weighted bin momentum:  (x(ii’)), = & | R)
L ieR() Sx#,

3 AP =7 <k(ﬁ’>|f(ﬁ’)

2>
R(l)

N>
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Definition of Power Spectrum

- B} N _ | k(ﬁ) | d.x ~ 2 #lﬁl Real
Type-l Lattice PS:  aA"(jii|) = s i <\ f(R) > (Mu,tip,icity
( Correct for all ) R(n)
lattice site
(Coomolattice — Choose: Type + Version + Verbosity e.g. Type |
_ Version
Verbosity Output
: [ k(l)ox 2
1 1: AP = = #( | f@)
O: k(l)=5(kggx+kgi)n(l)) => { k(D), A]gl)([)} 5 2N RO
§ (k(R)),6x 2
. kig ) _ 0 E 2- A]((I)(l) = > NSZ #l ‘f(n )
1: <k(n’>>,s;lﬁ§,(l)|n’l { (k(@)),, A / (1)} 5 T R(l)

5 Sxt
(KD, k@), rmsk@, KO kD 3o AD() = —L { k(i) | ()
. ALL min . 3: ¢ 22N
2. A](CI), <A](CI)>,7'WLS(AJ(CI)), A(l? ,A(I) ) E T

2>
R(l)

max
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Definition of Power Spectrum

: i k() L° 2 o
. (L) ~ Multiplicit
Type-ll Lattice PS:  AP(IA]) ~——— <\f(n>\ >R(ﬁ) ( 2”47'[”';;;2")

Correct for Sub-Nyquist
modes only: 1 < |fa| < N/2

Mﬁm — Choose: Type + Version + Verbosity e.g. Type ll
] Version
Verbosity Output
: 3 3
1z A =2 < ) 2>
O: k(l)——(kggx + kO (1)) => { k(D), A]([II)(Z)} i f 272 N3 RO

2 amg) = A0 s <‘f(n)‘ >
1: @@y =2 3 I % ((k@n), a0y 1 272 R()

i'eR(l)
12
)
R()

. 3
{ kD), (k@@),, rmsk@n), KO kBt 8. AID(]) = I o <
2: ALL => A(H) ( A(II)) — A(II)) A(H) AUD ) / 27% N3

max
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Summary

* Lattice Definition

* Fourier Tranform

* Fourier Lattice (Reciprocal)
* Lattice Derivatives

* Lattice Momenta

* Power Spectrum



éaamaﬂm‘l’c'ce — School 2022

— Lecture 1 —

Welcome to the Lattice
* L1.a: Overview of CosmolLattice (CL) \/

*L1.b: What is really a Lattice ? \/



(osmolatiice - School 2022

( Lesson 1: Welcome to the Lattice — Dani V'

Lesson 2: Inflation and post-inflationary dynamics — Paco (morning)
Lesson 2b: Primer on Lattice simulations — Paco (afternoon)
Practice — All together (afternoon)

Day1 |«
(Monday 5th)




(Ceomalattice — School 2022

Day1 ¢ Lesson 2: Inflation and post-inflationary dynamics — Paco (morning)

(Monday 5th)




Shall we
Coffee
Break ?



